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PREFACE 


The study of the transfer of energy (heat) and mass represents one of 
the most vital branches of modern science. It is of great practical im- 
portance in power-station and industrial engineering, and in the techno- 
logical processes related to the chemical industry and light industry. 
Problems of heat and mass exchange become particularly important in jet 
and rocket engineering, since the flight velocity and the height of a jet 
device depend to a great extent on the conditions of heat and mass exchange. 
These processes are equally critical in atomic-power engineering, during 
the design and construction of nuclear reactors. A characteristic feature 
of heat and mass transfer in the above fields of modern engineering is the 
interrelation between these processes, where heat transfer and mass trans- 
fer constitute one single complex process. 

A similar situation exists with respect to heat-power-engineering proc- 
esses when they are intensified considerably due to a transition to high- 
rate parameters. It is important to note too that the laws governing heat 
and mass exchange are the very same and also that the regularities ob- 
served in one engineering field may be successfully applied to another. 
A characteristic feature of engineering development at the present time is 
the transference of methods and design solutions from one branch of industry 
to another. This makes possible a radical modification of industrial pro- 
duction processes, and also leads to new methods for the production of 
materials and manufactured articles. The theory of heat and mass trans- 
fer constitutes the scientific basis for many heat-power-engineering 
processes and incorporates scientific knowledge from the hydrodynamics of 
continuous media, molecular physics, thermodynamics, and the physical 
chemistry of dispersed media. The molecular-kinetic theory describing 
heat-transfer and mass-transfer phenomena is very complicated and has 
yet not been worked out satisfactorily. Therefore the modern theory of 
heat and mass exchange is mainly a phenomenological theory, based on 
the hydrodynamics and thermodynamics of continuous media. Thanks to the 
studies of Dutch and Belgian physicists, especially of de Groot, a powerful 
new method for the phenomenological investigation of transfer phenomena 
has recently been created. This method, known as the thermodynamics of 
irreversible processes (or the thermodynamics of nonequilibrium states), 
makes it possible to study the transfer of heat and mass as one unified sub- 
ject, including within its scope the hydrodynamics of viscous fluids, heat 
conduction, diffusion, and internal friction, As a result, instead of separate 
“differential equations of motion (Navier-Stokes), heat-transfer equations 
(Fourier-Kirchhoff), and diffusion equations (Fick), we obtain a system of 
interrelated differential equations of mass and energy transfer. 
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The solution of this system of differential equations is extremely dif- 
ficult mathematically, so that in most cases numerical methods of solu- 
tion by computers are used. However, in certain particular cases of 
heat and mass transfer (in molecular solutions, in binary mixtures at rest, 
in dispersed media and porous bodies, in the absorbing materials of nuclear 
reactors, etc.) this system of differential equations can be solved com - 
pletely. Thedataof the solution are of definite interest not only for the cal- 
culation of heat-transfer and mass-transfer processes but also for the study 
of the basic laws governing heat and mass exchange and, in particular, for 
the development of new methods for determining thermophysical para- 
meters, 

This text deals with the derivation of an analytical theory describing 
heat and mass transfer in stationary media and dispersed systems. In 
order for the solutions of the system of differential equations of heat and 
mass transfer to be applicable to other transfer processes, these solutions 
are all given in dimensionless form, using the methods of similarity theory 
(the theory of generalized variables). Therefore, this monograph consti- 
tutes essentially an analytical theory of the thermodynamics of nonequi- 
librium states. Since references on the thermodynamics of irreversible 
processes are extremely meager, Chapter I will give a basic description 
of the thermodynamics of heat-transfer and mass-transfer phenomena. 

In Chapter II we shall examine in detail heat and mass transfer in gaseous 
mixtures, liquid solutions, and dispersed media, as well as several other 
cases of heat and mass transfer. The basic methods for solving nonstation- 
ary [unsteady-state] problems in heat and mass transfer will also be con- 
sidered in Chapter II. The fundamentals of similarity theory are discussed 
separately in Chapter III, since it is the authors' opinion that similarity 
theory is an important means of generalizing not only experimental but al- 
so analytical investigations. Finally, Chapters IV to XI are devoted to 
analytical investigations of heat and mass transfer (solutions of unsteady - 
state problems and analyses of the results obtained). 

A large number of original tables of basic solutions and parametric 
coefficients are included in the text, as well as special calculation graphs. 
Together they make it possible to carry out rapidly the calculations re- 
quired in heat engineering, a factor which will undoubtedly facilitate the 
introduction of these solutions into engineering practice, 

The authors are indebted to Prof. S.R. de Groot for his useful dis- 
cussions of certain fundamental problems related to the thermodynamics 
of transfer phenomena. 


The Authors 
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This text presents an analytical theory describing the transfer 
of heat and matter in gaseous mixtures, dispersed systems, and 
porous bodies, The methods of the thermodynamics of irrevers- 
ible processes are used to obtain a system of differential equa- 
tions for heat and mass transfer in the presence of phase and 
chemical transformations, and then the solutions of this system 
for problems of unsteady heat and mass conduction with various 
boundary conditions are found, The data of these solutions may 
be useful in the calculation of drying, gasification, and com- 
bustion processes, as well as in the calculation of the separation 
of gaseous mixtures and molecular solutions, 

This text will be of interest to a large number of scientists 
and engineers in research and in industry and may also be used as a 
textbook for students. 


TRANSLATION EDITOR'S NOTE 


Some obvious errors in the formulas and text have been corrected or indicated 
by footnotes, and the corrections listed in the Russian errata have been incorporated. 
Numbers in slashes pertain tothe reference lists for the given chapter, located at the end 
of the book, Additions made by the translation editor are enclosed in brackets, 

The Russian term "molyarnyi" has been translated as “macroscopic,” since it re- 
fers to processes which are contrasted with molecular or microscopic processes and 
since the English term "molar" is not generally used in this way. In section 2-7 the 
author defines a class of boundary conditions which includes both conditions at the 
boundaries of the system (true boundary conditions) and initial conditions. This 
larger class of conditions is referred to throughout the translation as "limiting conditions. " 

The vector and tensor notation employed by the author in the first three chapters 
is summarized in Appendix I, The Russian "ch" and "sh" are equivalent to the English 
"cosh" and "sinh," The Russian term "kriterii podobiya" is sometimes translated liter- 
ally as "similarity criterion, " but usually the more common terms "dimensionless num- 
ber" or “dimensionless parameter" have been preferred. A list of the dimensionless 
numbers used in the text has been added (Appendix II). A subject index has also been 
compiled, 

For states which are time-independent, corresponding to the Russian term "statsio- 
narnyi, " the term “steady state" has been used rather than "stationary state," and the 
latter term has been reserved for systems which are at rest in space. The subscript "c", 


used throughout the text, generally pertains to conditions in the surroundings, All units 
refer to the metric system, 
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Chapter. I 


THERMODYNAMICS OF HEAT-TRANSFER 

AND MASS-TRANSFER PHENOMENA 

I—1, Onsager's Theory 

In its present form the thermodynamics of nonequilibrium states in- 
cludes phenomenological theories of the molecular transfer of heat (heat 
conduction), mass (diffusion), and fluid momentum (internal friction); in addi- 
tion, it includes the hydrodynamics of viscous fluids during phase and chem- 
ical transformations. All these fields may now be studied as one unified 
subject. 

Two fundamental natural laws constitute the real basis of the thermo- 
dynamics of transfer phenomena. These are the law of mass conservation 
and the law of energy conservation and transformation, together with the 
principle of entropy increase (the second law of classical thermodynamics), 
the latter being the basis of Onsager's theorem, 

Let us consider an adiabatically isolated system, whose state is char- 
acterized by the parameters Il), Iz, Iz, ..., In(pressure, temperature, con- 
centration, etc.), The values of the parameters in the equilibrium state 
are II’, 0), Hj, ..., 2, while their variations from the equilibrium -state 
values are #,=-I,— I) (where i=1, 2, 3, ..., 2), In the equilibrium state 
the entropy is a maximum, and the variable parameters $;are zero. Ina 
nonequilibrium state the variation AS of the entropy from the equilibrium 
value can be written approximately as 


| 
i,k 
The time-derivative of the parameter is called, according to Onsager, 
the flux J;, andthe derivative 0(AS)/0@; is called the thermodynamic motive 
force X;.* Thus, in equation form we have 


Rn 
_ dd, , __9(AS)_ a ae 
N= Fi Me GH Y) Ande. (1-1-2) 
k= 
We may now write the entropy increase per unit time (the entropy-pro- 


duction rate) as 
dS doin 
aa YS) Ange = YUXe- 
LR F (1-1-3) 


* [This quantity is also known as the “kinetic force" (cf. Veinik, A.1. Thermodynamics, A Generalized 
Approach, p, 108, — Israel Program for Scientific Translations, Cat. No. 1021, Jerusalem. 1964), the 
“affinity, or simply the “thermodynamic force" (cf, de Groot, S.R. and P, Mazur. Non- Equilibrium 
Thermodynamics. p, 25 — North Holland Publishing Co. Amsterdam. 1962). In the following the term 
"thermodynamic force" will usually be used. ] 


Consequently, the rate of entropy increase is the sum of the products of 

the fluxes times their corresponding thermodynamic motive forces, Rela- 
tion (1-1-3) therefore may serve as a basis for the choice of the thermo- 
dynamic forces. It should be noted that these forces have nothing in com- 
mon with forces in the Newtonian sense of the word; they cause such irre- 
versible phenomena as the transfer of energy, heat, and mass. AS an ex- 
ample, let us consider a one-component system in which very simple mo- 
lecular processes of heat and mass transfer (heat conduction and self- 
diffusion) take place. The system as a whole is divided into two subsystems, 
between which energy exchange occurs by means of heat conduction and mass 
exchange (self-diffusion). Now, the entropy variation in one of the subsys- 
tems can be obtained from Gibbs's equation: 


TdS = dU + pdV— J pd. (1-1-4) 
k= 


For a one-component system at constant volume (V constant) this equation 


becomes 
TdS = dU — pdM. (1-1-5) 


In this case the thermodynamic motive forces for the transfer of energy 
and mass are 


as As 2 i 
ku=(%) =V(z)= avi, (1-1-6) 
Xy=—v (+). (T2129) 


Consequently, the thermodynamic force for the energy (heat) transfer is 
directly proportional to the temperature gradient, while the force for the 
mass transfer is proportional to the gradient of the ratio of the chemical 
potential to the absolute temperature, 

Gibbs's equation (1-1-4), together with Onsager's theorem (1-1-3), re- 
presents a basis for choosing the fluxes and the thermodynamic forces. 
For convenience in using these relations to describe various transfer phe- 
nomena, let us carry out certain transformations. Gibbs's equation, re- 
presenting the second law of thermodynamics, may be written in terms of 
the specific values of the entropy, internal energy, volume and concentra- 
tion (s=S/M, u=U/M, v=V/M, pro=Mr/M= p,/p) as follows: 


n 


Tds=du-+- pdo —)' png (1-1-8) 


k=! 


Differentiation with respect to time gives 


ds. da d yd 
7 emt 4 pt te, (1-9 
tt | 


The left side of (1-1-9) is the product of the absolute temperature times the 
rate of entropy increase. It will be convenient to write Onsager's basic 
relation (1-1-3) in a similar form, choosing the product X;7 as the thermo- 
dynamic motive force and denoting this quantity by the same letter X;,, * 


* The fluxes and thermodynamic forces can be chosen in various ways; details will be given later. 


so that 
d 
Te = Ike (1-1-10) 
i 


Consequently, the product of the rate of entropy production times the ab- 
solute temperature 1s equal tothe sum of the products of the fluxes times 
their corresponding thermodynamic motive forces. 

According to this definition, the thermodynamic forces for the transfer 
of energy (heat) and mass are 


X,=—-+y?l and X4=—Ty(p/7). (1-41-11) 


In contrast to the classical theory of molecular transfer, the [individual] 
transfers of heat, matter, and electrical charge are determined not only 
by the action of the single corresponding forces but by the action of all the 
thermodynamic forces involved: 


Je=Y, LX, ((=1, 2, ..., 0). (1-1-12) 
k=! 


Equation (1-1-12) is known as Onsager's system of linear equations and it 
constitutes the basic relation of the thermodynamics of irreversible proc- 
esses, 

The quantities L,;, are called kinetic coefficients and a reciprocal relation 
(the principle of symmetry of the kinetic coefficients) exists between them: 


pnd (1-1-13) 


From the macroscopic point of view the reciprocal relation constitutes an 
axiom, but it may be proved statistically using the time-reversal invari- 
ance of the laws of mechanics (invariance for t—-—+1). 

AS an example let us consider molecular heat transfer under noniso- 
thermal conditons in a molecular solution, in which diffusion of the solute 
takes place. In this case the transfer of energy (heat) and mass is described 
by Onsager's system of equations: 


=LyX,+Luki=—F vl — Lily (+), (1-1-14) 
A= LyX, + LyXs=—F vl — Luly (+): (1-1-15) 


It follows from equation (1-1-15) that the mass flux Jm(Jo=Jm)is deter - 
mined not only by the action of the direct thermodynamic force X, (con- 
centration diffusion), but also by the action of force X, (thermal diffusion, 
or the Soret effect). Similarly, energy (heat) transfer takes place by means 
of heat conduction (direct effect) and also as a result of diffusion of the solute 
(Dufour effect). The coefficient L,;; is proportional to the thermal conduc- 
tivity, while the coefficient Ly is proportional to the diffusion coefficient. 
According to the reciprocity principle, the cross coefficients, which es- 
tablish the mutual relation between the energy flux and the material flux, 


are equal to one another: 
La =Lyp. (1-1-16) 


This indicates that there is symmetry between the effect which the diffusion 
force has on the energy flux and the effect which the energy (thermal) force 


has on the material flux. Coefficients L,. and LL», are called entrainment 
coefficients and are proportional to the coefficient of thermal diffusion. 
The Dufour effect is slight in molecular solutions, but it can be observed 
experimentally in gaseous mixtures. The diffusion coefficient Dfor solu- 
tions is of the order of 1075 cm?/sec, whereas in gaseous mixtures it is 

of the order of 107! cm?/sec; the coefficient of thermal diffusion ranges 
approximately from 1078 to 10719 cm?/sec- degree for solutions and from 
10°* to 107® cm?/sec- degree for gaseous mixtures, The reciprocity prin- 
ciple (L;2.=L,,) has beer, confirmed by experiments on thermal diffusion and 
diffusion heat conduction in binary gaseous mixtures. In the thermo- 
dynamics of irreversible processes the transfer energy u* and the transfer 
heat Q* (Q*=u*—h)are extremely important. These may be determined from 
equations (1-1-14) and (1-1-15). For an isothermal process (7 constant and 

X,= 0) equations (1-1-14) and (1-1-15) give 

j= haar, (1-1-17) 

32 
It follows from this relation that the quantity u*, which we have called the 
transfer energy, is the energy transported by a unit mass under isothermal 
conditions. 


1-2, Methods for Defining the Fluxes and 
Thermodynamic Forces 


Onsager's reciprocal relations remain valid for a linear transformation 
of the fluxes and forces, due to the invariance of the symmetry of the Li, 
matrices. This makes it possible to choose the thermodynamic forces and 
the corresponding fluxes in various ways. 

Let us consider some examples. If we introduce new fluxes J’, and J’, 
according to the relations 


Ju =Su — ns (1-2-1) 


bg Le (1-2-2) 
then the basic relation (1-1-10) may be written as 


d 
T = JSuXutImXm 


d t 7 Lf Lf , ’ 
TJ UX! tI X mJy X'y — phn X'u + JX ms 


and so 
X"u= Xa, (1-2-3) 
X'm=XmtpXy. (1-2-4) 
Consequently the thermodynamic forces are 
1 
Xy=— > WT and X’,—=—([yp],- (1-2-5) 


The subscript T means that the gradient of the chemical potential is taken 
at constant temperature. Onsager's linear equations and the reciprocity 
principle are thus valid: 


Jae Xu HAL Xm (1-2-6) 


Fm Li Xu tL, X'm (1-2-7) 
Ly,=L,,. (1-2-8) 

For an isothermal transfer process we obtain the relations* 
Pu =F Sm =TS*S y= (0 — 1) Sm (1-2-9) 


where S*is the entropy transferred by a unit mass (Js/Jym). 
The second method for determining the thermodynamic forces is based 
on the following relations for the heat (energy) flux: J’, and the mass flux J",: 


fi JI yg = (1-2-10) 
hifi —— Wn few (1-2-11) 
In this case we have 
X= Kus (1-2-12) 
A n= Anes a (1-2-13) 


from which the following expressions for the forces are obtained: 
7 ] Lf 
X",y=—-—7 VT and Xn = — (Ve) p (1-2-14) 


Onsager's system of linear equations and the reciprocal relations hold 
true (L",,—=L",,). For isothermal conditions (X",—0) the heat transferred 
Q* will be determined by the relation 

Ply =O ow (1-2-15) 
L 22 


since in accordance with (1-2-13) and (1-1-17) 


on = n* —h=Q"*. 


Lx, 
As will be shown below, it will be convenient to call the magnitude of the 
flux J”, the heat flux J; (J;,=J",). 

The internal energy u is determined except for a constant factor, For 
some state of the system the internal energy is taken as zero, and this 
state is considered to be the initial one. 

Let us assume that the internal energy U” is 


UU" =U+C, (1-2-16) 


Now, in terms of specific quantities, with the constant written as C=cM, we 
have 


w"’=u"+c,** h’=h+e and p”’=—pte. (1-2-17) 


The energy and mass fluxes will then be 


Iu =JSutel, and J" n=Jm. (1-2-18) 
By a similar method the thermodynamic forces are found to be 
XM = Xu; 
X" m= Xm—CXy=—Ty() ely (7): (1-2-19) 


* According to equation (1-1-5) we have 


dS 
** (To be consistent, this should be #’”’=eu+-C,] 


X"m=—Ty (4). (1- 2-20) 


Consequently, the thermodynamic forces are expressed by the same rela- 
tions as X, and X,. In exactly the same way it is possible to specify the 
following relations: 


LY Si | a = Cas =L,, + cL,=La + cL, ( 1 % 2-21) 
Lp = Les a (Lis =F oy) ah cL,,. (1-2-22) 


These relations determine the effect of the initial state of the system (the 
effect of a shift in the reference zero of the internal energy) on the kinetic 
transfer coefficients. 

The transfer energy is 


yr — Es — fe 4 paytte. (1-2-23) 
L 22 Le. 
The transfer heat Q*"” remains unchanged: 
Qe — y*" — Wh" = u* —h=Q*. (1-2-24) 


Table 1-1 gives the basic thermodynamic characteristics describing the 
transfer of energy and mass. 


TABLE 1-1 


Basic thermodynamic characteristics of energy and mass transfer 


Transfer 


Fluxes Thermodynamic forces ander Transfer 
isothermal {| quantity 
. ms Xs conditions 


T 
Ju Im Xy=— Y Xm=—TY (7) fy=utlm ue 
Vuela pln I m=HIm | X y= wr X' n= — (V)p Jy=TS*I m |\TS*=a*—u 
Mg Tabi m I mI YX e=— (Wp | Lu=O*m | Q*=a%—h 


T 
0 Lae = Ja +- CI m oe = Jn xX" aU X" n= —Ty (F) J! =u"'S a*'=—a*+ec 


1-3. The Curie Principle 


The basic assumption of the thermodynamics of nonequilibrium states, 
as expressed in the form of Onsager's system of linear equations J;= 


=) Li,.Xp- has a restriction known as Curie's theorem or the Curie 


principle. A flux J;is determined by the effects of a number of forces Xj, 

if these have the same tensorial character, Thermodynamic motive forces 
may be scalars (zero-rank tensors), vectors (first-rank tensors), and 
tensors (second-rank tensors). For example, thermodynamic forces X, and 
X, are tensors of the first rank, since the gradients of the scalar quantities 
Tand p/T are vectors, The thermodynamic motive force for chemical and 


phase transformations is the chemical affinity A;, which is proportional to 
the difference (p’;—p;) between scalar quantities; thus it is a zero-rank tensor. 
The transfer of fluid momentum or impulse transfer is described by a second- 
rank tensor. 

According to the Curie principle, for an isotropic system a coupling 


yy LinXn is possible only if the thermodynamic forces X, are tensors of the 


Same rank or if the difference in ranks ig even, 

The thermodynamic forces X, and X, are tensors of the first rank 
(vectors) and so coupling between them is possible. This coupling is mani- 
fested by concurrent transfer phenomena, namely the Soret effect during 
molecular heat transfer and the Dufour effect during the diffusion of matter. 
On the other hand, heat conduction or diffusion cannot be coupled with chem- 
ical and phase transformations, since the difference between the ranks of 
the forces X,, and A, or the forces X,,and A,;,is one (an odd number). Simi- 
larly, the molecular transfer of heat cannot couple with the transfer of 
momentum and diffusion cannot couple with internal friction, since the 
thermodynamic forces for the molecular transfer of heat and mass are 
tensors of the first rank, while the thermodynamic forces for the molecular 
transfer of momentum are tensors of the second rank (the difference be- 
tween the tensor ranks is odd). However, in certain particular cases the 
internal friction may be considered as a molecular transfer of the kinetic 
energy of a fluid flow, which takes place under the action of a thermodynamic 
force, namely the kinetic energy (the gradient of a scalar). In this case 
coupling between the molecular transfer of heat, mass, and the energy of 
the fluid motion is possible, since all these correspond to the action of 
thermodynamic forces which are tensors of the same rank (vectors). On the 
the basis of the Curie principle coupling between the molecular transfer of 
momentum (volume viscosity) and chemical and phase transformation proc- 
esses is possible, since in the first case the forces A; are zero-rank ten- 
sors, and in the second case the forces are second-rank tensors. Since 
the difference between the tensor ranks is two (an even number), coupling 
between them is possible. 

The above examples indicate the importance of the Curie principle in 
the investigation of transfer phenomena. This principle, whichwas formu- 
lated by Curie, has been verified in detail by de Groot. A short proof of 
Curie's theorem will now be given. 

Consider a molecular transfer taking place under the action of a thermo- 
dynamic force X, which is a scalar and another molecular transfer taking 


place under the action of a vector force Xp. According to the basic relation 
of the thermodynamics of nonequilibrium states we may write 


To SX +IpXs. * (1-3-1) 
Consequently, for an unsymmetric system 

Je= LeeXe+ Ler Xs, (1-3-2) 

Sp==LieXe+ LooXo, (1-3-3) 


* [See Appendix for a brief review of vector and tensor notation. ] 


where the kinetic coefficients are: L,,, a scalar; Les and Loes vectors; and. 
Ly, atensor, Altogether there are 16 transfer coefficients, 

If the system under consideration is isotropic, then a tensor Z of ranka 
can be expressed by means of an orthogonal transformation 4 (the determi- 
nant of 4 is|4|=—+1) as follows: 

L = y Ai Ape. Ain Ly, eosate (1-3-4) 
his favesre dy 
where the subscripts of i, and j, denote the x, y, and zcomponents. Relation 
(1-3-4) is true for polar tensors; for axial tensors it is necessary to add the 
quantity |.4|. 
The transformation (1-3-4) may be written in the abbreviated notation 


L'=A"(-)g, (1-3-5) 


by ba, oe 6 be 


where 4"denotes the scalar (-) product of A;* and Lj, in an nth-degree- 
expansion, 
In the general case, in the absence of symmetry, 


LAE, (1-3-6) 


In the case of spatial symmetry, the transformation /is invariant with 
respect to @: 
£'’—Z. (1-3-7) 


Consequently, A" ()L=E (1-3-8) 


One of the symmetry properties of an isotropic system is invariance with 
respect to the inversion operation | (where //=—1), in which case 


x =X, 
y’=y. (1-3-9) 
22% 
or in tensor form 
f= |8, (1-3-10) 
where _] 0 0 
-( 0 —1 0. (1-3-11) 
0 0 —I 


If A=], then relation (1-3-8) becomes 
(—1)"*Z=Z, (1-3-1 2) 


It follows from (1-3-12) that when nis odd —Y=—@, so that Z=—0, and 
consequently all the kinetic coefficients ¥ are zero, If nis even or zero, 
then £=Z and the kinetic coefficients are not zero, For the system re- 
presented by the linear equations (1-3-2) and (1-3-3) the vector coefficients 
(n=1)L.,p and Ly, are zero: 

Lop =0 and Ly. = 0. (1-3-13) 
Consequently, instead of the system of linear equations (1-3-2) and (1-3-3) 
we have two independent equations 
Ic Ligks (1-3-14) 
* [This should apparently be 2’=2Z,} 


Jy = LyX; (1-3-15) 


Thus, in an isotropic system thermodynamic forces of different tensorial 
character do not interact during the production of a molecular-transfer flux. 
This theorem, or the Curie principle, follows directly from the symmetry 
properties of an isotropic system. 


1-4, Onsager's Basic Relation 


The exclusion, according to Curie's theorem, of coupling between 
thermodynamic motive forces of different tensorial character in the equa- 
tions for the fluxes does not apply to the basic relation for the rate of 
entropy increase. 

Let us consider this in detail, Once again an adiabatically insulated 
system is considered, characterized by parameters of state II;(i=1, 2, 3, 

,n) and R;(i=1, 2, 3,..., m). The variable parameters II;,, which char - 
acterize the molecular transfer, are assumed to be even functions of the 
molecular velocities (these may be the temperature, energy, concentration, 
etc.), while variables R; are odd functions (momentum). The entropy in- 
crease AS is then 


Sac y AuSbr——- y BiXitns (1-4-1) 


i, k=1 i, k=1 


where B= TI; — I; and Y=Ri— RK, the superscript 0 denoting the equilibrium 
state. 
In tensor notation equation (1-4-1) becomes 


AS=—+ 6:BB—-+ D7 7, (1-4-2) 


where 6 and ® are symmetric and positive matrices. No cross terms be- 
tween B and Y appear, since the entropy is an even function of the velocity, 
The time variations of g and " are 


d ~> > 
4B yj — ft Dy, (1-4-3) 
Y= — of B— My, (1-4-4) 


where the matrices #are time-independent kinetic coefficients. 
Onsager's reciprocal relations are represented by the following formulas: 


oM'*?) g- — Foy) | (1-4-5) 
MPD gy! __ Nyylt#)_ (1-4-6) 
MM B- — gr oyl | (1-4-7) 


where @-!and ®-'are the reciprocals of matrices @ and %, and #is the 
transposed or symmetric matrix corresponding to # (the matrix # with the 
columns interchanged with the rows). 

Let us write the thermodynamic forces X’; and Y’; as 


X= — i Aube or xX’ —— GB, (1-4-8) 
k 


Y,=— JV Bint or Y' =— Dy. (1-4-9) 
R 


The system of linear equations may now be written as 


dB _ — 
BX 4. 0 ys, (1-4-10) 
dy. =, => , 
A-= LX 4 gly! (1-4-11) 
where 
FB) ogg (F8) G1 (1-4-12) 


Kinetic coefficients £°”, ¢7), and 1) may be expressed by similar 
relations. 
The reciprocal relations now become 


ofP®) __ GP). p(T) _ GU. pT) __ ptt) (1-4-13) 
If the fluxes J;and /;are 


dp __ ay _A- 
= and l= (1-4-14) 


then the basic relation of the thermodynamics of a nonequilibrium state 
will have the form: 
dS 


aS TX TY, (1-4-15) 


If the thermodynamic forces are defined as X=TX' and Y=rTY’, then 
(1-4-15) may be written as 


TS —IX+TY, (1-4-16) 


that is, the product of the absolute temperature times the rate of entropy 
increase equals the sum of the products of the fluxes times their corres- 
ponding motive forces, independently of their tensorial character. Using 
Gibbs's equation, which expresses the second law of thermodynamics, to- 
gether with the differential equations describing energy and mass transfer 
and relation (1-4-16), it is possible to determine the thermodynamic motive 
forces. Equation (1-4-16) together with Onsager's system of linear equa- 
tions thus constitute the basic relations of the thermodynamics of nonequi- 
librium states. 


1-5, The Differential Transfer Equations 


Before going on to derive the differential transfer equations, let us dis- 
cuss some mathematical operations which are very important in an analyti- 
cal theory of transfer phenomena, The divergence of the vector flux j of 
the transferred substance (mass, energy, concentration of some component, 
entropy, etc.) has the following physical meaning. If the substance enters 
through some part A, of a closed control surface and leaves through the re- 
maining part A, of the surface, then the ratio of the difference between the 
outgoing and incoming fluxes to the volume bounded by the closed surface, 
as the latter approaches zero (the surface contracts to a point), is equal 
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to the divergence of the flux i: 


{ 1, -4a4,— T,jdA, {7-404 
ty (As) (Ay a >) ae ey Jee 
Mergen ea me ie 


where 1, is the unit vector along the normal nv to the surface A. Integration 
is carried out over the entire closed surface A. 

It follows that for a stationary [steady] state, when the thermodynamic 
characteristics do not vary with time, the divergence of the flux of the 
transferred substance equals the sum of the sources (sinks) of the given 


substance, If there are no sources or sinks divj is zero, For an unsteady 
state the divergence of the flux of the transferred substance is equal to the 
sum of its sources (sinks) minus the amount of accumulated substance, 
which is equal to the partial derivative with respect to time of the volume 
concentration of this substance. 

Let us consider some examples. If masses of a fluid (either a liquid 
or a gas) flow through a control surface, then the fluid flux Jj,, equals the 


product of the density p times the linear velocity w (that is, im —pw). Con- 
sequently, the divergence of the fluid flux equals the partial derivative 
with respect to time of the density, since according to the law of conserva- 
tion of matter no sources or sinks for the whole mass of fluid can exist. 
The corresponding equation, 


: we OP _e_ 
divpw=—-=, (1 s) 2) 


is known as the mass-conservation equation or the continuity equation. 

The energy flux through the system is denoted as Ae and the specific energy 
is e (here e=E£/M, where E is the energy of the entire system of mass M). 
According to the law of energy conservation, energy sources and sinks do 
not exist, so that we may also write 


div j,=— 204), (1-5-3) 


where pe is the density (p—M/V). 

In an irreversible process the entropy increases. Consequently, in the 
differential equation for the entropy flux j, an entropy source I,* must be 
introduced, giving 


divj,= — +1, (1-5-4) 


where I, is the volume strength of the entropy source. 
Let us recall the expression for the divergence of the product of a 
vector times a scalar: 


div pw —=y-(pw)—= wyp-+ py- w= wegradp-t pdiv Ww, (1-5-5). 
where vis the Hamiltonian. Taking into account (1-5-5), we may write 
the continuity equation as 


eee o ae d 
pdivw=—-! —wyp=—, (1-5-6) 


where dp/dz, the total (substantial) derivative of the density with respect to 
time, is a 


* For more details see below. 
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This quantity is related to the following physical considerations, The total 
variation of any physical quantity in a fluid element moving with a velocity 
w (the velocity with respect to the center of gravity) is the result of both a 
variation in time and a displacement of the element from one point of space 
to another. 

The total derivative is 


Ba ab dx , dbdy , db dz db ob ab db 0b, => 
toe de tagae ter de ete ge $M Gy tgs = WW, (1-5-8) 


dx dy 


where oar and %. - represent the velocity components w,, w,, andw, Con- 
sequently, the a derivative 
0,- 0,- 
RW grad = x TW: (1-5-9) 


when related to a moving substance, is called the substantial derivative. 

We may now use the concept of the total derivative (1-5-9) and the 
continuity equation (1-5-2) to obtain the following relation, which will be 
used in the derivation of the transfer equations: 


b 
po = o a D + div bpw, (1-5-10) 


where 6 is any finite quantity. 

The mass-conservation equation, The differential equation expressing 
the law of conservation of matter for any kth component differs from the 
continuity equation (1-5-6) for the whole fluid mass. The former equation 
includes a source or sink for the kth component, corresponding to the mass 
of the kth component which is released or absorbed per unit time per unit 
volume as a result of chemical reactions or phase transformations: 


Oe = — div ppWa-t ln (1-5-11) 
where p,is the concentration of the kth component, equal to the ratio of 
the mass M, of the component to the mixture volume V (so that p=), and 


Wh is the velocity of the kth component, which is related as follows to the 
velocity w of the center of gravity of the mixture: 


w=>Y) paw. (1-5-12) 
k 


Here pis the overall concentration or density of the mixture: 
1 
P= Va =p Pm pss. (1-5-13) 
k k 


where vis the specific volume of the mixture. 
For a chemical reaction the source /, of material is proportional to the 
chemical reaction rate /;: 
r r 
= w= Vv ae vig SE, (1-5-14) 
j=) j=! 
where d;M,; is the amount of material of the ae component which takes 
part in the chemical reaction j, vaj is the product of the molecular weight 


12 


of the kth component times the stoichiometric coefficient in the equation 

of chemical reaction j, and §; is a quantity characterizing the probability 
that a given chemical reaction will take place (the completeness parameter 
for the chemical reaction). 

When equations (1-5-11) for each of the components in the mixture are 
added together, we obtain the usual continuity equation for a homogeneous 
fluid: ap 2 

Fe div pw, (1-5-15) 
since the sum of all the mass sources and sinks in a given volume of mix- 
ture is zero: 


V,=0. (1-5-16) 
R 


Differential equation (1-5-11), representing the law of mass conservation, 
is a starting relation in the derivation of the mass-transfer equation. 
During the flow of a gaseous mixture in which the concentration ps, is 
uneven [nonuniform], diffusion occurs. Diffusion represents a molecular 
transfer of material, since it is due to molecular (random) motion. 
The amount of substance diffusing per unit time through a unit area of 
an isopotential surface (a surface of equal mass-transfer potential) is called 
the density j, of the molecular flux of the kth component, and is measured in 
kg/m?-hour. This quantity is a vector directed along the normal nto the 
isopotential surface: 


r=1, 4. (1-5-17) 


If this density j, of the molecular flux of matter is divided by the concentra- 
tion p, of the kth component, then we obtain a quantity which has the units 


of velocity (m/hour), and which is known as the linear diffusion velocity Wart 


—> 17> 
Waar Je (1-5-18) 


However, this quantity is not a velocity in the usual sense of the word, since 
it does not characterize the macroscopic displacement of a body per unit 
time. 

Diffusion is a mixing of a substance as a result of molecular (random) 
motion. A greater number of molecules pass in the direction of the ma- 


terial diffusion flux i than in the reverse direction, This is the reason 
for the diffusive transfer, which is described by the molecular -transfer 
flux or by the arbitrary linear diffusion velocity w,,. Therefore the diffu- 


sion velocity w, cannot enter into relation (1-5-9) in place of the velocity 


if 
of motion w of the gas, when the total derivative a is obtained as the sum 


of the partial derivative 2 and the convective transfer Wy. 


If the material diffusion flux in a moving gaseous mixture is determined 
as the difference between the velocity of the whole mixture and that of the 
given component relative to the center of gravity, then we have 


Jda= 0x (Wa —W). (1-5-19) 
The sum of the fluxes for all components is 
y h=0. (1-5-20) 
k 
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For a binary mixture (k=1 and 2) we have —_— ra indicating that the mass 
flows of the interdiffusing substances are equal and opposite to one another. 


If 0,Wa is determined from (1-5-19) and then substituted into differential 
equation (1-5-11), then we obtain 


Ph + div(e,w) = — div Jat Ip (1-5-21) 


Now let us return to equation (1-5-10), with b= p,,, where op, is the relative 
concentration of the kth component or the specific mass content of the &th 


component: 
Pa Mn (1-5-22) 


Equations (1-5-10) and (1-5-21) now combine to give 


p Stee — div jx-t lh, (1-5-23) 


since bp = PoP = Pr. 

Differential equation (1-5-23) constitutes a mass-conservation equation 
for the kth component in the presence of phase and chemical transformations, 

The momentum-conservation equation, According to classical mechanics 
the total [rate of] variation of the momentum of a system is the sum of all 
external driving forces plus the divergence of the pressure tensor. If the 
Cartesian coordinates x, yand z are denoted as a and f (where a, B= 1, 2, 3), 
then we may write 


dw, 
> =— yz %, ao) PF pay (1-5-24) 
B=! 

where F,, is the external force exerted on the kth component of the substance, 
and P,, are the components of the pressure tensor alongthe x, y, zcoordinates 
(a, B= 1, 2, 3). 

If we assume that the pressure tensor is a symmetric tensor (Pas= Poa) 
then equation (1-5-24) may be written as 


dw , 1 2 
0g, = — div P+) PF a: (1-5-25) 


k=] 
Differential equation (1-5-25) is similar to equation (1-5-23) for mass con- 
servation of the kth component. In this equation the external forces oF 
may be interpreted as a momentum source. Equation (1-5-25) may now 
be combined with (1-5-10) to give 


0 — 
200) == — div eWwHALY PaF ps (1-5-26) 
k=! 
where ww isa dyad (a tensor with aand B components w,w,). * Equation 


(1-5-26) represents the law of momentum conservation: the partial deriv- 
ative of the momentum with respect to time, referred to unit volume, equals 
the divergence of the momentum flux plus the sum of the [momentum] 
sources, considered to be due to the action of the external forces, The 
momentum flux consists of a convective component oww and a conductive 
component ?. 


>> >= 
* Note that the dyad ww is different from the scalar product w-w. 
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Similarly, it is possible to write the differential equation for the mass 
transfer of the &th component as 


0 Wk ; : > > 
St — div (paw + fx) + Ty =— div (exw + paw y,)-t Tes (1-5-27) 
where 0,W is the convective component of the mass flux of the kth component 


and Ti=eaWair is the conductive (molecular) component of the u.ass flux of 
the kth component. 
If we carry out a scalar multiplication of equation (1-5-26) by W, we will 


obtain a differential equation for the kinetic energy ( (w?/2) of a unit fluid mass, 
First, it will be convenient to perform the following transformation: the 


scalar product of (1-5-26) times w is taken, with FE; equal to zero: 


) 


p oyna ea S20, J+ Yam" 0, ee?) 
a, 8 


In vector notation this relation is 


(iw) 


pf — wy P= —y PWH+P: yw, * (1-5-29) 
where #is the transpose of the matrix fli.e., P =F,,). 


Now let us carry out the scalar multiplication of equation (1-5-26) by 
w to obtain 


a (5 ew!) 1? = - 4} fe. capes 
= =—9-(pewwW+ FW) +P: gw) oE,W. (1-5-30) 
k=l 


Differential equation (1-5-30) for the kinetic energy of the fluid contains 
two sources, one associated with the work oF Wr of the external forces and 
another, equal to 5: yw, associated with viscous deformation during the 
fluid flow (energy dissipation due tointernalfriction). If the external forces 
are conservative and constant in time, then they may be replaced by their 
corresponding potentials, while the work of the external forces may be re- 
placed by the potential energy: 

Fra=— ye for dp,/0e—=0, (1-5-31) 


where 4, is the potential [energy] of a unit mass of the kth component of the 
substance in an external force field, 
If we denote the potential energy of a unit mass of mixture as 


= >) Pr¥r, 
P 


then the differential equation for the transfer of potential energy is 


oe) — = — div (+) in) y Bt —Yy I iF}. (1-5~32) 


k=! k=1 


3 


* [The first term in this equation should be 9 
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Thus, the partial derivative with respect to time of the volume density of 
the potential energy equals the divergence of the energy flux plus the sum 
of the potential-energy sinks. The potential-energy flux consists of a con- 


—> 
vective component ppw (macroscopic transfer) and a conductive component 


y} Jav,(molecular transfer), The potential-energy sink is due to the work 
k=l 
> op, W performed by all the external forces when the fluid moves and to 


k=1 
the work y Jn Fa performed by the external forces during diffusion of all the 


components of the mixture. 

The equation for the conservation of angular momentum. The equation 
for the conservation of angular momentum (amount of rotation) K per unit 
mass may be written as 


peas Te 
-yz iF (r,Pig—teP ra) (1-5-33) 
=! 
where the index y denotes summation over x, y, and z(a, B=, y, z), and ris 
the radius vector, 
The total axial vector of the angular momentum can be represented as 
the sum of an external and an internal axial vector: 


K,=D,+M,, or K=D+ 0, (1-5-34) 
where the vector D of the external angular momentum is 
Diy == 1, — 1, OF D=rxw, 
while the vector of the internal angular momentum is 
T=le,, or it —lIs, 


pe being the angular-velocity vector, 
The differential equation for the conservation of [external] angular 


momentum D is obtained by multiplying equation (1-5-33) by the vector r: 


E t= pe or, (7,P ls ae a Pia — Pow (1-5-35) 
j=! 

The equation for the conservation of the quantity Il is obtained from equa- 

tions (1-5-33) and (1-5-35): 


p Git — Pe, or —=— QPs, (1-5-36) 
where Ps the antisymmetric part, = (Pag—Pra ), of the total pressure tensor 
P.,, represented as an axial vector. 

From equation (1-5-35) it is possible to obtain an equation for the kinetic 
energy of rotation if we perform a scalar multiplication by the angular- 
velocity vector: 


Ti 
pa, = po F-=— QP. (1-5-37) 


The energy-conservation equation, The differential equation represen- 
ing the law of energy conservation is equation (1-5-3), in which e, the total 
specific energy, is 


= Fw flo yta, (1-5-38) 
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where wis the specific internal energy. The total energy is here given 
as the sum of the kinetic energies of translation and rotation plus the 
potential and internal energies of the fluid. 

The energy-flux density is 

jo=pew+ P-w+t DV jabat Jus (1-5-39) 
= R 

where j, is the density of the molecular energy flux, often called the "heat 
flux" j,. However, this energy flux includes not only the specific heat 
flux caused by a temperature differential but also the heat transfer due to 
the diffusion of matter. Therefore it is preferable to call J, the molecular 
energy flux. Consequently, the total energy flux pew consists of: 1) a con- 
vective (macroscopic) energy flux caused by the motion of the fluid; 2) a 
conductive (molecular) flux of the energy of motion, the latter being trans- 
ferred by the random motion of the molecules (the phenomenon of internal 
friction); 3) a molecular flux of potential energy caused by the diffusion of 
material in an external-force field; and 4) a molecular energy flux due to 
heat conduction and diffusion. 

Equation (1-5-3) can therefore be written as 


0 


5 [o(ew tele +4-+e) |——div (pew FW + Yin the), (1-5-40) 
Rk 


Now, by subtracting from (1-5-40) equations (1-5-29), (1-5-32), and 
(1-5-37), where the latter equation can be written as 


I plat 
a (5 ere 


™ =— div (7 platw \—2ape, (1-5-41) 


we obtain the differential equation [balance equation] for the internal energy: 
oor = — div (uw + Jy) +20P)— F: yw+Y) Ika. (1-5-42) 
ke 


The pressure tensor can be represented as 
FP—pPiutd, (1-5-43) 


where pis the hydrostatic pressure, 1, is the unit matrix, and # is the 
tensor of the pressure due to the viscous forces, The latter tensor can be 
written as the sum of three components: 


JF =lM y+ PS 42a, (1-5-44) 


where I is one third of the trace of the tensor, [sis the symmetric part of 

the tensor with zero trace, and [l¢is the antisymmetric part of the tensor, 
The antisymmetric part of the tensor can be represented by an axial 

vector, The velocity-gradient tensor can be represented similarly as 


yw=5 (divw) 1+ (yw)s-+ (yw), (1-5-45) 


_ : ] > 
where the antisymmetric part (yw)? corresponds to the axial vector 5 curl w, 
We may use these relations, plus the continuity equation, which may be 


written as a 
are" 'y: Ww, (1-5-46) 
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where vis the specific volume (v—p~'), to obtain the differential equation 
describing the transfer of internal energy: 


e—--tep = —Ty- -w—Ts: (yw)s—T2.(9Xw— 2a) — y- ht Yh (1-5-47) 


When the pressure is constant the left side of the differential equation can 
be represented as the total derivative of the specific enthalpy: 


-+-y.(phw). 


Consequently, differential equation (1-5-47) becomes 


oth 


20h) — —y.(phw-+j,)—l'y-w—Ts: (ow) Taig xw — 20) + YF Fa. (1-5-48) 


The differential equation for entropy transfer. The total variation dS in 
the entropy of a system is due to: a) the influx of an amount of entropy dS 
from the surroundings (for example, by the supply of heat); and b) the pro- 
duction of an amount of entropy d,S by irreversible processes inside the 
system: 

dS—d,S+d;S. (1-5-49) 


The quantity d,S may be either positive or negative (d,S20), but according 
to the second law of thermodynamics d;S must always be positive (d,S >0), 
For aclosed system (a system which exchanges heat but not mass), for example, 


ds=%, (1-5-50) 
where dQ is the amount of heat supplied to the system at a temperature T. 
The total variation in entropy will be 

ds>2. (1-5-51) 
For an adiabatically insulated system d,S=0, andso entropy variation is 
always positive: 

dS =d;S>0. (1-5-52) 
This second part, d,S, of the total entropy variation is the most interesting, 
since its variation rate determines the magnitude of the thermodynamic 


motive forces (see relation (1-4-16)). 
If the specific entropy is denoted by s, then we obtain the relations 


S=[psdv and = (Sav, (1-5-53) 


(V) (Vv) 


where the integration is carried out over the entire volume V, Now, the 
Gauss -Ostrogradskii theorem may be applied to obtain 


d. ae a 
as =—( jot IpdA=— \ div j., dV, (1-5-54) 
(A) {V) 


where j,,is the total entropy flux for the macroscopic and molecular trans- 
fers. The entropy increment d,S due to irreversible processes may be re- 
lated to an entropy source of volume strength I,: 


“Ge =| Lav. (1-5-55) 
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The total entropy variation per unit time is, on the basis of (1-5-49), 
(1-5-53), and (1-5-55), equal to 
d de d;S = 
Rote =| VH—[ vit (Lay, (1-5-56) 
(V) (Vv) (Vv) 
from which we obtain the differential equation for entropy transfer: 


O00) yj +h, (1-5-57) 


where I, =0. 
On the basis of (1-5-10) this equation may also be written as 


a —_ 
PHT V +h, (1-5-58) 
where rf is the molecular entropy flux 
Je = Jor —psw. (1-5-59) 


1-6, Calculation of the Transfer Thermodynamic 
Forces and Fluxes 


The entropy source I, determines the magnitudes of the thermodynamic 
motive forces, This is evident from relation (1-4-16), which can be written 
in terms of specific quantities as 
Sy 


TI, =T dt 


=Jjx+il, (1-6-1) 


where Sy is the volume concentration of the entropy produced due to irre- 
versible processes. 

To find an expression for the entropy source I, in the entropy-transfer 
equation (1-5-58) it is necessary to use Gibbs's equation, which in terms 
of specific values of the thermodynamic parameters is 


n 
ne Oe eee ) LO (1-6-2) 
k=! 


Multiplication by. p and division by T gives 
ds __p (de , do\ ‘yma dp 
Poa tea) yee ae (1-6-3) 
k=1 


Now, the corresponding expressions from equations (1-5-47), (1-5-23), 
and (1-5-11), also taking into account (1-5-14), may be introduced to give 


ds I : : 17 4 ba , y 


k=l 


—7 [Py-w—Ts: (gw)s— Pe (yx w—20)]. (1-6-4) 
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This equation may also be written as 


— n 
ds u pe 7 \ 9° wr 
a= (F- 7 Jal —Ju Fr 
e=l 


_ lip .w—Ts: 7w)s —Te y Xw—2o)}, (1-6-5) 
x lv (V 


since 


gee Ha 7. aoe 
=P hy (1-6-6) 
k=l 
1 . P.\ 1 — 
I,=— ju zr vT -y) (virB) tty w— 
=! 
r 
Ts : (gw)s —Te (yw —2e)] —7 YA, (1-6-7) 


j=) 
where 4A;, the chemical affinity, is defined as 


Aj= J) Vain (1-6-8) 


If both sides of (1-6-7) are multiplied by 7 and the result is compared with 
(1-6-1), then we obtain the following thermodynamic motive forces: 


X=", Xmpa = F,—Ty >, Xmji=Ayj, 
—> —_ —> _> 
Y,=v-W. Y,=v-w, Y= (vXw— 20), (1-6-9) 


since the corresponding fluxes are 


ju=ISu Imae= ins jma=li, 
(1-6-10) 


as We i, T's, i= Te, 


The expressions for the thermodynamic forces Xe and Xa for energy and 
mass transfer are the same as those obtained previously for a one-com- 
ponent system. 


If we take into account that x j,=0, we may write the thermodynamic 


k=) 
force Ry as 


Xma=F,— F,—Ty tS, (1-6-11) 


since in the entropy-production equation, instead of 
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we will have no 
he ee _hi=Fa), 
k*| Vp T T 
k=! 
Once the corresponding expressions for the thermodynamic motive forces 
are obtained in terms of the parameters of state, it is possible to write 
Onsager's system of linear equations taking into account Curie's theorem. 


Since X. and Xoc are both vectors (first-rank tensors), their coupling is 
possible, whereas coupling with X,;, Y,, Y,, or Y,is impossible according 
to the Curie principle. 

The thermodynamic force A; for phase or chemical transformations is 
a scalar (zero-rank tensor), and so it may be coupled with the force Y, 


(second-rank tensor): 
n—! 


R= — Law F—\lun [TV — Fi — Fe) (1-6-12) 
k=! 
n—l 
Inc = — Li —¥} La [to™> pet — (Fx Fr] (1-6-13) 
k=1 
(i=1, 2, ean gt) 
—_ r 
js=—L,divw—Y LiA. (1-6-14) 
m=! 
—~ r 
=— Ly, divw— JL, ,Ami (1-6-15) 
m=} 
bs — Lows; (1-6-16) 
T= — L, (yw — 20). (1-6-17) 


Now, on the basis of Onsager's reciprocity principle, we know that 


Lulu i=1, 2, 3,...,2—)): (1-6-18) 
Liz=Lly, i, R=1, 2, 3,..4(2—1): (1-6-19) 
Lia Ly: (1-6-20) 
Lpiz Lig (1-6-21) 


Equation (1-6-18) represents the coupling between thermal diffusion and 
the Dufour effect, while equation (1-6-19) represents the coupling between 
the diffusion coefficients. For binary mixtures (n=2) there is only one co- 
efficient L;,, and so equation (1-6-19) is absent. Relation (1-6-20) takes 
into account the coupling between the volume viscosity and chemical trans- 
formations, The minus signappears because the force A; is an even vari- 
able, while the force y.wis odd with respect to changes [reversals] in the 
particle velocity. Equation (1-6-21) shows the equality of the chemical 
cross coefficients for damping. 

If instead of the molecular energy flux in we introduce the heat flux iy 
defined as 


=> — 2S => 
Jo=Ju— Yad (1-6-22) 
k=l 
then the thermodynamic motive force Noa: X, remains the same, namely 
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X,=—~ + vT. The motive force for diffusion, on the other hand, becomes 


Xm =F, — (Vea where the subscript T indicates that the gradient of the 
chemical potential is taken at constant temperature. The same result is 
obtained if we substitute the relation (1-6-22) into equation (1-6-4) to elimi- 
nate Ie and then compare the result with equation (1-6-1). To do this it is 
necessary to carry out similar transformations. Thus, the first two equa- 
tions in the system of linear equations (1-6-12) to (1-6-17) become: 


n—!1 


ie=— Lae — Yan {I (Oe — Pe) — Fa — Fah (1 -6-23) 
k=1 
na—} 

Jini = — Lig — J) Leal (Oa — Balle — Fa — Fa} (1-6-24) 


k=l 


The reciprocity relation Lig=L is also valid. 

The kinetic coefficients Loo, Lig, Lin, Lvj, Lmj, L, Lvv, and L, are all related 
to the thermophysical characteristics describing molecular transfer. As 
an example let us consider a binary mixture (a two-component system with 
n=1, 2), with constant pressure in the absence of an external-force field 
(F,=0), and in which a single chemical reaction or phase transformation 
(j=1) takes place, The gradient of the chemical potential is then 


[Ve — 7) Pa c= (1 + fe.) (Vit), P =~ (a2), pvPro» (1-6-25) 


since according to the Gibbs-Duhem equation, with pand 7 constant, 


Prod, + Pyode, == 9. (1-6-26) 
If we denote (re), » 28 »,, then we have 
ip= — Leg a mt VP1o = — AUT — prio TD’ VP 103 (1-6-27) 
T= — Ly F — Li veg = — Dz 00 Pao — DysP VP a (1-6-28) 
jp=—Lyy-w— LAs; (1-6-29) 
f=—Ly-w—L,A=—Wy-w—L,,Ae (1-6-30) 
Ps—— L(yw)s=— 24 (yw); (1-6-31) 
b= — L, (yXw — 20) =— n, (yXw— 2a), * (1-6-32) 


where Ais the thermal conductivity; D,. and Drare, respectively, the coef- 
ficients of interdiffusion and thermal diffusion; D’;yis the coefficient of diffusion 
thermal conductivity [Dufour coefficient]; and 4, nv, and mn are, respectively, 
the viscosity coefficients for shear, volume, and rotational deformations. The 
above equations indicate the relations between Onsager's kinetic coefficients 
and the coefficients of molecular transfer: 


4=L,,/T, Di. = L,w’,/033 (1 -6-33) 


* {The left side of this equation should be [2 not tT.) 
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D= L41/P P20! 13 (1-6-34) 
Dp = Ly4/0:P2oT 3 (1-6-35) 
Lyy=ny L=2n, Lene. (1-6-36) 


Onsager's relation L,,=L,,shows that the coefficients of thermal diffusion 
and diffusion thermal conductivity are equal(D;=D’r). 

The kinetic coefficient L,characterizing the retardation of the chemical 
reaction is related to the relaxation coefficient, since relaxation processes 
are similar to the processes of mass formation during a chemical reaction. 

If relaxation processes are present, then the entropy source will contain 
an additional term related to these processes. The expression for this ad- 
ditional term is obtained from Gibbs's equation, which in the given case is 


ds __du dy dere aE 
Pa PO Ge) te Ae es (1-6-37) 


k 
where A, and tare, respectively, the affinity and thermodynamic para- 
meter for the relaxation process, The additional term in the entropy- 
source equation is, accordingly, 


J 


s rel 


ta. (1-6-38) 


Equation (1-6-38) is analogous to the expression for entropy production 
during chemical reaction. If A, is taken as the motive force, and if pdt/d: 
is the mass flux during the relaxation process, then we obtain relations 
which are identical to equations (1-6-29) and (1-6-30), 

From equation (1-6-38) we obtain 


de lL , £2. OA. ee 
dep ep a FO) ee 
where & is the equilibrium value of §. The relaxation time will then be 


p o 
el ZT 0A. ° (1-6-40) 


If the complete system of differential transfer equations is known, as well 
as the equation of state (which represents the relation between A, and the 
parameters of state, including §), then it is possible to solve problems 
concerning the dispersion and adsorption of sound in a viscous medium 
under nonisothermal conditions. For audio frequencies v, for which vtr<l, 
the relaxation process is formally represented as a volume viscosity. 
Fields of nonconservative forces. Let us consider what happens when 
the external forces are not conservative, as in the case of electromagnetic 


forces, The Lorentz force F, exerted on an electrical charge g, moving 
with a velocity Wh is 
Fx=9n(E+— > WaXB), (1-6-41) 


where E and B are the electric-field intensity and the magnetic induction 
[or magnetic flux-density], and ¢ is the propagation velocity of electro- 
magnetic waves (the velocity of light). 
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Kinetic -energy equation (1-5-29) now becomes 


+(eE+ ~ IxB)-w, (1-6-42) 


where q is the total electrical charge per unit mass and Tis the density of 
the total electrical current: 


f — dd — 
g= SY) Pagal. and I= Y) pagnWe- (1-6-43) 
k=! k=1 
In the absence of polarization, when the electric-field intensity E equals 
the electric induction [displacement] D, and when the magnetic-field intensity 
H equals the magnetic induction B, the Umov-Poynting equation is 


5 [> E+ 85] =—aiv cEXB) —El, (1-6-44) 


where (E+ B) is the energy density of the electromagnetic field, (cEXB) 


is the Umov-Poynting vector and EI is the work performed by the electric 
field. Equation (1-6-44) thus states that the partial derivative of the electro- 
magnetic energy density equals the divergence of the electromagnetic -energy 
flux minus the work done by the current in the electric field, the latter con- 
stituting a sink of electromagnetic energy. 


The differential equation for the total specific energy pe remains , as be- 
fore, (1-6-44), its magnitude being 
pe = -5- po" -+-(E* + B')-+ pu, (1-6-45) 
while the density of the total-energy flux is 
i, = pw'w-t puw-+ P-w+t (cEXB)-+ ju. (1-6-46) 


The total-current density T is the sum of a convective component of the 


current ogw plus a conductive transfer 1: 
T= Yongxw + Yienda(Wa— w)—=pgw +1. (1-6-47) 
k k 


Using these relations it is possible to obtain a differential transfer 
equation for the internal energy. This equation will be identical to equation 


(1-5-47), except that instead of Vin F, the quantity 1-E’ must be introduced, 
= k 

where E’ is the electric-field intensity for an observer moving with a veloc- 

ity w: = a l1oo-> 

In the expression for the entropy source an additional term, 


1itP=1 Pah E=+9 ah (E+1ex8)= 
k= k=1 


=i [E+—(wxB)], (1-6-48) 
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— a — 
appears, where 7 is the electrical-conduction flux i=y Grdr 
. k=1 
In the presence of polarization, which is characterized by the vectors 
Pand M (referred to unit mass), two new terms must be added to (1-6-48). 
These terms are obtained from the following form of Gibbs's equation: 


ra d + dP => dM 
a= == TP De —Ver iE ae Pag? (1-6-49) 
k 
The additional terms are 
I + AE’. + ap’.2* (1-6-50) 
$ pol 


where AE’ and AB’ are the Sama: of E a B oa their equilibrium values, 
which correspond tc the polarization vectors P and M. As previously, the 
prime indicates that the given quantity is measured by an observer moving 
with a velocity Ww. Equation (1-6-50) for the entropy production in an elec- 
tric [electromagnetic] field in the presence of polarization describes the 
phenomenon of electrical and magnetic relaxation (compare equations 
(1-6-37) and (1-6-38)). 


1-7, The Differential Transfer Equations fora 
One-Component System 


The differential equations describing mass transfer of the nth component 
of a system and internal-energy transfer constitute the basic differential 
equations of heat and mass transfer. If we insert into these equations the 
expressions for the corresponding fluxes (equations (1-6-12) to (1-6-17)), 
then we obtain a system of (n-+-7) partial differential equations for (n-+7) in- 
dependent variables (the concentrations Pos Prov +++ Paso) the coordinates 


x, y, and z; the velocities w and ; and the temperature 7). The equation 
of state establishes a relation between the pressure p, the internal energy 
u, and the chemical potential p, as a function of these independent variables. 

For a one-component system (an isotropic liquid or gas) the system of 
differential transfer equations has the form: 


oP a= —y pw; (1-7-1) 
pw — upp nyt + +(3 1+) vv: w-t ay X (20— yXw); (1-7-2) 
2 — (e—- vxw); (1-7-3) 
(RTP a = ay'T + ny (yw)? + 
+ 2n(7w)s: (Yw)s-+ ar (7X W— 2o)*. (1-7-4) 


It is assumed here that the viscosity coefficients n, nv and nr and the thermal 
conductivity are constant. 
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In order for the system of differential equations describing the transfer 
of mass (1-7-1), momentum (1-7-2), angular momentum (1-7-3), and in- 
ternal energy (1-7-4) to be complete it is necessary to add to it the equa~ 
tions of state 

P=l(p, T), 4=F(p, 7). (1-7-5) 


System of equations (1-7-1) to (1-7-4) describes the thermohydrodynamic 
properties of an isotropic fluid. The familiar equations of hydrodynamics 
may be obtained from it as a particular case, provided we assume iso- 
thermal or isentropic conditions of the fluid motion. 

Equation (1-7-2) is the Navier-Stokes equation, with an extra term 
characterizing the rotation, If the viscosities nand nyare variable (with n, 
constant), then equation (1-7-2) becomes 


dw — 1 — = 
p= e+ aw + (371+) vy w+ 2(9w)s: ya 


+(y-W)y¥ (ny —_ a)+40Xx (20 — yXW). (1-7-6) 


Equation (1-7-4) describes the transfer of internal energy, the last two 
terms on the right representing the Rayleigh dissipation function, 

If the dissipation terms are neglected equation (1-7-4) becomes the 
familiar Fourier -Kirchhoff equation. At constant pressure this is (compare 
equation (1-5-48)) 


dh 
» #9. (ayn) (1-7-7) 
or 
dt 
Cp? Go = —V-(Ave), (1-7-8) 


where ¢pis the specific heat at constant pressure for the fluid, c, = 
and tis the Celsius temperature, t—T— 273. 
If the thermal conductivity 4 is constant, we obtain 


at ot ,-> 
Fee Hwt = apy't, (1-7-9) 
where a, is the thermal diffusivity, defined as 
a= (1-7-10) 
PoC pp" 


For solid bodies the partial derivative Sis equal to the total derivative as 


since the heat transfer is molecular only (w—0). The variation in the volume 
of the body is negligible (v is constant and du/de=0). Thus, if c,is the 
specific heat at constant volume, 


d 
Cy =p (1-7-11) 
we obtain Fourier's classical differential heat-conduction equation 
ot , 
Cy? = = — div (Ay?), (1-7-12) 
or 
of ‘ 
FV t, (1-7-13) 


where @, is the thermal diffusivity, defined as 


a, = A/cyp. 
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Chapter II 


MASS-TRANSFER AND HEAT-TRANSFER EQUATIONS. 
BASIC METHODS FOR THEIR SOLU TION 


2-1. The Mass-Transfer and Heat-Transfer Equations 
for a Binary Gaseous Mixture 


The transfer of heat andmass may be described by a system of differential 
equations derived from the equations for the transfer of mass and energy. 
The latter are usually replaced by the equations for the transfer of internal 
energy and fluid momentum. Together with the equations of state, the dif- 
ferential heat-transfer and mass-transfer equations forrn acomplete system. 

To solve this system of equations certain uniqueness conditions are re- 
quired. In most cases, however, it is impossible to solve this system of 
differential transfer equations; only in some special cases (binary gaseous 
mixtures, molecular solutions, porous bodies, and dispersed media) is it 
possible to solve the system of equations rigorously by analytical methods, 

The differential equations for mass and energy transfer were derived in 
the previous chapter using the methods of the thermodynamics of irrevers- 
ible processes. In this chapter differential heat-transfer and mass-transfer 
equations will be derived for specific systems and basic methods for the 
solution of these will be discussed. 

First let us derive the basic equations for mass and heat transfer ina 
binary gaseous mixture, The differential equation representing the law of 
mass conservation for the kth component is an initial relation in the deriva- 
tion of the differential mass-transfer equation, In a gaseous mixture with 
an uneven {nonuniform] concentration p, diffusion occurs as a result of 
molecular (random) motion, The amount of material diffusing per unit time 
through a unit area of an isopotential surface (a surface of equal mass- 
transfer potential) is called the molecular-flux density Th (kg/m?-h) for the 
kth component. This quantity is a vector, the direction of which is along 
the normal to the isopotential surface, During diffusion, which is a mixing 
of matter thrcugh molecular (random) motion, a larger number of molecules 
pass in the direction of the diffusion flow than in the reverse direction, This 
is the reason for the diffusion transfer, which is characterized by a mo- 


lecular-transfer flux j,Or a linear diffusion velocity 


Wait = Ja/Pr- 
If the diffusion flow of matter in a moving gaseous mixture is expressed 
in terms of the difference in the velocities relative to the center of gravity, 


then we have = a 
Jn = Pr (Wr — W), (2-1-1) 
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where w and We are the velocities of the whole mixture and of the kth com- 
ponent of the mixture, relative to the center of gravity. Now, equation 


(2-1-1) may be summed up over all the components, and since wp= y PrW, 
k=! 


0. (2-1-2) 


we obtain 


= 


yh 
k= 


l 
For a binary mixture (k=—1, 2)this means that 


i=—I. (2-1-3) 


that is, the mass fluxes (in kg/m?-h) for the interdiffusing substances are 
equal and opposite to one another, According to Fick's diffusion law the 
density of the material flow is directly proportional to the gradient of the 
concentration p,,. Consequently, for isothermal conditions and a constant 
mixture density we have 


j, =—J,=— Dpypres (2-1-4) 
where Dis the coefficient of concentration interdiffusion. 

In a molecular solution the diffusion flux of matter is defined as the 
number of moles transferred per unit time through unit area, whereas in 
the molecular -kinetic theory of gases this flux is defined as the number of 
molecules diffusing per unit time through unit area. 

In order to establish an interrelationship between the fluxes obtained 
using different methods it is necessary to apply Prigogine's theorem, which 
states that for mechanical equilibrium (p constant) the entropy production is 
independent of the choice of the average velocity of the mixture. 

The average velocity of a gaseous mixture may be defined in terms of a 
weight function G, as follows: 


——.. (2-1-5) 


The molecular flux of matter relative to the velocity Wavwill then be 
Jn =Pa (Wa — W). * (2-1-6) 


Now, when both sides of (2-1-6) are multiplied by G, and the sum over all 
the components is taken, we obtain, taking into account (2-1-5), 


Vt h=0. (2-1-7) 
Equation (2-1-2) follows from the more general relation (2-1-7) provided 


we write G,=p, andwa=w. If the function G,is assumed to be equal to the 
molecular concentration v,, then we obtain** 


oy in Ae 
yg = (2-1-8) 


—_ —_> ~—> 

* [To be consistent this equation should read J, =p, (Wa — Wav)-] 

The molar concentration vy, is the number of moles in a unit volume of the mixture (9, = 9,/M?), where 
M2 is the molecular weight of the kth component, Since M is used to denote the mass of a body or 
system, the molecular weight is written as M°, 
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As aresult, for isothermal interdiffusion in a binary gaseous mixture or 
a molecular solution we have 


MO Ms Me» (2-1-9) 
where viois the relative molar concentration (vio=v,/v), and Dj. is the coef- 
ficient of interdiffusion. In this case the material fluxes (in moles /m?-<h) 
are equal and the interdiffusion is called molecular interdiffusion. If the 
function G, is assumed to be equal to the number of molecules of the &th 
component per unit volume of mixture (G,=n,), then for isothermal inter- 
diffusion the molecular fluxes (in moles/m?*-h) will be equal: 


je 
Mm; 


—A= — AD, YN 19; (2-1-10) 


where m,and m, are the molecular masses of the components of the binary 
mixture, fois the relative content of molecules of the first component 
(Mo=n,/n), and Di is the coefficient of molecular interdiffusion (D;z.=Dzy:), 
Since we know that 

No=Vi0= Pio (2-1-11) 


where py is the relative partial pressure of the first component (pio= p,/p). 
Equations (2-1-9) and (2-1-10) combine to give for molecular isothermal 
diffusion the single relation*: 


= M 

j,=— Dip We Vie: (2-1-12) 
The reduced molecular weight M°of the binary mixture is 

M? = Mipio-+ Mopae» (2-1-13) 


where M°, and M% are the molecular weights of the mixture components, 
Consequently, M°%is a function of pio (where pjot+po=1). If piois small in 
comparison with pa (i.e., pix<Po), then M®° may be assumed to be approxi- 
mately constant, and so from (2-1-12) we obtain the following expression 
for the concentration diffusion**: 


j, = — D, ev 10 (2-1-14) 


since according to the equation of state for an ideal gas PaM, = eaRT, T being 
the absolute temperature. 

Thus, on condition that M® is constant the coefficient Dof concentration 
diffusion is equal to the coefficient of molecular interdiffusion when the 
weight fluxes are equal (j,=—j/2). Relation (2-1-14) is often used in engineer - 
ing calculations. 

In order to clarify the physical meaning of the parameters entering into 
equation (2-1-12), let us point out the analogy between processes of molecular 


* Some investigators define the thermal velocity of the molecules with respect to the center of gravity of 
the gas mixture, with the result that the expression for molecular binary isothermal diffusion is j,= 
MMe 

= — D'ssp ai Vf,,. Consequently, the diffusion coefficients D,,and D’,, are related by the equation 
Dy, == D’,,M\M3/M*, a relation which may be obtained on the basis of Prigogine's theorem. The differ- 
ence between the two above methods of calculation is that in our case the molar interdiffusion fluxes 
are equal, whereas in the first case the weight fluxes are equal, 

** Calculations for moist air (a binary mixture of dry air (Mg= 29) and water vapor (Mo= 18)) show that with 
an accuracy up to 1% it is possible to take M° constant, provided Pio < 0.026. For a total mixture 
pressure of p= 760 mm Hg the partial pressure of the vapor must be Pp, 420 mm Hg. 
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heat transfer (heat conduction) and mass transfer (diffusion), Fourier's 
heat-conduction law may be written as 


j, = — ryt = —a,pyh, (2-1-15) 
since ‘i 
t=(ar h, (2-1-16) 
VE Gh ),v 


where his the specific enthalpy, and a, is the thermal diffusivity, defined 
aS @p)=Aj/c;p, where ec, is the isobaric specific heat (¢p)—dh/dt), It is evident 
that the thermal diffusivity @, here represents the thermophysical char - 
acteristic describing the molecular transfer of enthalpy (heat content) in 
the system. This quantity is numerically equal to the amount of heat trans- 
ferred per unit time through a unit area of an isothermal (isenthalpic) sur- 
face, in the presence of a gradient of the volume enthalpy concentration ef 
kcal 

=a / mom m@/h. 

For a solid the isochoric specific heat (specific heat at constant volume) 
is usually taken instead of the isobaric specific heat. Fourier's heat-con- 
duction law then becomes 


equal to unity, with dimensions of 


jy =— ayt = a,pyu; (2-1-17) 


where wis the specific internal energy of the solid (”«—c,t); cy, is the iso- 
choric specific heat, and a, is the thermal diffusivity calculated in terms 
of the isochoric specific heat (a, =A, ). 

It is evident from (2-1-17) that the quantity a, characterizes the molecular 
transfer of internal energy, that is, the physical meaning of the thermal dif- 
fusivity is that it constitutes a coefficient of energy conduction. Coefficients 
a, and D, which have the same units (m?/h), thus describe the molecular 
transfer of energy and mass. Some investigators have therefore called the 
thermal diffusivity the thermal-diffusion coefficient.* However, a different 
physical meaning is usually attributed to the thermal diffusivity, and it is 
thought of as a quantity characterizing the amount of variation of the tem- 
perature of a body during an unsteady-state process. This follows from 
the law describing the development of the temperature field in a solid when 
it is heated or cooled with its surface temperature maintained constant, 
During the regular-regime stage for bodies of very simple geometrical 
shape we have 

0 (In At) 
Or 
where Aft is the excess temperature at some arbitrary point in the body. 

If the equation for the isothermal surface is f(x, y, zt)= constant, then 
the total differential will be 


— const - Q; (2-1-18) 


ot ot 
jy t+ 5 dn=0. (2-1-19) 


The time derivative dn/dt of the normal to the isothermal surface is the 
rate of displacement or the propagation velocity w; of the isothermal sur- 
face (w,;=dn/dt), Consequently, equation (2-1-19) may be written as 


ot ot 
577 Ws - = 0. (2-1-20) 


* (Actually, this quantity is so-called in English, since the term "thermal diffusivity” implies a thermal- 
diffusion coefficient, The Russian term for the thermal diffusivity is “temperature conductivity, " J 
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From differential heat-conduction equation (1-7-13) it follows that 
a, =— w= 4 -= Any. * (2-1-21) 
The quantity gt/y’*tis the ratio of the first differential parameter to the sec- 
ond, and it is invariant with respect to a linear transformation group. This 
ratio thus has units of M-' and is denoted as A. Consequently, the thermal 
diffusivity is proportional to the velocity of propagation of the isothermal 
surface. 

This physical explanation of the quantity a, does not contradict the one 
given previously, and such double explanations of physical quantities are 
often encountered in physics, For example, the surface tension may be 
defined either as the force exerted per unit length of an arbitrary contour 
drawn along the interface at the liquid surface (the force aspect) or else 
as the free potential energy per unit area of the liquid surface (the energy 
aspect). ) =~ 

Comparisons of (2-1-17), (2-1-15), (2-1-14), and (2-1-12) lead us to 
conclude that the relative mass concentration (specific mass content) pp, is 
analogous tothe specific enthalpy (heat content) # or the specific internal 
energy. It is known, however, that the enthalpy and internal energy do not 
constitute potentials describing the molecular heat transfer, since at the 
contact boundary between two bodies with different specific heat capacities 
[specific heats] the enthalpy and internal energy are discontinuous functions. 

Consequently, the relative concentrations p,, or v,,do not represent po- 
tentials for the molecular transfer of matter, If as an approximation we 
take the relative partial pressure p,,as the potential for the diffusion trans- 
fer of material, then a comparison of (2-1-12) with Fourier's law 


J, =—,¢,pvt indicates that the ratio M /M represents the analog of the spe- 
cific heat capacity. This ratio may thus be called the specific mass capacity 
Mt Mi 


cn oS SS>—=S Oe ee eee. 
mr Ms Miri t+ Mo Da 


(2-1-22) 

For moist air (M)= 18 and M,= 29) the specific mass capacity, or vapor 

capacity, Cm,is 18/(29—11p,). If p,=1 (the mixture is transformed into 

vapor), then cm,=1; if p,=0 (dry air), then c,,=0.622, Consequently, the 

specific vapor capacity for air varies from 1 to 0.622 (1<c,,,<0.622), 
Equation (2-1-12) may now be rewritten as 


j,=— PED, 2V P10 = — AmiVPr0 (2-1-23) 


where Amis the mass conductivity, a quantity analogous to the thermal 
conductivity and defined as 


ami = PCmiD,,- (2-1-24) 


Consequently, the coefficients describing the molecular transfer of mass 
and internal energy are 
Reg A 
Li and cd aa sr S (2-1-25) 
This analogy is also observed when the chemical potential is taken as the 
potential for the diffusion transfer. For isothermal molecular mass transfer, 


a? Li; /0 
4 =— L119 (%.— #)r.2 =— as VP10 = — Dever. (2-1-26) 
Pro\FP1e Jr ip 
t 
* (Obviously an erratum; the equation should read: @y = — Wt af = Aw.) 
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This relation indicates that the quantities a,,, D, and the specific mass 
Capacity Cc,,have the values: 


0 
amy = Ly; Cmi = ProlP(Spe \To (2-1 -27) 
__ Ams lay Opy 1. 
ie Pee Ge , p ; (2 1-28) 


As defined above, the specific mass capacity is measured in kg/kcal (or 
kg/joule in the MKS system), and the quantity 4,,, has units of kg?/kcal-m-h 
(or kg?/joule-m-sec). 

Under nonisothermal conditions the mass transfer is coupled with the 
energy transfer or heat transfer. The system of mass-transfer and energy- 
transfer equations is then 


f= —h=— Luly (SF )— F070, (2-1-29) 
rh Luy 1— = 
= — Fy? —Luty (+ 7). (2-1-30) 


Let us now define u*, the transfer energy of the binary mixture, as the 
energy transfer per unit mass under isothermal conditions. Thus 


f= — Luly ("3") =o l= a"h, (2-1-31) 


where ut= "is the isothermal-transfer energy, 


System of equations (2-1-29) and (2-1-30) may now be written as 


j= — LyTo(*) — Lut Fs (2-1-32) 
R= — Styl —LyetTy (SF). (2-1-33) 


since the reciprocity relation states that Ly,—L,,. We may also carry out 
the expansion 
n—l 


0 
Ty =v pT = — sal tove +) oe Wem — FUT, (2-1-34) 
k=l ° 


OPro 


since the chemical potential p,is a function of the temperature 7, the 


pressure p, and the (n—1) concentrations p, (where k=1, 2, 3,...,2—1). 
To obtain (2-1-34) the following relations were used: 
OM = La re 
(SP) »,.7 = and ( )e aor Sh, 


where and s,are the specific volume and specific entropy of the &th com- 
ponent of the mixture. Let us now introduce once again the Gibbs-Duhem 
equation 


Prot, + Pod, = 0 (2-1-35) 


and the relations 


hy—ta+Ts, and Pio t+ Pay = I. (2-1-36) 
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After some algebraic transformations we then obtain the fluxes at constant 
pressure (yp=0): 


f= — Lag (Sp), , Vee pt lat — (— A VT (2-1-37) 


ju = — [Luu + L,0%(hy— hy) 2 — Sa 


Os _1— 
Pao ae (ors) 7 VPs0° eonee) 


The quantity in brackets in the first equation is the transfer heat Q*, defined 
as the amount of heat transferred by unit mass under isothermal conditions. 
This quantity is determined by the relation 


> = —_ 
j= Vj, = i, for dec onstant, (2-1-39) 
where the heat flux j,is 
nee at is => => => 
- or Jee —Y) Ande = Ju — (ns — A (2-1-40) 
dee 7 k=! 
and L,,and L,, are the kinetic coefficients of the system of equations 
rig T 
J, =— Luv (ps — Bade — Lig v3 (2-1-41) 
ree T 
j= — Ly — Lav (1 — Hs)p « (2-1-42) 


From equations (2-1-31), (2-1-39), and (2-1-40) we obtain 
ut = fe 18 + (hy — hy) = Q* + (hy — hy) for T constant, (2-1-43) 
where w*=L,,/L,, and Q*=L,,/L,,. 


Consequently, system of equations (2-1-37) and (2-1-38) may be written 
as 


rie 7 
i= ~ (we 1)», rVPio0 aa 2 “vl; (2-1-44) 
= 
— [Luu Liu" (ts —h,)] So wl), oP ro, (2-1-45) 


where (v',)p,7==(0#,/0p1.),.7-_ + From (2-1-41) we obtain an equation identical to 
(2-1-44), since y(.—»p,), equals ~— (H's) p.1VPto and since the coefficient L,, is 


shown by (2-1-39) tobe equal to L,,Q*. Ifthe expressions for j, and j, obtained 
in (2-1-44) and (2-1-45) are now substituted into (2-1-40), we obtain 


Ig — (Laut (4? — Q*)Ly] 2 — [Lu —(2* — Q*)Lul vi — tap (2-1-46) 
A comparison of this equation with (2-1-42) shows that 
Luu+ (277 —Q**)L,,== Lag and Ly, —(“* —Q*) L,,—=Ly. (2-1-47) 


Let us return to equation (2-1-41), The first term of this equation rep- 
resents the molecular transfer of material under isothermal conditions 
(isothermal diffusion), while the second term indicates the effect of the 
temperature gradient on the mass transfer (thermal diffusion). Equation 
(2-1-44) for nonisothermal diffusion may also be written as 


Ins = — Do ( veue-+ =F VT )> (2-1-48) 


33 


where &- is the thermal-diffusion ratio, defined as the product of the iso- 
baric-isochoric mass capacity times the transfer heat (kr=CmQ*). The 
coefficient ks may be determined experimentally from the relation 

b=) 
If a pressure difference exists during the flow of a binary mixture, then 
barodiffusion occurs, which is a molecular transfer of the component of 
greater molecular weight into the region of increased pressure. The mass 
flux associated with the barodiffusion is 


for im, = 0. (2-1-49) 


Inno = — pDPrePaa (tz) (In p)- (2-1-50) 
If the molecular weights of the mixture components are equal (M°.=M%,), 
then the barodiffusion flow is zero, 

In the presence of a plane-parallel flow of a gaseous mixture about the 
surface of a body there occurs, in addition to diffusion and thermal diffu- 
sion, separation of the mixture as 
a result of internal friction. This 
new phenomenon of molecular transfer 
of matter is similar to thermal diffu- 
sion, in which the mixture component 
with a greater molecular weight is 
displaced toward the region of lower 
temperature (in the direction of heat 
flow). In the new effect of separation, 
molecules of greater mass are shifted 
toward the region of lower flux rate, 
that is, they move in the direction of 
molecular transfer of the kinetic energy 
corresponding to the apparent motion. 
Let us now consider this in more detail. 

Suppose that a [plate of] area Asituated a distance / from the surface of 
a SOlid body moves through a viscous medium with a velocity w, as the re- 
sult of a driving force F, (see Figure 2-1). The fluid (a gaseous mixture) 
contained between the plate and the surface of the body is set into motion 
accordingly due to internal friction. At the surface of the body the velocity 
is zero, whereas at the surface of the moving plate the fluid velocity equals 
the velocity of the plate. The velocity distribution w,(z)in the z direction 
is linear; ow,(z)/dz=w/lis constant. Thus the pressure tensor # for this 
case is 


FIGURE 2-1, Transfer of kinetic energy of 
translational motion in a viscous medium, 
as a result of internal friction 


Ow. 
p 0 —ni 
= Op Oo ). (2-1-51) 
OW 
1% 9 PP 


Element px, of the pressure tensor equals the xcomponent of the force 
exerted on a unit area perpendicular to the zaxis. Consequently, from 
matrix (2-1-51) we obtain 


F 
y dane ee ae (2-1-52) 


indicating that the frictional stress is directly proportional to the velocity 
gradient. 
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A similar relation can be written for the plane-parallel flow about the 
surface of the body: 
OW 


Pix = — 9. (2-1-53) 


Here it is assumed that dw,/dx < dw,/dz. If we multiply both sides by w,, 
we have 


0 2 
Prxx = — 15- (@, /2). (2-1-54) 


The right side of (2-1-54) is the work done by the internal-friction forces. 
This work is performed during the transfer of the kinetic energy of apparent 
motion of a unit fluid mass (w,2/2) from one layer to another, in the negative 
z direction, by means of molecular (random) motion. Numerically this 
quantity equals the loss of kinetic energy of apparent motion required to over- 
come the molecular-friction forces, Thus, it may be called the molecular 


2 Ee Wz,l- 
inpwe fe Sne =pPhwz 
l 
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FIGURE 2-2. Diffusion transfer of enthalpy A(z)and kinetic 
energy of translational motion w?,(z)/2 for fluid flow about 
a plane surface 


flux (with units of energy/m?-h)or the diffusion flux j, ,,, of kinetic energy 

of apparent motion. The right side of (2-1-54) is the product of the viscosity 
times the kinetic-energy gradient per unit mass of moving fluid. Conse- 
quently, (2-1-39) may be written as 


wy 
hau =—e 2-(F), (2-1-55) 


where vis the kinematic viscosity (v= 4/p). 

The diffusion flow of kinetic energy of apparent fluid motion is analogous 
to the conductive heat flow (heat conduction) in a moving fluid. When a fluid 
flows over the plane surface of a solid body (Figure 2-2), the [macroscopic ]. 
enthalpy flux is phw,. Due to the temperature difference At between the fluid 
and the wall surface (where At=t,—t;), enthalpy is transferred by means of 
molecular motion (heat being conducted from the flow to the wall of the body 
at the boundary layer). 

As was shown above, this conductive heat flux constitutes a differential 
enthalpy flux: 


: ot h 
ja= Iya =—? Gy = — 89 eee) 
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Similarly, the mass flux of the kth component of the mixture, for molecular 
isothermal diffusion, represents a diffusion flux: 

‘ i 0 

imh= lng,ait = — De S*. (2-1-57) 

According to the elementary kinetic theory of gases all the molecular - 
transfer coefficients are equal to one another (a=D=v). This indicates that 
to a first approximation the diffusion mechanisms for the transfer of energy 
of apparent motion of the flow, internal energy, and mass are the same. In 
this case transfer coefficients a, D, and v reduce to a single diffusion-trans- 
fer coefficient. For areal gas these coefficients are not equal, due to the 
interaction of molecules and due to collision events. 

In all three types of molecular transfer the motive forces 

2 
2 “=|, anjaz, afd | are vectors (first-rank tensors), Consequently, ac- 
cording to the Curie principle they may be mutually coupled, 

When a gaseous mixture seeps through a porous body at constant tem- 
perature the gas undergoes separation due to friction between the mixture 
and the walls of the capillary passage. In the general case the mass flux 
of a binary mixture is 


FA Ay eo Dey OS Be (2-1-58) 


where X, is the motive force, equal to the friction force between the gas and 
the wall of the capillary passage or else to the gradient of the kinetic energy 
of the seepage flow of the gas. 

The differential equation describing mass transfer in a binary mixture, 
in the presence of phase or chemical transformations, is equation (1-5-23), 
which may be written as 


p te — div}, +1, (2-1-59) 


where I, is a source term for the kth component of the substance (kg/m? -h). 

Now, if we neglect barodiffusion and the effect of separation during diffusion 
of the apparent-motion energy, that is, if we use the expression for ij, given 
in (2-1-48), then we obtain 


p Ge =div [ De (vous + E07) |+4. (2-1-60) 


According to the zonal-calculation method, in which the transfer process 

is divided up into consecutive zones (sections), in each of which the thermo- 
physical parameters are assumed constant, equation (2-1-60) may be writ- 
ten as dP s A kr I 

de PVP + Da VT+ 4» (2-1-61) 


where y*=divgrad stands for the Laplace operator. The mass source 
strength /, for the kth component can be determined from the concentration 
variation, 

The total variation dM, in the mass of the kth component equals the varia- 
tion d.M,due to mass received from outside by transfer plus the variation 
d;M; due to chemical reaction: 


dM, —d.M,-+d;My. (2-1-62) 


The quantity d,M, is determined by the rate of the chemical reactions (com- 
pare equation (1-5-14)). 
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If we define 
B diMy, 


= Toe (2-1-63) 


then we obtain a dimensionless ratio which indicates the mass variation 
due to chemical reaction relative to the mass variation due to transfer. 
If no chemical reaction Is present, then coefficient B, is of course zero, 
since d,M,=0. In this case the total variation in the mass of the kth com- 
ponent is due to transfer only and dM,=d.M,. If no mass transfer occurs, 
then d.M,=0and f, is infinity, the mass variation being due to chemical re- 
actions only. 

Consequently, coefficient Bp, varies over a wide range: 0<fP,xa<om%, There- 
fore it is convenient to introduce another coefficient e, for chemical trans- 
formations of the kth component, defined as: 


_ Ba I = 
MME Gg noe) 
hk 


The coefficient e, varies only from zero to unity: 0<e,<1. The absence of 
chemical reaction corresponds to e,=0 (and p,=0), and e,=! means that the 
variation in the mass of the kth component is due to chemical transformation 
alone (fpr=00). 

The total variation in the mass of the kth component may now be written 
as 


dM,=d,M,+ BudeMy = ——— deMy. (2-1-65) 
The differential mass-transfer equation 
p = — div in-+)\vnils (2-1-66) 
/ 
becomes, accordingly, 
p Fhe div jx eno Sta (2-1-67) 


Consequently, the mass production due to chemical transformations is 


p —tfae a) Vaid j= 8,9 cee, (2-1-68) 


For a binary gaseous mixture the differential mass-transfer equation be- 
comes 


dP, k Pro -1- 
—ie =Dy'P t+ D7 wT +8, Pa : (2-1-69) 


The differential heat-transfer equation. This equation is obtained from 
the equation describing internal-energy transfer (equation (1-5-47)): 


d d ._ >? 2 > => — ° _ 
0 Fe bP Ge = — div Ju + Vin Fn —Py-w — bs:(gw)— 


k=l 


—T*(y xX w— 20). (2-1-70) 


For constant pressure the left side of equation (2-1-70) becomes p am If 


we assume that F,—0 (no external-force field) and also that the energy 
dissipation (represented by the last three terms on the right side of the 
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equation) is small in comparison with divjy, then we have 


p 44 —— div ju. (2-1-71) 
The molecular energy flux in for a binary gaseous mixture is 
R=4+(4,—4) 4, (2-1-72) 
and the specific enthalpy fA of the mixture is 
n= DifaPao= hiro hata (2-1-73) 


Now, when 4and ju from (2-1-72) and (2-1-73) are substituted into differen- 
tial equation (2-1-71), we obtain 
d ee ; > 
0 5 (AiPro + AaPao) = — div Jg — div (A, —A,) j,. (2-1-74) 
If the isobaric specific heats c, of the mixture components are defined as 
cy, = (k=1, 2), (2-1-75) 
then we have 


Pro dt = 
p(h, — A) 2% + (c,0, + ¢492) 5 = — div J, — 


— (h, —h,) div i, —(c, —c,)j, gradt, (2-1-76) 


Next, differential mass-transfer equation (2-1-59) may be introduced, de- 
noting the volume isobaric specific heat of the mixture as ¢czp, where 
CoP =CiP. + CPas (2-1-77) 
to obtain 
dt am = 
Ceo G = — div Jot (4, — A.) 1, —(¢, —¢,) J, gradé. (2-1-78) 


For moist air (a binary mixture of vapor and dry air) the difference (4;—h,) 
in specific enthalpies is 595+0.23t, since c,=0.47 kcal/kg -degree, * 
C2=0.24 kcal/kg -degree, and h,=595+0,47t, According to relations 
(2-1-42) and (2-1-24) the heat-flux density j, is 


rid L 
jg=——F grad 7 —L,, grad (u, — p)p = —A gradT —™Q" gradp,,, (2-1-79) 
where ais the thermal conductivity of the mixture: 
L 
4 (2-1-80) 
and Q*is the isothermal mass-transfer heat (Q*= tat), 
il 


Cm 


Equation (2-1-79) may now be substituted into (2-1-78) to obtain 


dt P P = 
CrP =div (At) div (Dp Q* grad p,,}4-(4,—A,) 1, — (¢,—¢,) J, grad t. (2-1-81) 


The left side of this differential heat-transfer equation is the sum of the 
time variation of the enthalpy (cz,p dt/dt) plus the entropy transfer by the 


moving mixture (cppw grad t) The first term on the right side represents 
heat transfer by conduction, the second term represents heat transfer by 
diffusion heat conduction (the Dufour effect), and the third term represents 


¢ Jn the MKS system 1 kcal/kg: degree = 4,1868- 103 joule/kg : degree, 


38 


a source or sink of heat due to phase or chemical transformation, The last 
term on the right side of (2-1-81) represents the enthalpy transfer due to 
diffusion. Usually the difference in specific heats (c,—c,)is small, so that 
the last term may be neglected, For a mixture of molecules with equal 
masses, governed by the same laws for interaction between any two mo- 
lecules, the enthalpy transfer due to interdiffusion is taken into account 

by means of the overall thermal conductivity. In this case 


¥,=—ayt+ Vad =— 2vt, (2-1-82) 
& 
where 4’is the thermal conductivity, equal to 
rt _ 6D), 45 192 a 
a = ;[(15 : (15—10 +) |Cva- (2-1-83) 


Here y=C,/C,, and C, and C,,are the molar heat capacities at constant 
pressure and at constant volume. 

The dimensionless ratio pD/7 is approximately unity (Pr,,~ 1), so that 
formula (2-1-83) simplifies to 


a — (9y—5) Cyn. (2-1-84) 


The quantity (9y—5)/4 is known as Eucken's correction factor for the ther - 
mal conductivity of polyatomic molecules. The last term on the right side 
of equation (2-1-81), which may be written as Dpyp,,y(h, —4,), becomes very 
important during gas dissociation at high temperatures, when the compon- 
ents of a gaseous mixture rcact with one another, The concentration gradi- 
ent enters in as a result of the fact that the equilibrium composition of the 
gas varies with temperature, For example, ina gas which absorbs heat 
due to dissociation at increased temperatures, heat transfer occurs at the 
moment when the molecules dissociate in the high-temperature region and 
then diffuse toward the low-temperature region, where the concentration of 
dissociated molecules is lower. In the low-temperature region of the gas 
recombination takes place, as a result of which heat is released, only to be 
absorbed in the dissociation in the high-temperature region. Approximate 
calculations show that during the dissociation of diatomic molecules the 
thermal conductivity may be an order of magnitude higher than that of a non- 
reacting gas mixture, 

In a dissociated gas at a high temperature the isobaric specific heat 
Cp=dh/dT becomes very high. In this case the approximate relation 


¥,—=—apt+ Yard, = pDyh (2-1-85) 
k 


is true, where D is the average value of the diffusion coefficient. 

Consequently, the last term on the right side of equation (2-1-81), which 
is Dpevp,,v (A, —4,) for a dissociated mixture, will be considerably larger than 
the first term, div(ayt), For the zonal-calculation system differential equa- 
tion (2-1-81) now becomes 


Fe = Vt We + SEM, — (AEA) Dypuvt. — (2-1-86) 
P 


This equation, together with the ene mass-transfer equation 


Pre = Dy pt a Stee vi+—h, (2-1-87) 


39 


consitutes the system of differential equations describing heat transfer 
and mass transfer ina binary gaseous mixture. 


2-2. The Mass-Transfer and Heat-Transfer 
Equations for a Solution 


The study of the diffusion of a solute or liquid under nonisothermal con- 
ditions is of more than theoretical interest, since it is practically impor- 
tant in the construction of [isotope] separation columns such as the one de- 
signed by Clusius and Dickel. In recent times the thermal-diffusion method 
of separation has also been used for colloidal solutions (for the separation 
of dyes, petroleum products, albumins, etc.). 

The differential equations describing heat and mass transfer for a solute 
are similar to the differential equations of heat transfer and mass transfer 
for a binary gaseous mixture, The quantity p,, is here the relative concen- 
tration of the solute, and it equals the ratio of the volume concentration p, 
to the density p of the solution (p,,=p,/p). The interdiffusion coefficient D 
equals the diffusion coefficient for the solute, and the quantity De,,,Q*/T is 
the coefficient of thermal diffusion D, (thus D,=Dem,Q*/T). The ratio of the 
thermal-diffusion coefficient to the diffusion coefficient for the solute, 
known as the Soret coefficient, is denoted by se: 


s=D,|D. (2-2-1) 


Thus, the differential equations of heat and mass transfer for a moving 
solution in the absence of sources of solute are 


mia = apy't + oDk,y’P,,; (2-2-2) 
“Pie —- Dy*p,. + sDy't, (2-2-3) 
where the coefficient k, is defined as 
aoe & Or -2- 
Td OP to , r’ ace 8) 


ti being the chemical potential for the solute. Here the heat transfer re- 
lated to diffusion of the enthalpy of the solute has been neglected. 


For a solution at rest (w—0) the system of differential equations becomes 


ot 
% = apy't-+ Dk, yy (2-2-5) 
“Pie —= Dye) + oDy"t. (2-2-6) 


The Soret coefficient o for liquid solutions is approximately the same order 
of magnitude (10-° to 10-5) as for gaseous mixtures, The diffusion coef- 
ficient Dfor the solute is approximately 10 times less than the interdiffu- 
sion coefficient for a binary gaseous mixture, and the same is true of the 
thermal -diffusion coefficient Dpas well. Thus it is relatively easy to de- 
termine the Soret effect for a solute by experiment. It is very difficult, 
however, to determine the Dufour coefficient (oDk,=D,;k,) for a liquid solution 
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experimentally, since the thermal diffusivity of a liquid is only 100 times 
less than the thermal diffusivity of gas. Therefore, the Dufour coefficient 
Drk, is very small in comparison with az, so that the second term of the 
right side of equation (2-2-5) may be neglected. 

Thus we are left with the following system of differential equations: 


= a,y't: (2-2-7) 


ty] 10 2 a 
Ee = D(9P)-+ 0y't). (2-2-8) 


Solutions of this system are useful in the processing of experimental data 
on thermal diffusion in solutions. 


2-3. The Equations For Mass and Heat Transfer 
in a Porous Body 


Let us now derive the differential equations describing mass and heat 
transfer in a system consisting of a capillary-porous body* and the matter 
bound to it. The matter bound to a porous body at positive temperatures 
(t>0°C) may be a liquid, a vapor, or an inert gas, while at negative tempera- 
tures (t<0°C)it may be ice, a supercooled liquid, a vapor, or agas. Depend- 
ing on the way in which the moisture is bound to the body, the freezing tem- 
perature of the liquid varies over a wide range. Therefore, in porous 
bodies with various kinds of moisture binding there is always, at negative 
temperatures, a certain amount of supercooled liquid. 

The second feature typical of mass and heat transfer in a porous body 
is a partial filling with moisture of the pores and capillaries of the body, 
so that part of a capillary is filled with liquid or ice while the rest contains 
a mixture of vapor and gas. The amount of moisture in a given state varies 
during the mass and heat transfer, and thus in the derivation of the transfer 
equations it is necessary to take into account the moisture-concentration 
variation in the capillaries of the body. 

Let us denote vaporous moisture by the subscript 1, liquid moisture by 2, 
moisture in the solid state by 3, inert gas by 0, and the capillary-body skel- 
eton by the subscript c. The volume concentration of the bound matter (the 
inert gas, vapor, liquid, or ice) is the ratio of the mass M of the substance 
to the volume V of the body: 


3 
M 1 
o= == M;=)Y\%, (2-3-1) 
V é y | 
» i=0 
where M;and w;are the mass and volume concentrations of the bound matter 
in the state i (where i=0, 1, 2,3). The mass Mof the bound matter ina 
porous body is the sum of the masses of the inert gas, vapor, liquid, and 
ice: 
M=Y Mi. (2-3-2) 
The concentration w, of any state i of the bound matter in a body can be 


* (Hereafter referred to simply as a porous body, ] 
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expressed in terms of the density or concentration p; of the bound matter 
itself and the volume porosity II of the body (this being the pore volume 
per unit volume of the body): 


oj = Ot = p,llby, (2-3-3) 


where p; is the density of the bound matter (p, and p, are the gas and vapor 
concentrations in the gas-vapor mixture, p,is the liquid density, and p, is 
the ice density)* and 6; is the degree of filling of the capillaries. Toa first 
approximation the quantity b; equals the ratio of the volume of bound matter 
in the state i to the volume of the capillaries. In the theory of flow through 
porous media this parameter is called the saturation. However, sucha 
definition of the coefficient 6; in our case would be somewhat arbitrary, 
since the moisture may be bound by adsorptive and osmotic forces not only 
to the walls of macroscopic capillaries but also to the internal and external 
surfaces of microscopic capillaries, 

Equation (2-3-3) shows that the volume concentration of the bound matter 
is not determined uniquely by its density and porosity but also is a function 
of b;, which varies during the mass and heat transfer. Thus we may conclude 
that differential transfer equations derived for the seepage of a homogeneous 
liquid or gas through a porous medium are not applicable to mass and heat 
transfer in a porous body in the presence of phase transitions, since for 
seepage processes b; is considered to be unity or constant. In addition, the 
volume of the body varies with the amount of moisture absorbed (moist-body 
contraction), that is, the porosity of the body depends on the amount of 
bound matter. 

Therefore, in most cases, instead of the volume concentration of bound 
matter, the relative concentration or the specific mass content uwof the 
bound matter is introduced, the latter being defined as the ratio of the mass 
of bound matter to the mass M, of the dry body (the mass of the body skele- 
ton): 
=T (2-3-4) 


where Yis the density of the body. 
The specific mass content is the sum of the specific mass contents of 
the bound matter in its various states**: 


3 

u=YJ" Uj. (2-3-5) 

i=0 

In relation to this it is important to note that under ordinary conditions, 
when the pressure of the moist air is nearly barometric, the mass of the 
air and vapor in the capillaries is negligibly small in comparison with the mass 
of liquidorice. According tothe calculations of Posnov, under normal condi- 
tions and for bodies with maximum porosity the mass of moist air in the 
capillaries of the body constitutes only 10-5% of the mass of the liquid cor- 
responding to the equilibrium moisture content of the body. Therefore, 
for a nonzero mass content uthe quantity (u9+u,)may be neglected and 


U=Uo+ Ug. (2-3-6) 


* Foradsorption binding p, is the density of the bound liquid. 


** If we neglect the mass of the adsorbed dry air at the walls of the capillaries, then the specific mass con- 
tent of the bound matter equals the specific moisture content (U=u,+U2+uUs), and there is no difference be- 
tween the specific mass content and the specific moisture content. 
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Finally, in the positive-temperature range (t>0°C) it is quite accurate to 
assume that the specific mass content of the body equals the specific mass 
content of the liquid (u=u,). 

In general liquid in a porous body moves through the skeleton of the body 
by means of selective diffusion (molecular transfer). The motion is a com- 
bination of seepage under the action of gravitation or hydrostatic pressure 
(convective transfer) and capillary absorption. 

The differential equation describing the mass transfer of the bound matter 
is similar to the differential transfer equation for one of the components of 
a moving gaseous mixture, except that instead of the concentration p, in the 
expression for the convective component of the mass transfer it is neces- 
sary to substitute the volume concentration wi, of the bound matter in the 
pores of the body.* Thus we obtain 
oot — — diy (onw+J,)+1, (2-3-7) 
where wis the linear velocity of macroscopic motion, calculated per unit 


surface of the body, iis the density of the molecular flux of material, and 
I, is the volume source (sink) strength for the ith substance, due to phase 
transitions. 

The product ;) w represents the density of the convective flux Jin of the 


bound matter inside the porous body (in = 0;,W). Since this flux Jan is ex- 
pressed in terms of the gradient of the corresponding macroscopic -transfer 
potential, equation (2-3-7) is a partial differential equation. This equation 
may now be written as 
08¢ — — div Jin Edin) + (2-3-8) 

In a porous body macroscopic and molecular transfer of the bound matter 
in various states take place simultaneously. If j; is the flux density of the 
macroscopic-molecular transfer: 


hi=Jiat hin (2-3-9) 
then we have 
oa) div J, +1). (2-3-10) 


If no chemical transformations associated with the formation of a noncon- 
densing gas (dry air) are present, then the source term I) drops out (Ip=0). 
Also, if we neglect ice evaporation (sublimation) and the condensation of 
the vapor directly into ice (oblimation or desublimation), so that Is:=I3=0, 
then the ice source [I;related to the transition of liquid into ice may be ex- 
pressed in terms of an ice ratio e3.. This ratio is defined as the ice mass 
Mg divided by the mass Mof the entire bound matter: 


__ MM, __ a ons Uy 2. 

‘ua, Fa, Fate, Ee,” (2-3-11) 
since the mass content (u+u,) of moist air is negligible in comparison to the 
total mass content, that is, (ug+u,)<(u2+us). If the body does not contain ice 
(u3=0), then the ratio ex, is zero, whereas if all the liquid is transformed into 
ice (u=0), then esis unity. In most cases @32 is less than unity (0<eg<1). 


* The volume concentration wi, of the moving bound matter does not equal the total volume concentration 
@, defined as@;=yu;. In the case of a pure seepage flow @in= Pi II. 
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There is no macroscopic or molecular mass transfer of bound matter 


in the solid state (js=0); consequently, the differential equation of mass 
transfer for the solid phase is 
O(Y4s) __ 
Ot s° 
We may now use (2-3-11) to find an expression for the ice source ];, exist- 
ing due to transformation of liquid into ice (Is=—ly): 


(2-3-12) 


O (¢s,7 4) Cs -3-13 

le OT (a ): “ os 

According to the studies of Neressova the ice ratio does not depend on 

the moisture content, but is a function only of the temperature. If we as- 
sume approximately that e3, is constant, then 

1,,=—1,,= O(yu) ___— ey. O (YUL) (2-3-14) 


———ir —=eEé 
a 52 Ot l—e,, os ° 


The liquid source Ip, existing due to vapor condensation, can also be calcu- 
lated approximately in terms of the divergence of the vapor-flux vector. 
Since the content of vapor and air (up+4,) is negligible in comparison with 
the liquid content (uw), it is possible to set Oyu,/dt equal to zero in equation 
(2-3-10). We then obtain 

1 =——1,—— div j,. (2-3-15) 
On the other hand, this liquid source I, can be expressed‘in terms of the 


local derivativ 


&,==e,,—8,,). Just as in the case of mass transfer, for chemical trans- 
formations in open systems it is possible to write 


du=d,u+t dju, (2-3-16) 


where d,u is the variation in moisture content due to moisture transfer, 
and djwis the variation in moisture content due to phase transitions (vapor 
condensation or liquid evaporation). Let us now define the ratio 
dyu e 

R=75 =e (2-3-17) 
where se; is the coefficient (or criterion) for the liquid-to-vapor or vapor- 
to-liquid phase transition (e;==e,,—=e,,). If e;—=1(so that B;=0oo) then moisture 
is transferred in vapor form. 

Since the moisture content “of a porous body is equal to the liquid con- 
tent (4=u4,), therefore for e,;=1 (and 8,00) the variation in moisture content 
is due to either liquid evaporation or vapor condensation (no liquid transfer). 
If e;==0 (and 8; =0) the variation in moisture content is due only to liquid 
transfer (no phase transitions). Consequently, 


OUsy = Oost ost — Ocllsy 1 <a 
= : ae pee =r ot =~ To, div de (2-3-18) 
and so 
0 ae 
“ot ae — div jt 0, Me, (2-3-19) 


A comparison of this equation with equation (2-3-10) for i—2 shows that 


I,=—I, ey & =e. (2-3-20) 
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For the one-dimensional case div=0/dx; when vectors "i, and i are parallel 
or antiparallel, coefficient eg becomes 


rs enera | eee til ; (2-3-21) 
div j, + div j, lili 


The motion of bound matter through a porous body is considered to be 
quite slow, so that the temperature of the liquid is virtually equal to the 
temperature of the capillary walls. The vapor in the capillaries of the 
body is in thermodynamic and molecular equilibrium with the liquid, with 
the result that its partial pressure in the hygroscopic range is determined 
from the sorption and desorption isotherms: 


Pi=[ (4, T) for O04, <tms, (2-3- 22) 


where ume is the maximum hygroscopic moisture content. In the moist- 
state range the vapor pressure equals the pressure p,of saturated vapor, 
that is, it is a single-valued function of the temperature: 

pi=ps=f(T), (2-3-22a) 


The differential heat-transfer equation is obtained from the equation 
describing the transfer of internal energy. For constant pressure the local 
derivative of the volume concentration of the enthalpy of the system is equal 
to the divergence of the enthalpy flux: 


3 3 
& ( tte Yates )=—aie(L+Y) ai, (2-3 -23) 
i=0 


i=0 


where h;is the specific enthalpy of the ith bound matter, and A,and y,are 
the specific enthalpy and the density of the skeleton of the porous body. 
The density is 

e= Tm (2-3-24) 


where B is the volume contraction. As 8 approaches zero y, approaches y. 
If the isobaric specific heat is 


o=(G) (2-3-25) 
then we have 


3 3 , 3, ; 2 
(cer a 3 Ci Ui sty hy e080) =— div jg — y) Jicwt— VAdivi. (2-3-26) 
i=0 i=0 4=0 


i=x0 


Now, let us multiply equation (2-3-10) by 4; and take the sum for ¢ from 0 
to 3 to obtain 


3 3 3 
0 ee 
y) A Se =—VYadivit VY) hjl,. (2-3-27) 
i=0 i=0 ix=0 


The differential heat-transfer equation is thus 


3 3 
et = div dy, —Y) Als — Pec have, (2-3-28) 


i=! ix0 
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where cis the reduced specific heat of the body, * defined as 


3 
C=Co\c/{ + Yi cite. (2-3-29) 


i=0 
3 
The heat sources ps hjl,exist due to phase transitions (1,0). Moisture, 


i=) 
except at the triple point, is in a two-phase state, so that the sum of the 
sources is 


hjli5 ++ Aglj; = (A; — A5) I;;, where i, j=1, 2, 3; 1,,=—1;;=—0. 


From equation (2-3-28) it is possible to obtain as a particular case the 
Fourier -Kirchhoff heat-transfer equation for a moving liquid (é=2). In 
this case = = 

CY¥o = CtaYo = C02) J.P. W; 


so that at _ > 
CP 2 5e + c.p.W yi =— div Jq- (2-3-30) 


In a porous body in the absence of liquid seepage the convective component 
of the heat transfer is small in comparison with the conductive component, 
provided that Ree<20. This value of the equivalent Reynolds number cor- 
responds to a GrPr number of 1000 [GrPr is the Grashof number times the 
Prandtl number]. For GrPr less than 1000 the equivalent thermal conduc- 
tivity equals the molecular thermal conductivity. In most cases of mass 
transfer in a porous body Ree is considerably less than unity. 
Consequently, the system of differential heat-transfer and mass-transfer 


equations becomes 
3 


ot oe 
oF = — iv (Ie) — Adis (2-3-31) 
ix0 
ote = —div J; +i; (2-3-32) 
0 “> 
adv PI, (2-3-33) 


1,=0. (2-3-34) 


For a final derivation of the system (2-3-31) to (2-3-33) it is necessary to 
express the fluxes IL and I in terms of the gradients of the corresponding 
potentials. To do this it is necessary to take into account that in a porous 
body the mass content of noncondensing gas and vapor is negligible in com- 
parison with the mass content of liquid and ice (e=u,+4,, with 4,=u,=0). 


In addition, bound matter in the solid state does not move j= 0), and the 
source I, is zero (no chemical transformations), In this case the mass- 
transfer equations may be written as 


divj, —0; I, =—1,=div]J;; (2-3-35) 


* In our previous publications the reduced specific heat was defined in terms of the relation 
3 


CY o = CoYo + y Yots4,. If the contraction coefficient is zero (f =0), then ¢=c since Y=Yo- 
i=0 
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Ou, _> 7” .7 
<= — div j,+1,=— div j, — div j,; (2-3-36) 


Bh ee a. (2-3-37) 
Vapor moves through a porous body by means of diffusion. * Here 

it is assumed that the vapor is in thermodynamic equilibrium with the 

bound liquid. In the hygroscopic range the partial vapor pressure is a func- 

tion of the moisture content wand the temperature 7, so that the relative 

vapor concentration in the capillaries of the body also depends on u and 7: 


M 
Pro Pro pe =I (4, T). (2-3-38) 


In this case the density of the diffusion flux of vapor in a porous body is ** 


J, =— €Dpyp,. = — Om [y4-+- 8,2], (2-3-39) 


where €is a dimensionless coefficient characterizing the resistance to 
vapor diffusion in a moist porous body, ad m,is the coefficient for the diffu- 
sion of vaporous moisture in a moist body, defined as 


Om, =< Dp (Fe) (2-3-40) 


and 3,is the thermal-gradient coefficient for vapor transfer: 


8, ae) | (Sr),- (2-3-41) 


In the derivation of (2-3-39) we also used the relation 


Vio = (Fi ) va + i) vr. (2-3-42) 


The flux i. which is expressed in terms of gradients yZ and yf in equation 
(2-3-39), corresponds to the hygroscopic range (4<4,,,). In the moist-state 
range (0,,/du), is zero (the partial vapor pressure is independent of the 
moisture content), and thus the diffusion flux of vapor is 


Ji =— ams8,vt = — €Dp (Si) yi, (2-3-43) 
where 


(2-3-44) 


dee Mi /dps 
dt 


OT = M*p\ dt 
ps being the pressure of saturated vapor at the temperature Tf. 
Liquid transfer in a porous body takes place by means of selective diffu- 
sion and as a kind of capillary absorption under the action of a capillary 
potential, which is also a function of the moisture content and the tempera- 
ture. Using transformations similar to the previous ones, we obtain 


Js=— OmaX [V4 + 4,8], (2-3-45) 
where am. and 62: are, respectively, the coefficient for the diffusion of liquid 


* Macroscopic vapor transfer will be considered below. 

** In the expression for the diffusion flux of vapor we do not introduce a correction for the macroscopic 
transfer (the Stefan Flux), since the conditions for vapor diffusion in a porous body differ from those 
for vapor diffusion in a boundary layer when a liquid evaporates from a free surface, In addition, 
the macroscopic vapor transfer in a porous body is taken into account separately. 
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in the porous body and the thermal-gradient coefficient for nonisothermal 
liquid transfer. 

It follows from (2-3-39) and (2-3-45) that the transfer of liquid and 
vapor in the hygroscopic range is described by the same law, that is, it 
is due to the two gradients ya and yT. Consequently, vapor and liquid trans- 
fer may be combined and expressed by a single mass-transfer law: 


Jn= I, + da = — amt (94 + By6), (2-3-46) 


where a,,is the potential conductivity for the liquid and vapor mass transfer 
and 8 is once again the thermal-gradient coefficient. If all the forms of 
moisture transfer in a porous body, due to gradients ya and y7, are called 
arbitrarily moisture diffusion (molecular and capillary diffusion), then the 
coefficient a,, will represent a coefficient for moisture diffusion in a moist 
body. 

If vectors j, and j, have the same directions, then coefficients a_,and 8 
become 


Om =m, +m, and Ba Sn tals (2-3-47) 


Since 8 may be determined experimentally as the ratio of the moisture- 
content gradient to the temperature gradient in the absence of mass trans- 
fer (jm—=0), we have 


ne ao SE (oy a (2-3-48) 
and so in the hygroscopic range §,=—38,. This fact makes it possible to rep- 
resent vapor and liquid transfer in the hygroscopic range in terms of a 


single gradient of the mass-transfer potential 6. If we neglect the Soret 
effect (the thermal diffusion of vapor and solute in a liquid), we may write 


Tn =— Amv, (2-3-49) 


where 4,,, a proportionality factor between the moisture-flux density Jnand 
the potential gradient y§, is called the mass conductivity, by analogy with 
the thermal conductivity 2, which is equal to A=j,/yt. * The potential gradi- 
ent y§can be expressed in terms of the gradients yu and yi: 


08 08 
vi= (ar) ve + (ar) VP 

Equation (2-3-49) may thus be written as 

~ 08 08 

jm = — 4m (sr), Vui—Aan Gakg = — An\yu — a,{Syt, {(2-3-50) 
where a,, and 6 are 

_— __Am Ou 00 
Om = 1 (du/d0)p and t=(3r), (ar). (2-3-51) 


By analogy with the specific heat, the ratio (du/06), may be called the 
isothermal specific mass (kg/kg-~°M), denoted as 


Ou 
ee (Hr), (2-3-52) 
The quantity a,,is thus obviously analogous to the thermal diffusivity a,, since 
Am A 
Om = 5 and ear re (2-3-53) 


* The mass-transfer potential @ is measured on an experimental scale in mass-exchange degrees (°M); 


an absolutely dry body has a potential of 0°M, whereas conditions of maximum hygroscopic moisture 
content correspond to §=100°M,. 
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This analogy led us, in our previous publications, to call a, the "potential 
conductivity'' for mass transfer, since the temperature conductivity [the 
thermal diffusivity] may also be called the potential conductivity for heat 
transfer, 

The thermal-gradient coefficient is thus 


06 
ben (SF) (2-3-54) 


the product of the specific mass times the temperature derivative of the 
mass-transfer potential. 

According to the investigations of Nikitina, the thermodynamic mass- 
transfer potential corresponds to the free binding energy of the absorbed 
substance in a porous body; it is numerically equal to the work required 
for isothermal removal of a unit mass of material: 


= — spine, (2-3-55) 


where #is the relative vapor pressure in the porous body, defined as the 
partial vapor pressure p, divided by the saturated-vapor pressure Pp, at the 
given temperature (Pp=—~7,/p,). Consequently, 6,is a single-valued function 
of the air humidity. Since for a number of porous bodies the ratio u,/ucm 
is independent of the temperature, being a function of 9, therefore the mass- 
transfer potential 6 can be experimentally determined from the specific mass 
content [specific mass] of a standard body. In the moist-state range the 
capillary and diffusion-osmotic movement of the liquid can be described by 
means of the potential 6. The macroscopic motion of the liquid and vapor 
due to the gradient of the total pressure is described by seepage laws. In 
this case the thermal-gradient coefficient defined in (2-3-48) will not obey 
equation (2-3-54), and also the thermal-gradient coefficients 3, and 4, for the 
vapor and liquid transfer will not be equal @,=48,). 

Let us now return to the system of differential mass-transfer equations. 
If the bound matter is in the liquid and vapor states only (u;=0), then, neg- 
lecting contraction of the body (p=0), we obtain 


B= — div (any2+8anyt), (2-3-56) 
at. 
cy x div (4yt) +14, div (@mi¥y2-+ Gms ¥5y8), (2-3-57) 


where fr;.=hi—hyis the specific vaporization heat, and Ais the thermal con- 
ductivity of the porous body, taking into account conductive heat transfer 
through the skeleton of the body and through the bound matter. 

For a zonal calculation the system of mass-transfer and heat-transfer 
equations is 


oe amy" + andy't; (2-3 -58) 


Beoe(at See) ott tS ant (2-38-59) 


A similar heat-transfer equation is obtained by using the relation involving 
the source term I,, expressed in terms of the vaporization ratio s (where 


t mere m 
=(a+ an) vit += yt, (2-3-60) 
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the subscript 2 being omitted. A comparison of (2-3-60) and (2-3-59) 
shows that 
€ = Am,/Am- (2-3-61) 


This relation may be obtained directly from (2-3-18), provided we substi- 


tute the corresponding expressions for i, and i. and set 8. =—8,, as is cor- 
rect for the hygroscopic range. 
The heat-transfer and mass-transfer equations are usually written as 


oH ayt+ iS | (2-3-62) 
= Amy" + On dV". (2-3-63) 


Equation (2-3-49) for the mass transfer of vapor and liquid, for the general 
case taking into account the simultaneous action of the two thermodynamic 
forces yi andy7, may be written as 


Jn = — 2m8 — And, 0! = — mY V4 — Am VSyt, (2-3-64) 


where 6, is the thermal-gradient coefficient referred to the difference in 
mass-transfer potentials (°M/°C), which is defined as 


Ado 
=(4r) _ (2-3-65) 
In this case the thermal-gradient coefficient 6is* 
as 08 aie 
b=[en( sr) +4]. (2-3-66) 


The system of differential heat-transfer and mass-transfer equations will 
have the similar form: 


ot e 08 

= ay'tt em Si (2-3-67) 
0 any + Omd,y%t (2-3-68) 
Oe amV'O TF Amb gV't. . 


In the moist-state range of the body (6 >>100°M) the differential mass- 
transfer equation remains unchanged, while the heat-transfer equation 
can be simplified and reduced to the ordinary equation for heat conduction, 
since the coefficient am, is zero (see equation (2-3-59)). At negative tem- 
peratures the specific mass content (moisture content) is the sum of the 
moisture contents of the liquid and the ice (u=uz+us), 

The differential heat-transfer equation for a two-phase system of bound 
matter may be written as 

Fe ayt +H Ly, (2-3-69) 
where rj; is the specific heat of the phase transition ij. The liquid source 
Iz; for vapor condensation (the bound matter consists of supercooled liquid 
and vapor) is 


Ou, 


I, =-—I,, = sy ° 


; 08 
* The quantity Cm (ar) also represents the diffusion transfer of vapor in the moist-state range; it is 
z 


equal to GDp [0?10/0T]u/Am. However, this quantity can be isolated separately in (2-3-66), as is done 
in /1/. 
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For a liquid-ice system the source Ij is 


Ou 
{,,= "yal 3S 
and the specific heat 23 of the phase transition equals the specific crystal- 
lization heat. Finally, for an ice-vapor system the material (ice) source is 


ou 
I,=—1,=1>- 


Thus, the differential heat-transfer equation is 


ot rr) mred “Amfe ° 
RaW EAA eS lott ee ote, (2-3-70) 


where eand rare, respectively, the coefficient [ratio] and specific heat of 
the phase transition. When no ice is present e=e2, r=rg=ry, and w=u, In 
the presence of ice (u33£0)and the phase transition from water to ice e= €32, 
f=foy=fs., and u=ug=u3, For a two-phase ice-vapor system, r=r,3=/s, (the 
specific sublimation heat for ice) and e.=1 (with u,=0). The differential 
mass-transfer equation is obtained by adding up equations (2-3-10) for the i 
components: 


our _._ div j,— div], (2-3-71) 
from which it follows that 

oF amy, + OmdY't. (2-3-72) 
Finally, it is also true that 

Ou Ou, ; OU, __—s_—s1— Ou a 

a ae et (2-38-73) 


In the negative-temperature range, where all the liquid is transformed 
into ice (e3.=1), the mass transfer takes place by means of vapor, the con- 
densation of which increases the ice content (du;/éc>0), while conversely 
the sublimation of ice reduces its moisture content (du;/dv<0). Differential 
equation (2-3-72) thus becomes 


Ot = On’ Vt. (2-3-74) 
This relation follows directly from equations (2-3-32), since I,=]3,;=—Ij, 


and d@u,/év=0, because the variation in vapor content in the capillaries of 
the body without vapor condensation and ice vaporization does not affect 
the moisture content in the body. 

When a moist body is heated intensively a gradient of the total pressure 
appears due to liquid evaporation at temperatures 2100°C. A gradient of 
the total pressure inside the body may also exist at temperatures lower 
than 100°C, due to the effusive flow of air along microscopic capillaries 
within the body (thermomolecular pressure difference) or due to pressure 
differentials between media which are separated by a porous barrier (seep- 
age through a porous medium). 

The presence of a total-pressure gradient yp inside a porords body sets 
up a macroscopic transfer of the vapor-gas mixture (vapor and air) which 
is a form of seepage through a porous medium. This vapor transfer is not 
taken into account by the mass-transfer law (2-3-64), and so it is neces- 
sary to introduce into this equation an additional term representing the 
convective-transfer flow of moist air. 
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According to Darcy's law the seepage flux of moist air through a porous 
body is a 
j; =— kyp, (2-3-75) 


where kis the permeability coefficient for air (kg/m+-h-mm hg). The 
amount of vapor which is transferred by the seepage flow of air is 


J, s =—hp,.VP=—niVP, (2-3-76) 
where 2,,is the coefficient of macroscopic transfer of vapor 
ap = heyhey (2-3-77) 


d being the moisture content of the air. 

At temperatures ¢2100°C the moisture content dis very high (d-+0o), and 
so the transfer coefficient 2,, becomes equal to the permeability coefficient 
for vapor (4,—k), since the moist air is transformed into vapor. 

The pressure gradient also causes a seepage transfer of liquid. This 
type of transfer includes liquid motion caused by the heating of entrapped 
air. The pressure in the bubbles of entrapped air is increased by the heat- 
ing, and the air bubbles expand (relaxation of the total-pressure gradient), 
which causes a "forcing through" of the liquid in the direction of heat flow. 
This type of liquid transfer in a porous body is usually related to the ther- 
mal mass conduction (here, the thermal moisture conduction) and the ther- 
mal-gradient coefficient §enters into the calculations of it. However, it is 
best to calculate it in terms of a seepage transfer of liquid. Then, the seep- 


age liquid flux j,, is 7 
J3s =— 42:02, (2-3-78) 


where Apr is the transfer coefficient for the macroscopic process of liquid 
seepage. 
The total flux of vapor and liquid caused by the total-pressure gradient is 
js=hs + j,,=—pvp, (2-3-79) 


where Ap=ApitApe is the coefficient of macroscopic moisture transfer. The 
total moisture flux caused by all the thermodynamic forces is 


jin =— amy) — amd, Vt re, 4,Vp= — An (vd + 8,vt a bP)» (2-3-80) 
where 6,=4)/4m. 
In this case the differential equation describing mass transfer is 
08 ; 
Cm 5, = div [Am (v8-+- 8, vt + 8sV2))- (2-3-81) 


In order for the system of equations to be complete an additional equation 
is required, representing the variation in the seepage potential p. If we 
add up the differential mass-transfer equations for i==0, 1 and take into 


account that I,=Oand I,—=—ey o , then we obtain 
Sot ey =—divG,+J,)—e7 S. (2-3-82) 


The molecular transfer of vapor and air (interdiffusion of vapor and air) is 
slight in comparison with the macroscopic seepage transfer. Thus, it may 


be assumed that, approximately, (i, +j,) equals j.. The specific mass con- 
tent (4,-+-4,) of vapor-gas mixture in the capillaries of the body is determined 


D2 


by the temperature 7 and the pressure p. We know that 
0 
(+ ,) Y= 0, + @, = pb, =P by (2-3-83) 


where pis the density of the vapor-gas mixture (p=p,-+p,). This equation 
may be differentiated to give 


116; M° l oT 
d (a,+-u,) y= (4p — pear ) +25 db,. (2-3-84) 
Now , neglecting the last two terms and denoting oo as Cy, we obtain 
eens — Cry oF, (2-3-85) 


where the coefficient cy characterizes the moist-air capacity of the porous 
body during the motion of a vapor-gas mixture. Consequently, differential 
equation (2-3-82) becomes 

cyt 2 = div (hyp) — eYem =. (2-3-86) 


In the zonal system of calculation the differential heat-transfer and mass- 
transfer equations can be written as 


of =ay't + ern (2-3-87) 
OO amy*8 + amb, Vt + Ombp YD; (2-3-88) 
20 ——ayytp—eom 2, (2-3-89) 


where ap, the coefficient of convective diffusion or the potential conductivity 
for the seepage flow of a vapor-gas mixture, is defined as ap=k/cyy. For 
convenience the thermal parameters aand c are written with a subscript q 
(that is, a,=a, cy=c). 


2-4. The Equations for Laminar Flow of Immiscible Fluids 
through a Porous Medium 


Studies of multiphase flow in a porous medium are of practical interest 
in the petroleum industry (the simultaneous flow of oil, water, and gas), 
the chemical industry (flow in countercurrent columns), and various other 
fields as well. However, the flow of mutually soluble fluids is a complex 
transfer phenomenon, and therefore in most cases mutually insoluble or 
immiscible fluids are considered. Darcy's seepage law is used as an initial 
assumption for each flowing phase. The flow is considered to be isothermal 
and laminar; adsorption and osmotic absorption by the skeleton of the porous 
medium may than be neglected, a fact characterized by the relation 


Vos, (2-4-1) 
t 


where 6,is the saturation factor. 
The density p; of a flowing phase is a function of the pressure p;. Let us 
denote the derivative dp,/Op; as ¢,,: 


(2-4-2) 
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Darcy's law may be applied to each flowing phase 
—> k -_ 
ji= k 5 (vp: — Pi), (2-4-3) 


where hi is the seepage-velocity vector, kis the overall permeability, k; 
is the relative permeability for the ith phase, in fractions of the overall 
permeability, n;is the viscosity, and g is the gravitational acceleration 
(the gravitational-field-intensity vector). 

For a two-phase flow (i=1, 2) the differential transfer equations for im- 
miscible liquids are 


1 2). _ div (o,].) (2-4-4) 
1 2(0s?s) _ __ div (J) (2-4-5) 


where Il is the porosity. These two equations are related by the expressions 
6,-++-6,=1 and 2:—p,=/p;(O,), (2-4-6) 


where p, is the capillary pressure, 

If we assume that the quantity kk,/n; is constant and that cis independent 
of the [position] coordinates, then the system of differential equations 
(2-4-4) and (2-4-5) may be written as 


0 Oeics ob 

=a, (V¥1— Cy div £P, — pS (2-4-7) 
a — ab 
OPs oo (VPs — &,0 div gp.) +7 > .S, (2-4-8) 


where a,,is a parameter analogous to the potential conductivity for seep- 


age transfer: 
kk; 


ai NiTlb scp; (2 -4 = 9) 


If gravitational effects are neglected, then this system of equations be- 
comes 


1 06 
a= AVP Fae (27210) 


System of equations (2-4-10) and (2-4-11) is analogous to the system of dif- 
ferential heat-transfer and mass-transfer equations for a porous body. 


2-95, The Equations for Neutron and Heat Transfer 
in an Absorbing Medium 


As a first approximation to describing thermal-neutron transfer ina 
weakly absorbent {low-capture] medium let us consider it from the diffu- 
sion viewpoint. Neutron diffusion, however, has certain special features. 
For instance, the number of neutrons per unit volume (the neutron density n) 
is relatively low. For a neutron flux of 10!” neutrons/cm?- sec the neutron 
density is 4.5-10° neutrons/cm’, which constitutes a high vacuum (let us re- 
call a normal conditions the number of molecules per cm? is 
2ot-2 4.05"), 
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The rate of neutron flow in a medium is characterized by the neutron 
flux ® (neutrons / cm? -sec), a scalar quantity. For monoenergetic neutrons 
which have identical directions and velocities v(cm/sec), * the neutron flux 


® is 
M=nv. (2-5-1) 


The reason for the introduction of Mis the fact that the outcome of a nuclear 
reaction is independent of the direction from which the neutrons collide with 
the nuclei, 

It should be noted that @does not represent the actual number of neutrons 
which pass through one cm? in one second. However, integration of the 
equation for the distribution of thermal neutrons in an absorbing medium 
shows that the neutron fluxin a given (selected) direction x is equal to (@/4)4., 
with the condition that Mis constant. Because of symmetry the flux in the 
opposite direction {—x) will be —(@/4)_,. Thus, the total number of neutrons 
passing through unit surface per unit time, the neutron-flux density, is 


h=(2),.-(-2)-+ asa 


In contrast to ®the quantity j,is a vector, If the flux ®is variable, then 
the actual neutron flux (flux density) in the x direction is 


oe as, ha oP\ fll __ Ma o® Ae (OD -5-. 
hay og ae ) [= ee: ox)| <3 (Se )s (2-853) 


where 4gzis the scattering length (for graphite 4g= 2.70 cm). Equation (2-5-3) 
is valid for a large reactor, when the gradient y® is relatively small. 

By analogy with diffusion theory it is possible to assume that the vector i, 
(the number of neutrons passing normally through an isoconcentration sur- 
face, per unit time per unit area) is directly proportional to the concentra- 
tion gradient; x 

n==— Dyn, (2-5-4) 


where Dis the diffusion coefficient for the thermal neutrons (cm?/sec). 
Usually the neutron flux Mis introduced in nuclear physics instead of 

the concentration (D=nv, where vis the neutron velocity, assumed constant). 

In this case the diffusion equation becomes 


j,=—Dvy®, (2-5-5) 


where D/=D/vis a diffusion coefficient with the units of length (cm), since i, 
and @® have the same units. 
For a weak absorber [low-capture medium] this diffusion coefficient is 


— — AeA ter =o 
Date p, (2-5-6) 


where cos§is the average value of the cosine of the scattering angle, and 4, 
is the transport mean free path of the neutron. For example, for graph- 
ite cos6=0.056 and so a4;,= 2,86 cm, since Ay,=Ag/(l1—cos6). The quantity 


1/(1 cos) is a correction factor to the preferred scattering direction, namely 
to the direction of neutron motion before collision with the nucleus. As the 
mass of the nucleus entering into the collision increases, this correction 


* The velocity 0 of a thermal neutron is 220 m/sec. 
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factor decreases (cos§+0). For heavy isotopes the factor 1/(1 —cos#) goes to 
unity and the scattering length becomes equal to the transport length (4g = 4¢,). 
The differential equation describing neutron diffusion is 


a — div (D' yb) — 2,8 -+L,, (2-5-7) 


where I, is the neutron-source strength (the rate of neutron supply per cm 
in 1 sec), and Y,@is the rate of neutron absorption (neutron-sink strength), 
equal to the product of the macroscopic absorption section &, times the neu- 
tron flux. For monoenergetic neutrons the differential diffusion equation 
becomes 


3 


% — Dyn — Ban +n, (2-5-8) 
where 8, is the coefficient of neutron absorption, equal to 
B, == 2,0. (2-5-9) 


In an unbounded medium which does not contain disintegrated material the 
neutron source strength Inis zero. If this is true, then the equation for 
neutron diffusion in the one-dimensional case will be similar to the differ- 
ential equation describing heat conduction when a rod cools off via heat 
transfer from its lateral surface, 

In order to solve the differential equation it is necessary to know the 
boundary conditions. At the interface between two absorbing media the 
neutron fluxes are equal, and the resultant neutron-flux densities in the 


Vacuum 


Moderator 


FIGURE 2-3, Boundary conditions of the third kind 
for neutron diffusion 


direction normal to the interface are also equal (boundary conditions of the 
fourth kind). * Near the boundary between a scattering medium and a vacuum 
the neutron flux varies in such a way that if a linear extrapolation is carried 
out the neutron flux goes to zero at a given distance from the boundary 
(Figure 2-3), which corresponds to boundary conditions of the third kind. 

Let us consider this in more detail. If areactor is placed in a vacuum, 
the neutron flux does not drop to zero at the external surface of the reactor, 
since some neutron leakage exists. At the external surface there is no 


* Concerning boundary conditions see below. 
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neutron diffusion into the reactor (zero neutron-flux density into the re- 
actor). Thus, from (2-5-3) we obtain 


1 D’ /a® 
Test+a(a) =o (2-5-10) 


where the subscript s stands for the external surface of the reactor, andxzx 
is the direction normal to the reactor surface, This relation, which rep- 
resents a boundary condition of the third kind, may be written as 


D(sr) tants =0, (2-5-11) 


where aga is a coefficient similar to the mass-exchange coefficient. 

If the tangent to the distribution curve for the neutron flux @(x)is ex- 
tended until it intersects the x axis (Figure 2-3), then a distance of length 
AB=2D’=D/anis cut off along the axis (the extrapolation distance). Near the 
interface between the absorbing medium and the vacuum the application of 
diffusion theory is somewhat arbitrary, but still the calculations based on 
the solution of the diffusion equation give results close to those of the exact 
transfer theory. For example, the exact theory describing neutron transfer 
gives an extrapolation distance of 0.71 4, whereas in the above example 


AB=2-— har = 0.666 dr, which is close to the correct value. 


Generally the neutron-source strength is a function of time and depends 
on the neutron flux M. For an approximate calculation for a homogeneous 
reactor without a reflector, in the critical state, the so-called one-group 
theory gives a neutron-source strength of 


L, = k&E, = kB ,n, (2-5-12) 


where & is the neutron-multiplication constant for the reactor material, 

each neutron capture leading to the formation of & neutrons during the fission 
process. In other cases the expression for the neutron-source term will be 
more complicated, For example, if we take into account the probability of 
neutron leakage during braking, then the source strength I, will be 


I, = kB,n exp (— Bs), (2-5-13) 


where B? is a geometrical parameter. If we take into account the probability 
of resonance capture and the effect of delayed neutrons, then the source 
term becomes still more complicated. Thus, the diffusion equation, in the 
absence of external neutron sources and with the above assumptions, may be 
written as 

= Dyn — Ban + kB,n exp (— Bs). (2-5-14) 


The equation for heat transfer in an absorbing medium is the ordinary heat- 
conduction equation with a heat-source term I, added: 
cy £ —ayt+ I, (2-5-15) 


The heat-source strength Igis mainly determined by the energy released 
during the fission of a nucleus, which may manifest itself in various ways 
(kinetic energy of the fission products and neutrons, energy of beta and 
gamma radiation, etc.). 
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The number of reactions, or the number of interactions between neutrons 
and nuclei per cm?, inducing fission in one second are 


v= nvoN = nvx, — 1,9, (2-5-16) 


where WN is the density of reacting atoms (atoms per cm’). 

The total energy released during the fission of a single nucleus is ap- 
proximately 188 Mev, of which 177 Mev are released immediately, while 
the release of 11 Mev is delayed (beta and gamma radiation of the fission 
products). The energy localized near the fission site is 173 Mev, of which 
167 Mev go toward the kinetic energy of the fission products (89% of the 
total energy). This result shows that, to an accuracy of 10%, the heat- 
source strength I, may be considered directly proportional to the neutron- 
source strength In(Ig=raln). The proportionality factor ra, the heat-source 
strength divided by the neutron-source strength, may be called the specific 
energy (heat) of the nuclear transformation. 

The differential heat-transfer equation may now be written as 

Sf =ayt+ Iq. (2-5-17) 
This differential equation is related to the neutron-diffusion equation, which 
may also be called the neutron-transfer equation, 


2 Data ye (2-5-1) 


where n'—nexp(—§,t). If as an approximation we express the source of ther- 
mal neutrons by means of relation (2-5-13), then the system of heat-trans- 
fer and neutron-transfer equations becomes 


Fe = avi} Ae a exp [—(Ba+ B) 4} (2-5~19) 


on’ f ’ 
<== Dy'*n' + kB an’ exp (— Bs). (2-5-20) 


2-6. The System of Differential Transfer Equations 


The above systems of heat-transfer and mass-transfer equations can be 
represented by the following generalized system of differential transfer 
equations: 


a+ -wyd, =R,,0°O, + Riv, + R,v'?, + 0; (2-6-1) 
Sb wy), = Rv, + Rav", +ReV?, + Os (2-6-2) 
a, 2 a 
Fe TWF, = Rav §,-+ Rv's, + R,,V*8, + 0, (2-6-3) 


where II,;(#=1,2,3) are the source terms, which are interrelated by the 
expression II;—A,ll;,,, and R;; are the thermophysical transfer coefficients, 
between which no reciprocal relations exist (Ri;4R;,;). For specific cases 
these coefficients R,;j and the potentials $; are: 

a) for a moving binary gaseous mixture, 


h 


ee 1 oes 
ot. 3, = ,,3-0, = 0; 1 = ep De HO his A,= =") 9; (2-6-4) 


CoP 
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Ri, = 4p} Ry ; R,, =D; R,, = een — Ts (2-6-5) 

b) for a molecular solution (w=0), 
eee Pop: $,=—=0; I, — ,—0; (2-6-6) 
Rij = Gp} R,, = oDR,; R,,= 0D; Ry =D: (2-6-7) 


c) for a porous body (w =0), 


$,=t, $,=—6; $; =p; 1,—0,=—1, —0; (2-6-8) 
Ry = Gq + Om Byer; Ry =F Am; Ryy=Amerby —; (2-6-9) 
q q q 
Ray = md); Raz =Ami Ry = Amdp; (2-6-10) 
8m elm 
Ry amb R= — ans Ry =p — Sn (2-6-11) 


d) for two-phase fluid flow through a porous medium (w =0), 


9; $ 2 Ps 3, = (0; sui =F: =, St: 
____ Pr (1 — 4), 
pies 5sPs : (2-6-12) 
Ry = 4,3 R,, = Ry, = 9; Ray = 2,95 (2-6-13) 


e) for the transfer of thermal neutrons ina nuclear reactor, 


a® Bot 


8,=—t &,—n': 0,= a 1,; [,—lhe ; A= e" ; (2-6-14) 


R,, = 4; R,, = R,, =90; R,,= D. (2-6-15) 


Consequently, the system of differential equations describing energy and 
mass transfer may be reduced, after certain restrictions and simplifica- 
tions, to a system of equations expressed as 


- mE i+w wy); — = Rvs +; (2-6-16) 


(i, j=1,2,3,...,n). 


To solve such a system of equations it is necessary to know the initial 
state and the law of interaction between the surface of the body and its sur- 
roundings, as represented mathematically by the boundary conditions. 


2-7, Boundary Conditions in Heat-Transfer Problems 


First let us consider heat exchange between a solid body and a fluid 
flow. The differential heat-conduction equation establishes a relation be- 
tween the temporal and spatial variations in the temperature of the body. 
To solve this equation it is necessary to know the temperature distribution 
inside the body at the initial moment (initial condition), the geometrical 
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shape of the body, and the law of interaction between the surroundings and 
the surface of the body (boundary condition). The combination of initial and 
boundary conditions constitutes the limiting conditions; the initial condition 
is a temporal limiting condition and the boundary condition is a spatial limit- 
ing condition. 

At the surface of a body immersed in a flow of hot liquidor gas the {flow ] 
velocity is zero (w;—0). * The gas velocity w, far from a surface is usually 
considered constant. The temperature distribution inside the body at the 
initial moment is given by the initial condition 


t(x, Y, 2, 0) =f (x, Y, Z). (2-7-1) 


In many problems the temperature distribution at the initial moment is 
assumed to be uniform: 


(x, y, 2, 0) =4=constant, (2-7-2) 


The boundary condition may be specified in four ways: 
a) The boundary condition of the first kind consists in specifying the 
temperature distribution over the body surface at any moment: 


ts(t) =f(t), (2-7-3) 


where fts(t)is the temperature at the surface of the body. In the particular 
case when /,{t)=fe is constant, the temperature at the surface remains con- 
stant throughout the entire heat-exchange process, This may be attained 
by the artificial regulation of a constant temperature or by setting up special 
heat-exchange conditions between the surroundings and the surface of the 
body (see the boundary condition of the third kind). 

b) The boundary condition of the second kind consists in specifying the 
thermal-flux density at each point on the body surface as a function of time: 


qs(t) =f (tt). (2-7-4) 


The simplest case of the boundary condition of the second kind is when the 
thermal-flux density is constant: 


9s (t) =g-=constant. (2-7-5) 


This type of heat exchange occurs when bodies are heated in high-temperature 
ovens, in which heat transfer takes place mainly according to the Stefan- 
Boltzmann law, the temperature of the body being considerably lower than 
the temperature of the radiating surfaces. 

c) The boundary condition of the third kind consists in specifying the 
temperature of the surroundings and the law of heat exchange between the 
surface of the body and its surroundings. The boundary condition of the 
third kind is usually exemplified by the law for convective heat exchange 
between the surface of a body and its surroundings when the body is heated 
or cooled by a fluid flow about it. The law describing convective heat ex- 
change is actually quite complicated, but to simplify the problem let us 
assume that Newton's law is valid. According to Newton's law the amount 
of heat transferred per unit time from a unit surface of the body to surround- 
ings at a temperature ¢, during cooling of the body (ts>t,) is directly propor- 
tional to the difference between the temperature of the body surface and the 
* In the presence of a temperature drop along the body surface "thermal slip" occurs and the gas velocity 


at the body surface is not zero, However, the magnitude of the thermal-slip velocity is so small that it 
may be neglected, 
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temperature ?,(t)of the surroundings. The heat transferred is generally a 
function of time: 


9s(t) =a[fs(t)—te (t)], (2-7-6) 


where ais a proportionality factor called the heat-exchange coefficient or 
heat-transfer coefficient. 

For heating of the body it is possible to write a relation similar to 
(2-7-6), but in which the quantities /,(t) and ¢,.(t)are interchanged. The heat- 
exchange coefficient is numerically equal to the amount of heat released (or 
absorbed) by a unit area of the body surface per unit time, for a difference 
of 1°between the temperatures of surface and surroundings. According to 
the law of energy conservation this amount of heat must equal the amount 
of heat supplied to (or moved inward from) the surface of the body by heat 
conduction, per unit time per unit surface area: 


15 ()= alts (*)—te (= —2 (Fr) (2-7-7) 


where nis the normal to the surface of the body. 
The boundary condition is usually written as 


A(ar) belt (x) — tg («)] =0. (2-7-8) 


The heat-exchange coefficient depends on the velocity and temperature of 
the surrounding fluid, on the state of the surface (it varies along the sur- 
face of the body), andon other factors. However, as anapproximationwe may 
assume that the heat-exchange coefficient is constant, temperature -independ- 
ent, and equal over the whole surface of the body. 

From the boundary condition of the third kind it is possible to obtain, as 
a particular case, the boundary condition of the first kind. As the ratio a/a 
approaches infinity (the heat-exchange coefficient 4+ocoor the thermal con- 
ductivity 4-+0) we have 


ts (2) — to (s) = lim [an(sr), |=2 (2-7+9) 
ree 


or t,(t)=¢,(t), that is, the temperature of the body surface equals the tem- 
perature of the surroundings throughout the entire heat-exchange process. 


This situation is observed not only if -- + co but also if =! +00, where Jis 


a characteristic dimension of the body. In the particular case when the tem- 
perature of the surroundings is constant equation (2-7-9) gives the boundary 
condition of the first kind in its simplest form: 


t, =f, ==constant. (2-7-10) 


d) The boundary condition of the fourth kind is exemplified by a heat ex- 
change between the body and its surroundings which obeys the heat-conduc - 
tion law or else by heat exchange between solid bodies in contact, when the 
temperatures of the touching surfaces are the same (ideal thermal contact). 
When fluid flows around a solid body the heat transfer from the fluid to the 
surface of the body which occurs in the immediate vicinity of the surface 
(laminar boundary layer or laminar sublayer) obeys the heat-conduction 
law (molecular heat transfer), that is, a heat exchange takes place which 
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corresponds to the boundary condition of the fourth kind: 


t, (t) =[te () Is. (2-7-11) 
In addition to equality of the temperatures the thermal fluxes are also equal: 
Ote\. at _7- 
—a, (2)-=— a (2%) , (2-7-12) 


where the index c stands for the (fluid) surroundings. Boundary condition 
(2-7-8), representing heat exchange between the surface of the solid body 
and the surrounding fluid, may now be written as 


de (Gi), +4 Its (2) — te (=O. (2-7-13) 


In this equation all the parameters and coefficients refer to the surroundings, 
since according to (2-7-11) the temperature of the surface of the body equals 
the temperature of the surrounding fluid at the surface. 


Y 
en oh Lies 


FIGURE 2-4, The various types of boundary conditions 


a) fs=¢,constant, tan ¢variable; b) t, variable, tan ¢ =g¢/\constant; C) fg vari-. 
able, tan % variable, s/a constant; d) ¢, variable, tan ¢’/tan ¢’’constant 


A graphical interpretation of the four types of boundary conditions, for 
the simplest case (constant ¢.), is given in Figure 2-4. The scalar magni- 
tude of the thermal-flux vector is proportional to the absolute value of the 
temperature gradient, which is numerically equal to the tangent of the slope 
angle of the curve for the temperature distribution along the normal to the 
isothermal surface: 


(sr), = tandn. (2-7-14) 
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Figure 2-4 shows an area element AA of the surface of the solid body 
and also the temperature distributions near the surface ?¢(t,) and ¢(r2) at two 
different times during the cooling process, The normal n is directed away 
from the surface (external normal) of the body, so that the derivatives dt/dn 
are negative. 

The boundary condition of the first kind specifies the function ¢s(t); in the 
simplest case fsis constant. The slope of the temperature curve at the sur- 
face of the body is measured, and then the amount of heat given off by the 
surface of the body is determined (Figure 2-4, a). 

Problems involving boundary conditions of the second kind are just the 
opposite. The slope of the temperature curve at the surface of the body is 
given (Figure 2-4, b) and the temperature of the surface is determined from 
it. 

In problems involving boundary conditions of the third kind the tempera- 
ture of the surface and the slope of the temperature curve are variable, but 
all lines drawn tangent to the temperature curve must pass through some 
point C on the external normal (Figure 2-4, c). Then, it follows from the 
boundary condition that 

tan (90°—9,)=—(5, ) SSE. (2-7-15) 
The tangent of the angle complementary to the slope angle of the tempera- 
ture curve at the surface of the body is equal to the opposite side ¢ts;(1)—+#, 
divided by the adjacent side A/a of the corresponding right triangle (Figure 
2-4, c). The adjacent side A/ais constant, whereas the opposite side 
[t,(t)—t.] varies continuously during the heat-exchange process and is di- 
rectly proportional to tan ys. Consequently, the position of reference point 
C remains unchanged. 

In problems involving boundary conditions of the fourth kind (Figure 
2-4, d) the ratio of the slopes of the temperature curves in the body and in 
the medium, at the interface between them, assuming perfect thermal con- 
tact (the tangents at the surface pass through the same point), is given: 


; A 
rants => = constant, (2-7-16) 


where the prime refers to the body and the double prime refers to the 
medium. 

The differential heat-conduction equation together with the initial and 
boundary conditions completely determine the problem. In other words, 
if the geometrical shape of the body and the initial and boundary conditions 
are known, then it is possible to solve the equation completely, that is, to 
specify the temperature-distribution function inside the body at any moment. 
The temperature /, of the surroundings must also be given. If the tempera- 
ture of the moving fluid varies as a result of heat transfer from the solid 
body, then it becomes necessary to solve not only the heat-conduction equa- 
tion for the solid body but also, simultaneously, the equation describing heat 
transfer in the moving medium and the Navier-Stokes and continuity equa- 
tions. The solution of the latter equations is necessary when the fields of 
temperature and velocity in the moving medium are introduced into the 
problem. 

Thus, the existence of specified limiting conditions makes it possible in 
the simplest cases to obtain an analytical solution describing heat conduction, 
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by determining the form of the function 
t=f(x, y, 2, t). (2-7-17) 


The function f(x, y, z, t) must satisfy the initial and boundary conditions as 
well as the differential equation. When this function is substituted for ¢ in 
the differential heat-conduction equation, the equation is transformed into 
an identity. According to the uniqueness theorem, ifsome function. f(x, y, 2, 1) 
satisfies a differential equation and the initial and boundary conditions, then 
it represents a unique solution of the problem. 

In conclusion let us consider some methods for calculating the heat losses 
of a body which becomes cooled during heat exchange. 

a) First calculation method. A surface element dA gives offdur- 
ing a time dr an amount of heat 


—4(57) dA de, (2-7-18) 
nm 


To find the amount of heat AQ released by the body during a time interval 
At=t2—t, it is necessary to integrate the quantity (2-7-18) over the entire 
surface Aand over the time interval At: 


sq—— (fa (%) aad (2-7-19) 


If the temperature and temperature gradient do not vary along the surface, 
then equation (2-7-19) simplifies to 


19=@,—Q=—24f (ae (2-7-20) 


b) Second calculation method. During atime dra surface ele- 
ment dA gives off to its surroundings an amount of heat 
a(t; —t,.)dAdc. (2-7-21) 
To find the total amount of heat released, it is necessary to integrate over 
the whole surface and over the time interval: 
aQ= [| a(t, —te)dA de, (2-7-22) 
t, (A) 


If the temperature is constant over the surface, then the formula for the 
heat transfer simplifies to 


AQ==aAl (t,—tc) de, (2-7-23) 


where a is the average heat-exchange coefficient over the surface. If the 
heat-exchange coefficient a does not vary over the surface of the body, then 
the local coefficient equals the average value (a=a). 

c) Third calculation method. During a time Ata volume element 
du=dxdydzbecomes cooled from a temperature ¢, to fz, and releases a heat 


cy= (t;—t,) du.* (2-7-24) 
* [This should read cy (t)—t2)dv.]} 
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Integration over the entire volume V gives the total amount of heat AQ given 
off by the body during At: 


aQ=cr { (t,t) do=eyv- 5 ( (t, —t,) do. (2-7-25) 
(V) (Vv) 


If the average (integral) temperature over the entire volume of the body is 
defined as 


i=z ( t do, (2-7- 26) 
(V) 
then we may write es 
AQ= cyV (t, — 4). (2-7-27) 


The heat transfer from the body during a time « after beginning (<=0) of the 
cooling is 


Q—Q,=crV (t—f), (2-7-28) 


where ¢t) is the average (integral) initial temperature. Consequently, the 
calculation of the heat transfer reduces to a determination of the average 
temperature over the volume. 

In the case of symmetrical heat exchange, when the temperature field 
is one-dimensional, the average (integral) temperature may be determined 
from the following formulas: 

a) for a plate with dimensions 2RX2H x2L (origin of coordinate system 
at plate center), 


t (x, y, 2, %) dx dy dz = 


R+H+4+L 


5 


R 
R Jt a)dx: (2-7-29) 
0 


+ 
- AL 
{(t) = 7) t(x, y,2,%)d0=-— a “OR-2H OL a OL 


(V) —R L 


i 1 
=n : t (x, s)dx= = 
b) for a sphere of radius R (with a volume element dy—r'sin§d6 ddr), 


R 2k « R 
1(5) = gees | f ae A (2-7-30) 


0 6=0g9=0 


c) for a cylinder of radius Rand length L (with a volume element dv= 
=rdrddz), 


R22 L 


Fear | J Jett t,x) dr dd. dz = pe [frases (2-7-31) 


For an infinite cylinder L>2R this simplifies to 


R 
{() =p f(r, s) dr. (2-7-32) 
0 
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2-8, Boundary Conditions in Problems of Mass 
and Heat Transfer 


The transfer of mass is determined by a difference in mass-transfer 
potential. The potential corresponding to diffusion transfer in a gaseous 
mixture is the ratio of the chemical potential w to the absolute temperature. 
If we neglect thermal-diffusion and diffusive-heat-conduction effects, then 
mass transfer is determined by the gradient ypi, of the specific mass con- 
tent, while molecular heat transfer is determined by the temperature 
gradient. 

Just as in the case of the boundary conditions for heat exchange, the 
mass-exchange interaction of the surface of a body with its surroundings 
may be represented by four kinds of boundary conditions. Boundary condi- 
tions of the first kind correspond to the case when the diffusive-mass-trans- 
fer potential at the surface of the body equals the mass-transfer potential in 
the surroundings: 

bs =o. (2-8-1) 


Boundary conditions of the second kind are represented by the mass ex- 
change during the drying of a moist body, in which the drying intensity is 
constant for a while and then decreases. In this case the boundary condi- 
tions specify the mass-flux density as a function of time: 


jm =f (*). (2-8-2) 
In particular cases Im may be constant. 
Mass-exchange boundary conditions of the third kind are similar to heat- 
exchange boundary conditions. For example, at the boundary betweena 
scattering medium and a vacuum the neutron flux is 


D(sr), basts=0, (2-8-3) 


where a;is a constant which may be called the coefficient of neutron ex- 
change. 

Boundary conditions of the fourth kind characterize molecular exchange 
between two media. In the case of neutron exchange the conditions are 


®,—9, and D’, (9®,) 5 = D'2 (v®2)s, (2-8-4) 


where subscripts 1 and 2 denote the contacting media, and s denotes the 
boundary between them. 

Let us consider the boundary conditions for mass and heat exchange in 
some particular cases, 

1, When liquid evaporates from a free surface which is immersed ina 
laminar flow of moist air, the interaction of the liquid surface with the 
moist air obeys boundary conditions of the third kind. The moist air may 
be considered as a binary vapor-gas mixture (p,-+-p,— p) with a constant total 
pressure (g=const). The amount of evaporating liquid is determined from 
a relation similar to Newton's law for convective heat exchange: 


Im = 4, (1s — He) =m (Pig — Po), (2-8-5) 


where p=p,—p,is the reduced chemical potential, a,is the mass-exchange 
coefficient calculated for the chemical-potential difference, and amis the 
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mass-exchange coefficient (m/hr), a quantity similar to the heat-exchange 
coefficient, referred to the difference in the volume enthalpy concentrations 
a, (m/hr). This amount of vapor, which leaves the surface of the liquid, 
can be calculated as follows. The vapor produced during vaporization dif- 
fuses into the moist air, the diffusion-flux density being equal to 


Ja =— PD 2VPro- (2-8-6) 
The presence of the gradient yp,, causes in turn an equal but opposite 
gradient of the mass content of the air: 


VPio—= — VPan Where Py Pa = 1, (2-8-7) 
and consequently also causes a diffusion flux of air: 
hai Jiais = — PDs VP ao. (2-8-8) 


If the vapor diffuses freely into the surrounding air, then for the latter 
the liquid surface represents an impenetrable barrier. As aresult, the 
amount of dry air at the surface continually increases. Since the moist- 
air pressure is constant, therefore in order to fulfill this condition it is 
necessary for the entire vapor-gas mixture to take part in a macroscopic 
(convective) transfer, Via this convective motion vapor and air are simul- 
taneously released from the liquid surface into the surroundings. If the 
velocity of this convective motion is denoted as Wn then the total vector 
flux, which is the sum of the molecular and convective vapor fluxes, may 
be written as 


i = DP VP io -- P,Wrs ( 2-8- 9) 
The total air flux at the water surface is zero: 
j2= D,,PVP 29 + P2Wn =. (2-8-10) 


Now, keeping in mind relation (2-8-7) and the equality of the interdiffusion 
coefficients (Djz=Dza), we obtain from (2-8-9) and (2-8-10) an expression for 
the convective-transfer velocity: 

Wn=— 7 WP (2-8-11) 


_ 1 — Pro 


Thus, the total vapor flux is 
= 1 
j, == — Dye =; VP 10° (2-8-12) 
10 
Here, the convective vapor transfer is taken into account by the factor 


(; - i If the molecular vapor transfer is taken as unity, then the fraction 
—~F30 


corresponding to the convective vapor transfer is p,,/(1—p,,). The amount of 
vapor given by (2-8-12) equals the amount of vapor given by (2-8-5), Thus, 
the two equations may be equated to obtain the boundary condition in the 
form 

Disp (F=pq), [VPsals +m? (Pras — (Prolel=0. (2-8-13). 


Let us now compare this relation with the boundary condition for heat ex- 
change, which may be written as 


ap (yh), + arp (fh, — Ae) =0, (2-8-14) 


where his the specific enthalpy. 
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All the parameters and coefficients refer to the surroundings. A com- 
parison of (2-8-13) and (2-8-14) shows that the boundary condition for mass 
exchange contains a correction for the convective mass transfer (the Stefan 
flux), the factor 1/(1— pio). In the case of pure heat exchange, which is not 
complicated by mass exchange, when a plane-parallel gas stream flows 
over the surface of the body, the component (Wale of the velocity vector at 
the surface of the body is small, and can usually be neglected, Therefore, 
boundary condition (2-8-14) does not contain a similar correction for the 
convective heat transfer. 


a wz (Y) 


(14t), (PI hi dP.) Ts EP: Mi Liy)s 


ey ese AS ee ee —it-—-, 


Ts (hop Wy) 


FIGURE 2-5. Boundary conditions for mass-exchange cooling 
of a porous wall 


2. The boundary conditions for a system in which there is mass-exchange 
cooling are obtained from the equation for energy balance at the boundary 
surface of the body. Mass-exchange cooling is understood to mean the cool- 
ing of a heated boundary layer by conveying masses of cold air to it. In 
porous cooling the coolant gas is admitted to the boundary layer through a 
porous wall. In evaporation cooling the coolant gas is generated at the sur- 
face of the solid body by sublimation or by chemical reactions in which the 
wall material itself takes part. In liquid-film cooling gas is obtained by 
evaporation of liquid from the surface of a film which covers the wall. 

An analysis of the solutions and the related calculations describing mass- 
exchange cooling has shown that heat exchange with a wall may be reduced 
considerably by supplying a coolant mass. Particularly suitable for this 
purpose are gases with a low molecular weight, especially hydrogen. 

Let us consider that a fluid (gaseous mixture) flows past a plane porous 
wall. In order to cool the boundary layer a coolant gas is fed through the 
porous wall, In this case, acording to Eckert /2/, the boundary conditions 
for a multicomponent gaseous mixture are (Figure 2-5); 


Sify ge .D; oie 
i (2 ag), + | Yds oy 


where g;is the density of the heat flux going off into the wall; g,is the den- 
sity of the radiation heat flux from the wall to the surroundings, 4 is the 
specific enthalpy of the coolant gas, and the subscript s once again denotes 
the surface of the wall. The first term on the right side of balance equa- 
tion (2-8-15) represents the amount of heat supplied to the wall surface by 
conduction, while the second term determines the amount of enthalpy 


thse (Pty); — Yi (erhitoy)s — 4» (2-8-15) 
. i 
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transferred by interdiffusion. The third term represents the amount of 
enthalpy supplied by the coolant gas and the fourth term represents macro- 


scopic transfer of the mixture enthalpy 4p (where ie ), taking place 


normal to the surface and with a velocity w,, 
For a binary gaseous mixture (i=1, 2) this enthalpy-balance equation 


becomes i ‘ 
t= (4-2) + [pDaa(hs — he] + 
+ hy; (pw) s nics [(p,/, + Pa h,) wy] gs] 


We may now use (2-8-9) and (2-8-10) to determine the total macroscopic - 
molecular flux of a two-component gas (air and coolant gas): 


(2-8-16) 


=f, +h2.=(P:®y)s — (PDs bie ). = [(P, + Pa) Wy] s = (Pwy,)s- (2-8-17) 


Here it is assumed that the gas (air) washing the porous wall does not dif- 
fuse into the wall in the way that air diffuses into the liquid when liquid 
evaporates from a free surface, Boundary condition (2-8-16) then becomes 


3=(2 ay gta — fas (004) s— 9. (2-8-18) 


For evaporation cooling the quantity (pw,); equals the velocity of recession 
of the evaporation surface into the wall, and h,, is the enthalpy of the solid 
body or liquid. 

3. For the heating of a moist porous body, when the internal macro- 
scopic-molecular moisture transfer is due to gradients of the potentials 
6, ¢, and p, the boundary conditions for heat and mass exchange are 


— dq (9) + Lia (®)]s — (ima (8) s=95 (2-8-19) 
dm [(V9) 5 +8, (Vt) s + 8p (VP)s] + Lim (*)] 5 = 9; (2-8-20) 
p,=p=constant, (2-8-21) 


where Aq and Aware the thermal and mass conductivities of the porous body, 
jq(x) is the amount of heat supplied to the surface of the solid body, jm(v)is 
the density of the moisture flux leaving the surface of the body (the vaporiza- 
tion rate), and jmo(t)is the liquid-flux density. 

Boundary condition (2-8-19) constitutes a heat-balance equation, The 


heat i, (*) supplied to the surface of the body is used for liquid evaporation 


rims (t) and for heating the body [—A4,y#],, This equation is similar to bound- 
ary condition (2-8-18) for the case of evaporation cooling, since the heat 


flux g,at the surface of the body is approximately equal to |— Ag on) , while 
S 


the amount of supplied heat j, equals [a(¢, —f,;)]. If the heat exchange between 
the surface of the body and its surroundings takes place according to the 
convection law, then 


[iq (*)]s = (te — Es). (2-8-22) 
Similarly, the vaporization rate may be written as 
[im (*)]s =m [Ps — Pc] =, (8, — 8c), (2-8-23) 
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where a, is the mass-exchange coefficient referred to a difference in the 
potentials 9. 

Boundary condition (2-8-20) constitutes a mass-balance equation, while 
boundary condition (2-8-21) represents the constancy of the total pressure 
of the moist air. 


2-9, Methods of Solving Differential 
Transfer Equations 


The system of differential transfer equations together with the initial 
and boundary conditions represents in analytical form the basic features 
of agivenprocess, that is, it constitutes a mathematical model. Solution 
of the model makes it possible to obtain a complete picture of the distribu- 
tion of transfer potentials in the body or system of bodies, to trace the 
time variation of the potential fields, and on this basis to analyze in detail 
the kinetics and dynamics of the process. No empirical methods of study 
or approximate methods of semiempirical nature can replace these analytical 
methods. The great successes achieved in thermophysics during recent 
years are directly related to the widespread use of the analytical theory, the 
importance of which increases constantly. Therefore, the working out of 
reliable and effective methods for solving boundary-value problems in trans- 
fer theory represents one of the vital and important problems in thermo- 
physics. 

Of extreme value are methods for solving the systems of differential 
heat-transfer and mass-transfer equations in their finite form (the various 
integration methods). A complete solution makes it possible to investigate 
quite simply the effects of individual parameters on the course of the proc- 
ess and to find relations between the most important characteristics. In 
cases when it is impossible to solve a problem in this way, methods of nu- 
merical solution or methods of experimental analogs must be used. The 
importance of numerical methods for the solution of various boundary-value 
problems has especially increased in recent years in connection with the 
intensive development and implementation of electronic computers. The 
choice of the solution method depends on the specific problem, on the re- 
quirements imposed on the calculation data, and on the estimated time 
necessary to obtain a solution of given accuracy. 

Since this monograph is devoted to working out an analytical theory of 
heat and mass transfer, let us now consider the basic analytical methods 
for solving differential transfer equations. 

Until recently the equations describing heat conduction and diffusion were 
usually solved using the method of separation of variables, the method of 
instantaneous sources, or methods based on applications of Green's function 
Dirac's function, and others. These classical methods first seek a general 
solution and then attempt to apply it to the conditions of a specific problem. 
A detailed discussion of classical methods for solving the transfer equations 
is given in the basic work by Tikhonov and Samarskii /7/. The solutions 
obtainable by classical methods are, however, not always convenient for 
practical application, Thus, it is sometimes necessary to obtain approxi- 
mate relations, in which the regime parameters of the process must be 
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separated from the physical characteristics of the body or system of bodies 
which interacts with its surroundings. These relations, which are so im- 
portant in practice, are difficult to obtain from the classical solutions. 
Even greater complications arise when systems of differential heat-trans- 
fer and mass-transfer equations are solved by classical methods. Due to 
the exigencies of engineering research engineers and physicists have found 
necessary, during the last decades, a widespread application of operational 
methods of solution. The basic rules and theorems of the operational calcu- 
lus were derived by Vashchenko-Zakharchenko /8/, and they have found very 
wide application in electrical engineering, thanks to the work of Heaviside. 
This method was so effective that it made it possible to solve many problems 
which were considered insoluble before its appearance and also to obtain 
solutions of some solved problems in forms considerably more adaptable to 
numerical calculations. 

Later, operational methods were applied in heat engineering to solve 
various problems of nonstationary [unsteady] heat conduction /9 to 11/ and 
in chemical engineering to solve unsteady-state-diffusion problems /12/, 
In recent years these methods have been used more and more in hydro- 
dynamics, neutron-transport theory, and other fields. 

A rigorous mathematical basis for the operational methods was derived 
by Efros and Danilevskii /13/, Ditkin /14, 15/, Doetsch /16, 17/, van der 
Pol /18/, and others. At present these may be considered as independent 
methods for solving the equations of mathematical physics, equivalent in 
rigorousness to the classical methods, In particular, the operational 
method of Vashchenko-Zakharchenko and Heaviside is equivalent to the 
Laplace integral-transformation method. 

The Laplace transformation method consists in studying not the function 
itself (the original) but its modification (the transform). This modification 
or transform is obtained by multiplying by some exponential function and 
integrating it between given limits. Thus, the Laplace transformation is 
an integral transformation, defined as 


LUCIA), = f Fe"as, (2-9-1) 


where Lif (t)]={f(s)}, is the transform of the original function f(t), and s=£+in 
is some complex quantity. In order for the transform to exist the integral 
on the right side of (2-9-1) must converge. This imposes certain restric- 
tions on the function f(t); for instance, it must be a piecewise-continuous 
function. The basic properties of Laplace transformations may be found 
in the previously cited references. 

If a problem has been solved by means of transforms, the original func- 
tion may also be determined from the transform (inverse transformation). 
This is generally carried out using the inversion formula 


o+ioo 
F()=L-* (fF ()},] = 35 \ es* {F (s)}, ds. (2-9-2) 


o—100 


The integration in equation (2-9-2) is carried out along a straight line s= 
= constant in the complex s=—§-+iy plane, a line parallel to the imaginary 
axis and located in the half-plane Res2=s,>s,. Methods for performing this 
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integration are described in detail in special handbooks on the theory of 
functions of a complex variable. In most practical cases inverse trans- 
formations can be carried out without using line integral (2-9-2). 

The original function may be found quite rapidly from its transform if 
the latter is a transform which has been tabulated /15, 17, 19/. In this 
case it is necessary to know a relation which makes it possible to find the 
original function when its transform has the form @M(s)/¥(s), where W(s) is 
an nth-degree polynomial with respect to s, This problem may be solved 
using expansion theorems. In particular, if W(s) has simple roots Sn, then 
the appropriate expansion theorem is 


W (s) W’ (Sa) 


a=l 


00 
f(s) =L7? [eer |= D(sn) 95,3. 


if a root Sm of the polynomial ¥(s) has a multiplicity &, then the original of 
the corresponding term is given by the formula 


m Cu | ‘ dk-! ¢ @D(s)-(s —Sm)* osx 
Fm(t) =L ‘ete |= esi lim {ae=r[~~ we? \\ 


The application of Laplace integral transformations to the solution of 
differential heat-conduction and mass-conduction equations, as well as to 
the solution of systems of differential heat-transfer and mass-transfer 
equations for the presence of phase and chemical transformations, has a 
number of advantages over the classical methods for integrating differential 
equations and also over certain other methods of integral transformation. 

First, the way in which Laplace integral transformations are applied 
remains the same for problems of quite different nature and for different 
body shapes. Thus, the solution method is more straightforward, and does 
not require special skill and a new approach for the solution of each new type 
of problem. Second, Laplace integral transformations make it possible to 
solve with equal proficiency problems involving boundary conditions of the 
first, second, third, and fourth kinds, without the introduction of any new 
assumptions or transformations. Third, the existence of a large number of 
simple theorems enables us to obtain results which are the most suitable 
under the specific conditions; in particular, solutions in a form convenient 
for calculation with small or large time intervals may be obtained. 

Fourth, the method makes it possible to solve with particular ease 
problems having simple initial conditions. Laplace transformations are 
applied most effectively with respect to the time coordinate, and also with 
respect to the spatial coordinate for a body which is unlimited or semi- 
limited in extent. Fifth, the effectiveness of solving various problems using 
Laplace transformations is increased considerably by the existence of de- 
tailed transform tables. 

Of course, Laplace integral transformations also have certain disadvan- 
tages. In particular, difficulties arise during the solution of problems in 
which the initial conditions are specified as functions of the spatial co- 
ordinates or when it is necessary to solve certain multidimensional prob- 
lems. In relation to this, a number of methods of integral transformation 
with respect to spatial coordinates, as dictated by the geometrical shape 
of the body, have been suggested. Outside of the USSR such transformations 
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have been proposed by Doetsch /20/, Sneddon /21/, Tranter /22/, and 
others, and have been used by these authors to solve various problems in 
mathematical physics. A number of works in this direction have also been 
published in the Soviet Union /23 to 27 and others/. 

If the transformation is made with respect to the spatial coordinate x, 
then the integral transformation of a function f(x) may be represented as 


{f (Meu = J K(p, x) f (x) dx. (2-9-3) 


If the kernel K(p,x) of the transformation is expressed in terms of sin pxor 
cos px, then this integral transformation is called a Fourier sine trans - 
formation or a Fourier cosine transformation. If the kernel of the trans- 
formation is a Bessel function K (p, x)=xJ, (px), then it is called a Hankel 
transformation. In the particular case when the integration limits are 
from —oco to +oo and when K(p,x)=e™, we obtain a complex Fourier in- 
tegral transformation. Complex Fourier transformations are convenient 
for problems involving infinite bodies; Fourier sine transformations should 
be used when the value of the function is specified at the surface of the body 
(boundary conditions of the first kind), whereas Fourier cosine transforma- 
tions are useful in solving differential transfer equations with boundary con- 
ditions of the second kind. Hankel transformations are used when the body 
has axial symmetry. The practical application of the above integral trans - 
formations does not involve any particular difficulty once good transform 
tables /28, 15/ have been compiled. 

In cases when the use of a Fourier transformation is justified but the 
values of the required transforms are not available, the originals of the 
transforms may be found using the following quite simple inversion 
formulas: 

for a complex Fourier transformation, 


+00 
(w= Fe [1 @e™a, 


for a Fourier sine transformation, 


f (x)= y cal (p) sin px dp, 


for a Fourier cosine transformation, 


1=V= | teoreospxdp, 
0 


for a Hankel transformation, 
@ 


f(n= s r{f, (P)},, (ar) dp. 


It is characteristic of all these transformations that the upper integra- 
tion limit is infinity. Whereas in the Laplace transformation (2-9-1), which 
is in most cases carried out with respect to the time coordinate, the infinite 
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integration limit is due to the very nature of an unsteady process, in the 
Fourier and Hankel transformations (2-9-3), carried out with respect to 
the spatial coordinates, the presence of an infinite limit restricts the range 
of application of these methods. In other words, integral transformation 
(2-9-3) can be used successfully only in systems having semi-infinite 
extent. In addition, it should be noted that when a Fourier transformation 
is applied, especially a sine or cosine transformation, convergence of the 
integrals is extremely important, since the convergence conditions here 
are more rigid than the convergence conditions for the corresponding in- 
tegrals in a Laplace transformation, 

The limited application of the Fourier and Hankel integral transforma- 
tions and in part of the Laplace transformations, onone hand, together with 
the acute necessity of solving problems with a finite range of variation of 
the variables, on the other hand, have led to the development of methods 
involving finite integral transformations. Even in cases when these meth- 
ods pertain to the range of problems which are soluble by classical meth- 
ods (using a Fourier or Fourier-Bessel series) they should be preferred, 
The simplicity of the solution technique, together with its ‘standardness”, 
ensures that methods using finite integral transformations are much more 
advantageous than classical methods, 

The type of finite integral transformation denoted as 


b 


{F (PV bey = § K (a x) F(x) ax 


a 


was first formulated by Koshlyakov /29/. Later, a comprehensive theory 
describing such integral transformations was worked out by Grinberg /30/, 
who generalized the methods used to include the case of a discontinuous 
variation in the properties of the medium in the direction of the coordinate 
with respect to which the transformation is carried out. A detailed develop- 
ment of integral transformations with finite limits has been carried out by 
Sneddon /21/, Tranter /22/, Doetsch /20/, Scott /31/, Conte /32/, and 
others. : 

If integration takes place from 0 to /, then the kernels of the finite Four- 
ier sine and cosine transformations and the finite Hankel transformation are 
respectively: 


2, ANX , 
K(p, x)=sin ——; 
K (p, X) = cos px 


(for type-II boundary conditions p=, while for type-IJI boundary conditions 


» represents the roots of the equation ptan ly): and 


A 
K (p, x)= rJ, (ux), 


where pis the root of the equation J (/p)—=0; for type-III boundary conditions 
the roots pare determined from the equation 


J, (pl) a 
v(t) 2-9-4) 
Koy 

The inversion formula is usually found by means of an expansion of the 
function in the series of orthogonal functions of the corresponding Sturm- 


Liouville problem. Therefore solutions obtained by these methods have 
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the same fundamental disadvantages as solutions obtained by classical 
methods. For instance, the inversion formulas are: 
for sine transformations, 


(= 7 Yhe sin; 


for cosine transformations, 


i (x)= fe(0) + FY) foreonttt 
for type-II boundary conditions, and 
I olka wd 2) 
(ee =? T+ Tam Tha? Fahy} + ayn fe (H) Cosme 


for type-III boundary conditions, where the summation is over all the posi- 
tive roots of the equation ptan lp=a/a; 
and for Hankel transformations, 


Sz J, (ux) 
ea yi WO) aap 


where the summation is over all the positive roots of / (f»)=0, or 


pe J, (ex) 
eee a = Maat (aA)? + ne =F an 


where the summation is over all the positive roots of (2-9-4). 

To overcome the previously mentioned difficulties, various methods of 
approximate integral transformations have been worked out, in which the 
direct and inverse transformations are accomplished using approximate 
formulas. At the same time, it has been suggested that a method of so- 
called finite Laplace integral transformations, or rather finite Green in- 
tegral transformations, be developed. Let us consider this in more detail. 

The inversion formula for the Laplace integral transformation is in 
general the Riemann-Mellin integral (2-9-2). This formula makes it pos- 
sible to obtain solutions in some desired form, such as a closed form. The 
method consists in choosing the kernel K(p, x) of the integral transformation 
in accordance with the differential equation and boundary conditions, there- 
by taking into account the geometrical shape of the body and the law describ- 
ing its interaction with its surroundings. In other words, the transformation 
kernel is a Green function for the given problem. The transform of the 
function f(x)is obtained by means of the integral transformation 


1 
{f (A}g= f K (p, x) f (x) dx, 
0 


while the inverse transformation is performed according to formula (2-9-2), 
but with {f(p)}, substituted in place of {f(s)},. 

This means of integral transformation has a physical justification. 
Actually, any integral transformation carried out with respect to spatial 
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coordinates represents, from the physical point of view, some sort of 
averaging of the physical quantity being studied. It is quite natural, more- 
over, that this averaging should be carried out not only in accordance with 
the nature of the process and the shape of the body (with the form of the dif- 
ferential equation) but also in accordance with the boundary conditions. 

In this case the solution for the transform of the function will be of in- 
dependent interest, since such a transformation corresponds, from the 
physical point of view, to a transition from an analysis of the actual values 
of the given functions (the differential equation and the uniqueness conditions) 
to average values, in perfect accordance with the actual conditions of the 
physical problem. Thus, integral-transformation methods have another, 
quite considerable, advantage over classical methods, since they make it 
possible to derive a number of regularities in the development of physical 
processes on the basis of analysis of the solution for the averaged values 
of a given physical quantity (analysis of the solution for the transform). 
This fact brings the results of analytical methods closer to the results of 
the methods used in similarity theory, a subject which will be discussed 
in the next chapter. 

Integral transformations possess special advantages for the solution of 
systems of partial differential equations. The means of solution of a sys- 
tem of equations is in principle the same as that of an individual equation 
and is carried out in several successive operations. For example, for one- 
dimensional heat-transfer and mass-transfer problems, in which the para- 
meters are functions of the spatial coordinates and of time, the following 
operations must be carried out. 

1. By analyzing the system of equations and the boundary conditions a 
suitable integral transformation or group of integral transformations is 
selected. 

2. The differential equations and boundary conditions are multiplied by 
the chosen transformation kernel and the resulting expressions are inte- 
grated, within appropriate limits, with respect to the variable to be elimi- 
nated. As aresult, instead of the system of partial differential equations 
in terms of the original functions, we obtain a system of ordinary differ- 
ential equations in transforms, which takes into account the initial (when 
using the Laplace transformation) or boundary (when using the Fourier 
transformations) conditions. 

3. The system of ordinary differential equations is solved with respect 
to the transformed functions. (If a solution of the obtained system is dif- 
ficult, then a suitable integral transformation with respect to a second in- 
dependent variable must be applied to it. As a result of this transformation 
we obtain a system of algebraic equations, whose solution is more element- 
ary. After expressions for the doubly transformed functions are determined, 
inverse transformations are applied to them. The solution obtained will 
constitute a solution of the required system of ordinary differential equa- 
tions.) 

4, More precise expressions for the arbitrary constants involved in 
solving the system of equations are obtained, the boundary conditions for 
the given problem being used to obtain them. 

0. Known relations between the transform and the original function or 
else inverse-transformation formulas are used to find the original functions. 
This represents a final solution of the problem. 
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The procedure for solving systems of differential heat-transfer and 
mass-transfer equations with various boundary conditions will be illus- 
trated in detail in later chapters of this text. 

The methods of mathematical physics, especially integral-transforma- 
tion methods, make possible effective solutions of only a relatively narrow 
range of problems in transfer theory. When systems of differential equa- 
tions with quite general boundary conditions are considered, exact methods 
of solution involve serious difficulties, and these become insurmountable 
in the case of nonlinear problems. In such situations it is necessary 
to turn to a numerical method of solu- 
tion. It is important to note that the 
use of numerical methods often makes 
it possible to get along without a sim- 
plified treatment of the mathematical 
model of the process. At present the 
most valuable method of obtaining ap- 
proximate solutions for equations of 
heat and mass transfer is the method 
of finite differences or, as it is also 
called, the net-point method. 

In the method of finite differences 
derivatives are replaced by their ap- 
proximate values, these being ex- 
pressed in terms of the differences 
between values of the function at in- 
dividual discrete points, the nodes of the net. As a result of these trans- 
formations the differential equation is replaced by an equivalent relation 
involving finite differences, whose solution may be obtained by carrying 
out certain simple algebraic operations. The final result is given by an 
expression which states the value of the "future" potential at a given point 
(node) as a function of time, of its "present" potential, and of the "present" 
potential of the adjacent nodal points. A repetition of these same operations 
to calculate the potential fields is very convenient for the application of 
modern calculating techniques, as a result of which the efficiency of the 
operation may be increased many times. 

An approximate replacement of the first and second derivatives by dif- 
ference ratios may be carried out in the following simple way. Consider the 
function y=/(x)whose curve is shown in Figure 2-6. Ifa;is the angle be- 
tween the positive x direction and the tangent to the curve ata point M(x;, y;), 
then the derivative of the function at x=x; is given by the formula 


FIGURE 2-6, Determination of the derivative 
of a function f(x). 


y’s= tan ai. 


Let us specify two adjacent points on the curve A(xi-1, ys) and P(Xi41, Yt+) 
in such a way that the differences x;—x,)=%*i41—%,;=h are quite small, and 
let us replace, as an approximation, aby Bior y: (or, alternatively, let us 
consider one of the secants MP or AM instead of the tangent MT). Then 
we obtain 


P as 2-9-5) 
yo tani = yo =e LA ( 
or 
BM — ¥i- 
y= tany;= aR ue A Fame Ee a i, (2-9-6) 
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Now, if we replace, again as an approximation, the slope of tangent MT 
by the slope of secant AP, then we have 


aw Yt+1— Yt- aQs 
yf, = He ee (2-9-7) 


The right sides of (2-9-5), (2-9-6), and (2-9-7) are called respectively the 
forward difference ratio, the backward difference ratio, and the symmetric 
difference ratio. 

An approximate value for the second derivative y”,;of the function y=f (x) 
for x=x, may be obtained in an elementary way if we replace the portion AP 
of the curve by the broken line AMP, which has two slopes at point M: 


Tw = (ee Shot) te os ; (2-9-8) 

It should be evident that formulas (2-9-5) to (2-9-8) for replacing the de- 
rivatives by difference ratios are not the only ones possible; sometimes 
it is convenient to use other substitutions. However, in numerical integra- 
tions of the heat-conduction and mass-conduction equations it is the above 
which are most often used. 

Let us consider, as an example, the one-dimensional equation describ- 
ing heat conduction in a thin insulated rod of length L: 


ot (x,t) ss 08 (x, +) 
Foie ar 


, (0<x<L). (2-9-9) 


Since t(x, t)is a function of two variables, we may use the rectangular net 
shown in Figure 2-7. Along the x axis a segment of length Lis laid off and 
divided into n equal parts. The resulting intervals each have a length of 
h=L/n, and the division points (nodes) along the x axis are at x=0, x=h, 
wo, SEL, 
On the ordinate axis is plotted the time t, which is divided into equal 
intervals i, When lines parallel to the coordinate axes are drawn through 


FIGURE 2-7, Rectangular net 


the nodes situated along the axes (in Figure 2-7 these nodes are marked 
by small crosses), a rectangular net is formed, The values of function ¢ 
at the nodes lying on the axes and on the line parallel to the ordinate axis 
and situated at a distance Lfrom it are found from the initial and boundary 
conditions. 

An approximate numerical integration of equation (2-9-9) using the net- 
point method consists in specifying an approximate value of function ¢ at 


78 


each node of the net. Let us call ¢,, the actual value of the temperature at 
some point x=ih along the rod at the moment r=&il, that is, at the node 
marked i, kin Figure 2.7. We may now replace the partial derivatives 


Sand eat the point (ih, kl) by the corresponding difference ratios given 


in formulas (2-9-5) and (2-9-8): 


Otrn fe ner—tin poo. 
a aay eae 


Oty nn be-y e— Zhen t bios 
ay et 


where e, and e,are residual terms which approach zero as J and A approach 
zero, Thus, for the node (iA, kl) differential equation (2-9-9) may be re- 
placed by the following relation: 


tinti— tin boman— 2ton bit, 
= +4, =4,( aR sight 41h t4,) 


or 


2 
tree = (1 Bt) teat Ge tteaat boa) IR, (2-9-10) 


where R=as,—+z,. 
Next we drop the residual term /R in (2-9-10) to obtain the difference 
equation 


2 
9: .n41 = (1 -—— Be) Oat Gt Oran t Been (2-9-11) 


in which ®, represents the approximate value of t;, at the same node (ih, kl). 
Formula (2-9-11) makes possible a calculation of @ at the nodes of some 
horizontal row (&+1) from the values of corresponding to the row (k) just 
preceding it [see Figure]. Therefore, with the aid of 
formula (2-9-11) we can find the values of éat the nodes 
A of the first horizontal row (for t=/) from the values of 
the temperature at the nodes along the x axis (for t=0), 
~s the latter values being known from the boundary condi- 
tions. Once we obtain the values of @in the first row the 
same formula gives the values at the nodes in the second 
f a 2 horizontal row (that is, for +=2l). This process of ex- 
panding the table can be continued as far as desired, since 
the values of the temperature at the nodes of the lines x=0 
and x=LZare known from the boundary conditions. 

Formula (2-9-11) can be derived by applying the Fourier 
and Newton laws to a composition of the heat balances for 
the elements into which the body is divided. This method for deriving the 
working formulas is widely used at present by many investigators outside of 
the Soviet Union. Following Panov /33/, let us rewrite formula (2-9-11) in 
the more convenient form (Figure 2-8) 


8, = (1— Fat) 8 + FO, + Oy). (2-9-12) 


Next, by choosing various ratios between the intervals / and Ait is possible 
to obtain from (2-9-12) a series of particular relations. Thus, for example, 


FIGURE 2-8. Net 
for the derivation 
of formula (2- 9-12) 


for l=h?/3a,, 6, thet, 
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for 1=h*/6a,, p,— tet (2-9-13) 


for [=h'/12a,, 9,— tet. (2-9-14) 
and in general 
ul _— §s +P — 2) be + 8s (2-9-15) 


{[——_,9 
a pag’ A p 


Equation (2-9-12) becomes particularly simple for p=2: 
8,+9 -9- 
§,=t7¢. (2-9-16) 


Formula (2-9-16), known as Schmidt's formula, has an important practical 
advantage over formula (2-9-13) and especially over (2-9-14), since fora 
given Athe value of /is the highest; consequently, when (2-9-16) is used, 
the amount of computational work is reduced by a factor of three in com- 
parison with (2-9-13) and by a factor of six in comparison with (2-9-14), 
It should be noted that, due to its simplicity, formula (2-9-16) is widely 
used for graphical solutions of unsteady-state transfer problems /34, 35/. 
Studies have shown that for p=1 a divergent calculation scheme is obtained. 
In general it should be noted that in the solution of unsteady-state partial 
differential equations of parabolic type the ratio between hf and /, and also 
the rounding-off error in the numerical solution, are of prime importance, 
since they determine the convergence and stability of the solutions obtained. 
Rigorous theoretical considerations indicate that: 

1) it is possible to use formula (2-9-15) only for p= 2; 

2) the largest interval of ! corresponds to formula (2-9-11), inwhich p=2; 

3) the most accurate formula is (2-9-13), in which p=6; formula (2-9-16) 
was first obtained in 1938 by Panov. 


FIGURE 2-9, Calculation diagram for heat conduction with 
boundary conditions of the third kind 


The net given in Figure 2-7 for the numerical integration of equation 
(2-9-9) is convenient when a problem has boundary conditions of the first 
kind; in this case the boundary lines *=0 and x=L are a part of the net it- 
self, If the equation is solved with boundary conditions of the third kind 
(that is, the value of the potential of the medium is given), then calculation 
experience and theoretical studies have shown that to raise the accuracy of 
the determination of the potential at the boundaries additional nodal points, 
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lying outside the region being studied, must be introduced. For example, 
if equation (2-9-9) is to be solved with the boundary conditions 


(a ees [¢ (0, *) —te] and Ge Jes 7. => [¢ (L, *) = to],” (2-9 a 17) 


then the net (Figure 2-9) should be constructed so that the right boundary 
line lies half way between the two lines x=x, and x=x,,,, while the left 
boundary lies half way between the lines «=x, and x=x, (at which x«=h/2), 
In this case the values 8,,,, and %,, which are values of the function 
located at points outside the region being studied, can be introduced. The 


derivative (=) in the second condition of (2-9-17), which corresponds to 
p+ —} 


point B(L, &l), may be replaced by a symmetric difference ratio: 


ot , __ tas, a—tnr 


eo AQ ApS + 


while the temperature at the surface itself, that is att(L, kl), may be con- 
sidered to be the arithmetic mean of the temperatures at points A and C: 


£(L, kl) fet fates, 
Thus, condition (2-9-17) becomes 


tnttra—tar | be boa 
tun Ape = — | maa +t —16| 


or, in terms of the approximate values @, we obtain after certain trans - 
formations 


(2-9-18) 


This formula is also used to find approximate values of the function at the 
nodes of the auxiliary line x=L4-4. 


The temperature along the boundary line itself x—Lis determined by 
the formula 


$ (L, Rl) — cant ® n+ak : 


which may be transformed to give 


ha 
Das + = Xr fe 
9(L, kl) = : a= 25min f hile 
a 2S +h 
“2° 
where 
S= 4/2. 
The temperature of the nodes of the auxiliary line x=— 4 is found using 
the formula 
ha a 
¢ Ft) us + h> te 
9.4.4 = == ha : 
ae a 
ot a 
* {The first condition should apparently be e \ == [¢ (0, s) — t].] 
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Along the left surface we obtain 
aoe, 
© 258.0 + Ate 


a 
ya + a 
a ~ 2S--hA 
A 


$(0, k= : 
| +> 

The technique for solving differential equations including source terms 
does not differ from the one described above. The method of finite differ - 
ences makes it possible to solve successfully one-, two-, and three-dimen- 
sional problems. Cases in which a square net is plotted for the range of 
variation of x and ywere studied comprehensively by Mikeladze /36/. Tri- 
angular and polar nets have been considered by Yushkov /37, 38/ and others 
/39/. It should be noted that polar nets are especially convenient for solv- 
ing problems with axial sysmmetry. A determination of the temperature 
field in three-dimensional space is given in /40/ for the case of constant 
thermophysical characteristics and in /41 to 43/ for the case of variable 
characteristics. All these problems have been discussed in great detail in 
references /35/ and /44/, 

As was shown by Yushkov, the method of finite differences enables an 
effective solution of the system of differential heat-transfer and mass-trans- 
fer equations, either for constant coefficients /35, 45, 46/ or for variable 
coefficients /47/. 

Altnough numerical methods have great potentiality, until quite recently 
their extended application to the solution of transfer equations involved a 
large amount of calculational work. However, the rapid development and 
availability of computers has greatly increased the importance of these 
methods in studies of transfer phenomena. Modern electronic discrete- 
type computers are designed to carry out laborious computational opera- 
tions, while certain continuous-type [analog] computers can also set up 
physical models. 

The use of models to investigate transfer phenomena is based on the 
formal identity, from the point of view of an analytical representation, of 
a series of processes. This identity is a consequence of a far-reaching 
correspondence in the behavior of compared analog systems. "The unity 
of nature, '' wrote Lenin, "is observed inthe 'remarkable similarity' of the 
differential equations referring to different classes of phenomena.''* This 
fact enables us to investigate processes taking place in a real prototype by 
means of other processes taking place in a model. A solution obtained using 
a model analog naturally will not be analytical in nature, but it can be car- 
ried out successfully by experimental means and then expressed in terms 
of the parameters of the initial problem. The most common models used 
at present are those constructed on the basis of hydraulic, electrical, me- 
chanical, and acoustical analogies of the processes, 

A hydrodynamic analogy based on the identity (in a formal mathematical 
sense) between the stream function and velocity potential of an ideal liquid 
taking part in irrotational flow and the heat-flux function and temperature 
in a system without heat sources has been used by Moore and others to 
solve two-dimensional steady-heat-conduction problems /39/. Later the 
range of application of this model has been extended to systems with dis - 
tributed sources /48/. In 1928 Emanuel, and somewhat later Budrin, de- 
signed and constructed models based on the analogy of the mathematical 


* Lenin, V.I. Sobranie sochinenii (Collected Works), Vol, 14, p. 276, — Fourth Edition. 
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relations describing the temperature distribution in a solid body and the 
pressure -head distribution in water moving through a capillary tube /49/. 
The model units, known as hydraulic integrators, made it possible to solve 
the problem of unsteady heat conduction and mass conduction. Luk'yanov 
later worked out a number of integrators for the solution of two- and three- 
dimensional problems in heat and mass conduction /50/, and Budrin /51/ 
developed hydrostatic integrators for the solution of nonlinear transfer 
equations of parabolic type. 

Koil /52/ developed a method of air-aerodynamic analogy which is 
similar to the method of hydrodynamic analogy. ‘The operation principle 
of his device is similar to that of Budrin's hydrostatic integrators. The 
amount of heat and temperature in a heat-conducting system here corre- 
spond to the amount of air and the pressure, Other types of hydrodynamic 
analogy, for example types based on the correspondence between heat trans- 
fer and fluid transfer in a porous body (between the laws of Fourier and 
Darcy), have also been proposed /53/, The value of hydrodynamic models is 
reduced due to the bulkiness of the equipment and the complexity of its 
operation, and due to certain difficulties involved in solving problems with 
variable thermophysical characteristics. 

The most widespread analogy used to study phenomena of heat transfer in 
matter is the electrical analogy. The equipment necessary for such studies 
is portable and cheap and it can be constructed quite simply and with high 
accuracy. In addition, electrical instruments are excellent, and methods for 
measuring electrical quantities have been highly perfected. The electrical 
analogy is based on the formal resemblance between differential equations 
describing heat conduction and mass conduction, on one hand, and the elec- 
trical-conduction equation, on the other. Moreover, the analogy between 
the above processes is deeper than just identity of the respective transfer 
equations. This is evident from a comparison of the electrical, thermal, 
and mass quantities and laws listed in Table 2-1, An analysis of the trans- 
fer equations and of Table 2-1 shows that it is possible to reproduce in full 
unsteady potential fields of heat transfer and mass transfer by means of 
electrical analogies, for different kinds of boundary conditions as well as 
for different types of source distributions, 

Electrical analogies may be implemented using any of various experi- 
mental devices... The method using modeling equipment in which the geo- 
metry of the prototype is reproduced while the model is prepared of a 
material with continuous conductivity is called a geometrical analog, or 
field-modeling using the method of continuous media. If the model is an 
equivalent electrical circuit with lumped constants, then the setup is called 
a modeling circuit. 

A convenient model for finding the potential field in a conductor is the 
electrolytic bath. The quite wide application of electrolytic baths has en- 
sured homogeneity of the liquid modeling medium, the possibility of cre- 
ating large-scale models, and relatively easy access to internal points in 
the liquid when volume fields are modeled. 

Electrical analogs using liquid models make use of the ionic conductivity 
of electrolytes. An electrolyte (a weak solution of salts, acids, and alkalis; 
any of various vitriol solutions; etc.) with a constant resistivity is used as 
the conductor. The model may be three- or two-dimensional, but its shape 
must be identical to the shape of the prototype body. The boundary of the 
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bath must have a potential proportional to the temperature at the boundary 
of the prototype, and this is accomplished using a metal conductor through 
which electrical current is conveyed to the electrolyte, Using such a model, 
Langmuir studied the heat transfer through the walls of a shell in the form 
of a parallelepiped /54/. When transfer potentials in a nonuniform field 

are to be modeled, an electolyte with variable concentration or a bath with 
variable depth may be used /55/. 


TABLE 2-1 


Type of transfer process 


Process characteristic 
Electrical Mass | Thermal 


Potential @ Vv 6, °M Fae © 
Motive force yo, °M/m yt, °C/m 


Charge Electrical charge Number of moles of Amount of entropy 


diffusing component 


Conductivity Electrical conductivity Thermal conductivity 


Resistance Electrical resistance, Resistance to material Thermal resistance 
transfer 
1 pg ohm-hr } degree -hr 
lent Oily ery menor MEL. it Veni 
m kg (or mole) kcal 
by kg (or mole) At 
Flux density je=R-» amperes $= le = R- kceal/hr 
e q 


Specific capacity Electrical capacity Mass capacityC,, kg Heat capacity Cg, 
C,, farads (or mole)/°M kcal/degree 


Modeling equipment operating on the geometrical-analog principle may 
also make use of models made from solid electrically conductive materials 
and coatings. In modeling plane-parallel fields some use has been made of 
models consisting of thin sheets of electrically conductive material. The 
sheet may be a piece of metal foil, metallized paper, or normal paper 
coated with a layer of electrically conductive graphite of given resistance 
(for example, Teledel'tos paper), The sheet is cut into a shape identical 
to the prototype, and electrodes are cemented on or painted on using a high- 
conductivity paint. By suitable choice of the paint, the required boundary 
potentials may be obtained. The sources are attached by means of foil 
electrodes, cemented on using a conductive adhesive, in accordance with a 
drawing on the opposite side of the sheet. Areas with different thermal or 
mass conductivities are reproduced by perforating the sheet with square 
holes or by gluing on individual sections of paper several layers thick. 

In modeling three-dimensional problems solid continuous media are 
used. However, dispersed media of various conductivities may also be 
used, for example, graphite powder mixed with quartz sand or colloidal 
masses (gelatin) /55/. 
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The possibility of using electrical networks for modeling was first 
demonstrated in 1926 by the Russian mathematician Gershgorin. One of 
the advantages of a network is that the coordinates of the network points 
are electrical, not geometrical, This makes it possible to solve, using 
rectangular circuits, problems in any coordinate system. The flexibility 
of a circuit is very convenient during preparation of a model and ensures 
its reliability during operation. 

To obtain the model, the given body is divided into a number of volume 
elements, just as in the method of finite differences. The value of the po- 
tential is then obtained for a finite number of selected points, that is, the 
continuous potential field in the body is replaced by its ''equivalent'’ lumped 
values, The electrical network (the modeling circuit) consists of electrical 
Capacities connected in parallel, these being lumped at the nodal points of 
the circuit. Sources of current and matter are reproduced by including sup- 
ply sources at one or more nodal points in the circuit in the case of concen- 
trated sources or at all the nodal points in the case of uniformly distributed 
sources, 

For the modeling of steady and unsteady heat-transfer and mass-transfer 
potential fields, various types of universal-electrical-network models, 
known as electrical integrators, have been developed and constructed, For 
example, to study plane steady potential fields with boundary conditions of 
the first, second, and third kinds, the EI-11 and EJ-12 electrical integrators 
designed by Gutenmakher may be used, w':.le unsteady fields with coefficients 
which are functions of the coordinates may be studied using EI-22, EJ-21, 
and EI-31 electrical integrators. These models have enabled the solution of 
many important problems in different branches of science and engineering 
/56/. 

Effective modeling equipment has also been constructed outside of the 
USSR, for instance those of Beuken in Holland, Paschkis, McCann, and 
Liebmann in the USA, Lawson and Jackson in England, and Fischer and 
Muller in Germany. 

Of particular interest is the model designed by Liebmann /57/ to solve 
unsteady-state problems using a network of resistors. In this model the 
solution could be interrupted, so that in this case the calculation is per- 
formed using an explicit finite-difference spatial and temporal approxima- 
tion. The latter model makes it possible, as does Budrin's hydrostatic 
integrator, to determine a temperature field while at the same time taking 
into account that the anisotropy and the variation in the thermophysical 
characteristics of the material may be temperature-dependent. 

The disadvantage of Liebmann's model is its relatively limited flexi- 
bility, since for each new problem it is necessary to change the values of 
all the resistors. This disadvantage is eliminated inthe new static (capaci- 
tive and ohmic) integrators designed at the Thermophysics Research Labo- 
ratory of the Kazakh State University im. S.M. Kirov /58, 59/, A detailed 
summary of applications of various electrical models to the solution of 
thermophysical problems is given in /59/. 

Other types of analogies are also used in the study and calculation of 
heat-transfer and mass-transfer processes, In particular, the membrane 
analogy is quite widely used outside of the Soviet Union to determine the 
volume-stress state of a body and to solve problems in steady-state heat 
conduction with heat sources /39/. 
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Methods of numerical solution and analogy are used in cases when it is 
impossible to solve a problem in a closed form [analytically] or when the 
solutions obtained are so complicated that they cannot be used for practical 
calculations. The choice between the methods of numerical solution and 
analogy depends on the specific problem, on the requirements imposed on 
the calculation data, and on the estimated time needed to solve the formu- 


lated problem with a specified accuracy. 
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Chapter III 


THE FUNDAMENTALS OF SIMILARITY 
TH EORY 


3-1. The Problem Posed 


In the study of different physical phenomena two methods of investiga- 
tion are used which make it possible to obtain quantitative laws describing 
the phenomena at hand. The first method consists of a generalization of 
empirically observed regularities, while the second method is based on 
a rigorous theoretical consideration of the problem. 

The main advantage of the first method is the reliability of the partial 
results obtained, within the limits of the experimental accuracy. The 
accuracy of an experiment can always be determined and fitted appropriately 
to the practical requirements. Moreover, during the experiment the great- 
est attention may be focused on the direct relation between the quantities 
which are of most practical interest. 

The main disadvantage of this method of investigation is the limited 
value of its results. The results of a specific experiment cannot be applied 
to any other phenomenon which differs to a certain degree from the one 
studied. Actually, since the results of any specific experiment reflect all 
the individual features of the corresponding phenomenon, it is impossible 
to decide directly from the experiment which features are the most signifi- 
cant and how their variations affect the development of the phenomenon. 
Therefore, conclusions based on an analysis of the results of an experi- 
mental study of a given phenomenon cannot be extended to other phenomena. 
Unjustified attempts to extend experimental results beyond the limits of the 
investigation very often lead to errors. Thus, rigorously speaking, if the 
experimental method is used, each specific phenomenon must serve as an 
independent object of study. This represents an intrinsic disadvantage of 
the method and leads to considerable practical difficulty, a difficulty which 
is particularly evident in the creation of new processes and equipment. 

If it were only possible to supplement experimental investigation by a 
scientifically established means of generalizing the data of a single experi- 
ment, then all the basic difficulties would at once disappear and we would 
obtain a very powerful means of solving various practical problems. Actu- 
ally, however, all the generalizations made on this basis are highly ap- 
proximate ones. ; 

The basis for a generalization of experimental results should really be 
sought in mathematical physics, that is, in the branches of theoretical 
physics which study phenomena in their most general form by setting up 
and analyzing existing differential equations. Mathematical physics 
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represents the second method for establishing quantitative laws, a method 
which is widely used in modern science, 

In deriving the differential equations of mathematical physics the most 
general laws of nature are usually drawn upon, and these laws are given 
a form corresponding to the specific features of the given phenomenon, 
When a phenomenon is considered from the point of view of the fundamental 
laws of physics, then naturally many of its specific features must be ignored. 
The general laws of physics themselves are the result of an extremely wide 
generalization of experimental data. The application of these general laws 
to the study of phenomena makes it possible, of course, to obtain very 
general relations between the important parameters of the phenomenon. 

A cogent example is the derivation of the differential heat-conduction 
equation. While deriving this equation we ignored all the specific condi- 
tions of the phenomenon and considered only an isolated differential volume 
of the body. To derive the equation only a single experimental fact was 
necessary, namely that redistribution of heat in the medium is possible 
only for a nonzero temperature gradient. This fact was described using 
Fourier's hypothesis (law), and then it became possible to apply the energy- 
conservation law to study the temperature field in the body. 

The differential heat-conduction equation describes the mechanism by 
which heat is redistributed in a material medium (it is essentially a mathe- 
matical model of this mechanism). This differential equation is thus the 
most general relation between the quantities which are essential to the 
phenomenon, and it characterizes those properties which are inherent to 
all the phenomena in this class (in our case, the class of heat-conduction 
phenomena), Consequently, every phenomenon (independently of its indi- 
vidual characteristics) whose basis is this mechanism of heat redistribution 
is described by this general equation. 

This is precisely the reason why no data on the specific values of indi- 
vidual quantities characteristic of any single phenomenon enter into the 
differential equation, The variables entering into the equation may assume 
very different values, each of which corresponds to some particular phe- 
nomenon. 

It is thus perfectly obvious that any differential equation (or system of 
equations) represents a mathematical model for an entire class of phe- 
nomena, Consequently, a class is here understood to mean the whole set 
of phenomena characterized by the same process mechanism. Correspond- 
ingly, the integration of any differential equation can lead to an infinite num- 
ber of different solutions which satisfy it. In order to obtain from the multi- 
tude of possible solutions the one particular solution corresponding to the 
given specific phenomenon, it is necessary to possess data additional to 
those contained in the initial differential equation. To obtain such data, all 
the features of the given phenomenon which distinguish it from the entire 
class of similar phenomena must be known. These additional conditions, 
which together with the differential equation or its solution uniquely deter- 
mine a particular phenomenon, are called uniqueness conditions. 

It is evident that uniqueness conditions must contain all the distinctive 
features of the given specific phenomenon. Naturally, these distinctive 
features do not depend on the mechanism of the process (which is common 
to the entire class of phenomena) and are specified in relation to the condi- 
tions of a particular problem. 
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A specific phenomenon has the following characteristics which distinguish 
it from the entire class of phenomena to which it belongs: 

1, Every given system has definite dimensions and shape. Therefore, 
the uniqueness conditions must involve the geometrical properties of the 
system. ; 

2. The bodies comprising a given system possess definite physical prop- 
erties. Therefore, to determine a given phenomenon it is necessary to know 
all the physical constants of the bodies which are important in this phenom- 
enon. 

3, Every process exists and develops in time. Inorder to determine the 
state of a system at a certain moment, it is necessary to know its state at 
some previous moment which is taken as initial. The uniqueness conditions 
must therefore include time-dependent conditions which characterize the 
state of the system at the starting (initial) moment. A complete picture must 
be had of the distribution of variables throughout the entire volume of the 
system at the initial moment. 

4, A system being studied always interacts, to some extent, with its 
surroundings. Very often this interaction is the reason for the appearance 
in the system of the process which is of interest. It is obvious that in order 
to describe completely a specific phenomenon it is also necessary to know 
the conditions of interaction between the system and its surroundings, in 
other words, to know the conditions at the boundaries of the system. 

The four above conditions, together with the differential equation (or sys- 
tem of equations), determine uniquely a given specific phenomenon. Conse- 
quently, it may be concluded that mathematical physics gives, in the form 
of a differential equation, the most general relations between the quantities 
characterizing a phenomenon, These relations are so general that they can- 
not be used directly to study a specific phenomenon, In order to use the re- 
lations contained in the differential equation, it is thus necessary to solve 
this equation and then to fit the solution to the uniqueness conditions. Such 
a solution will contain the amount of information required in practice, The 
part played by the experimental method under such conditions is merely to 
verify the individual results given by theoretical physics. 

However, in most cases it is impossible to find a solution which satisfies 
the differential equation and the uniqueness conditions. This is due to the 
complexity of the differential equations, and consequently, in the final 
analysis, to the complexity of the phenomena themselves, The Fourier- 
Kirchhoff differential equation describing heat transfer, which has to be 
solved simultaneously with the Navier-Stokes equation, is an example. It is 
impossible to solve this system of equations in its general form, and, up to 
the present, exact solutions have been obtained only for certain very simple 
particular cases, 

In the study of a complex physical phenomenon simplifications of the ini- 
tial differential equations are sometimes introduced., However, this leads 
in general to a distortion of the model of the actual mechanism of the phe- 
nomenon, which is difficult to estimate and which lowers appreciably the 
practical value of the solution obtained. 

It is now clear that, in contrast to the experimental method, which en- 
ables the study of the properties of only one single specific phenomenon, 
mathematical physics possesses means of investigation which make possible 
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an examination of the most general properties of a phenomenon, properties 
which are characteristic of the whole class of phenomena. The disadvantage 
of the experimental method consists in the impossibility of extending the re- 
sults obtained in a given experiment to phenomena which are different from 
the one studied. The disadvantage of the methods of mathematical physics 
consists in the impossibility of passing from the class of phenomena de- 
scribed by a differential equation to a single specific phenomenon, which is 
described in addition by the corresponding uniqueness conditions, Neither 
of the methods separately can, in general, be used effectively to solve the 
problems encountered in practice, 

If, without losing the advantages of the two methods, we could unify them 
into a single method, then it would be possible to obtain a highly universal 
means of studying different natural phenomena. This unification of the two 
methods is accomplished by similarity theory. Consequently, the theory of 
similarity solves the problem posed earlier, since it represents a study of 
methods leading toa scientific generalization of the data ofa single experiment. 


3-2. Transformation Factors and 
Similarity Criteria 


The foregoing analysis has led to two important concepts, that of a class 
of phenomena and that of a single phenomenon. As stated above, the transi- 
tion from a class of phenomena to a single phenomenon is accomplished by 
adding uniqueness conditions to the differential equation. This separates a 
single specific phenomenon (for example, the phenomenon of heat propaga- 
tion in the wall of a building) from an infinite number of similar phenomena 
(for example, heat-conduction phenomena in general). 

It is evident that it is impossible to extend the results of a single experi- 
ment to all the phenomena in the class as a whole, since within every class 
there are phenomena which differ greatly from one another, Thus, for ex- 
ample, the heat conduction in the wall of a building is something quite dif- 
ferent from the heat conduction in the metal blank [billet] rolled out ina 
blooming mill (although the two phenomena belong to the same class), Con- 
sequently, in the theory of similarity the special concept of a group of phe- 
nomena is introduced. A group is more limited than a class but is more 
general than a single phenomenon. A group unites all the phenomena to which 
it is possible to apply the results of a single experiment. Let us clarify how 
a group may be differentiated from the entire class of phenomena, 

Obviously, a phenomenon in a given class acquires individual features 
only when uniqueness conditions are defined for it. Consequently, every 
limitation of a class of phenomena (every narrowing of its limits down to- 
ward the limits of a group) can be achieved by some appropriate assignment 
of uniqueness conditions. A direct assignment of uniqueness conditions in 
the form of numerical values of the individual quantities involved results in 
a narrowing of the class to a single phenomenon. Clearly, such a restric- 
tion as this is excessive for our purposes. 

Let us consider the principle behind the construction of a phenomena 
group, using geometrical figures as an example, Figure 3-1 shows several 
rectangles. The concept of a rectangle’ obviously defines a whole class of 
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plane figures united by some common property (all four angles must be 
right angles). In order to isolate a single figure from this whole class of 
figures, it is necessary to specify the numerical values /,and /, of the sides. 
These numerical values represent, in the present case, uniqueness condi- 
tions. A group of figures is obtained if the sides of the basic figure are 
multiplied by some factor k&,. By assigning different values to this factor, 
we obtain a whole series of figures (Figure 3-1, a). 
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FIGURE 3-1, Class and group of plane rectangular figures 


a) class of figures (sides of arbitrary lengths); b) group of similar figures 


The figures in Figure (3-1, b) are similar to one another, since their 

sides are proportional: 

r= poh. (3-2-1) 
Thus, by multiplying the sides of the basic figure by some factor &,, which 
may have any value but which must be the same for both sides, we obtain 
a group of similar figures. The quantity kis called a transformation factor. 
For a group of figures constructed in this manner, each figure differs from 
another one in the same group only by its scale, and distortions of the geo- 
metrical shape do not occur. Each point on a given figure thus corresponds 
to a similar point on the other figure. 

Obviously, all the above discussion refers not just to two-dimensional 
figures but to three-dimensional systems as well. In geometry this type of 
figure transformation is called similar. This term is also used in similar- 
ity theory, but here it has a wider scope, since it also refers to the trans - 
formation of physical quantities, * 

We have considered a similar transformation of the geometrical proper - 
ties of a system and have obtained a group of systems whose geometrical 


* If the transformation factors for different variable dimensions of a figure (or body) are not equal to one 
another, then a transformation will obviously distort the shape and the resulting figures (bodies) will no 
longer be similar to the basic figure (basic body), This type of transformation is called affine trans- 
formation. 
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characteristics are similar. An analogous method must be used for a simi- 
lar transformation of all the other characteristics entering into the unique- 
ness conditions. First let us consider a transformation of the time coordi- 
nate, which (as do the spatial coordinates) constitutes one of the physical 
variables involved in every problem. 

The time may be transformed similarly if it is multiplied by a trans - 
formation factor k, Then, the physical variables corresponding toa time 7 
for one phenomenon must equal the same variables in the second phenome - 
non at some moment +”. The ratio 


cee 3 (3-2-2) 


is not in general unity, so that similar moments of time for two different 
phenomena in a given group are nonsimultaneous, The time intervals which 
separate these moments from a common beginning of the process have some 
constant ratio satisfying condition (3-2-2). 

If different values are given to k&, the time scale is changed. Time 
similarity of phenomena is called homochronicity (uniformity in time). It 
is obvious that in the special case k,=1 similar moments of time occur 
simultaneously, that is, the courses of the processes are synchronous. 

To construct a group of phenomena whose physical parameters are 
similar, it is necessary to multiply the value of each parameter by the cor- 
responding transformation factor. If the physical parameters have different 
values at different points in the system, then the whole parameter field must 
be similar. Thus, for example, if the thermal diffusivity of one system has 
the values a’, a’o, a’, at different points, then at similar points in another 
system of the given group it must have values a”, a”2, a”; which satisfy the 
requirement 


Oe tts, eR, (3-2-3) 


It is thus clear that similarity of initial conditions implies similarity of the 
fields of all the variables at the initial moment of the process, 

In the same way, Similarity of the boundary conditions implies a similar 
transformation of all the variables describing conditions at the boundaries 
of the system. Moreover, under unsteady-state conditions, comparisons 
must be made at homochronous (similar) moments. 

The above discussion refers to scalar quantities. When a vector is sub- 
jected to a similar transformation, its direction must remain unchanged. 
This is a direct implication of the geometrical concept of similarity. 

When the uniqueness conditions for different phenomena belonging to the 
Same Class are subjected to similar transformations, different phenomena 
groups in the given class are obtained. 

Let us now establish what common properties are possessed by individual 
phenomena within a given group. As noted previously, differences between 
the properties of phenomena in a given class are determined entirely by the 
uniqueness conditions. However, in setting up a group we chose the unique - 
ness conditions so that they differed only in their scales. Consequently, a 
given phenomenon differs from other phenomena of the same group only by 
the scale of its characteristic quantities [parameters]. Thus it is obvious 
that all the phenomena of a given group simply represent a single phenome- 
non projected onto different scales. All the phenomena included ina single 
group will be called mutually similar phenomena. 
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The basic theorem of the theory of similarity states that: 

Two phenomena are similar provided they are described by the same 
system of differential equations and they have similar uniqueness condi- 
tions. 

The first part of the theorem (that the phenomena must be described 
by the same system of differential equations) indicates that the two phe- 
nomena belong to the same class. The second part (that the phenomena 
must have similar uniqueness conditions) indicates that the two phenomena 
are in the same group. This theorem was established by Kirpichev and 
Gukhman, two investigators who have contributed a great deal to the de- 
velopment of similarity theory, and is called in their honor the Kirpichev- 
Gukhman theorem. The theorem was first published in 1931 /1, 2/. 

A group of mutually similar phenomena, that is, a set of phenomena 
which differ only in scale, constitutes a range within whose limits the ex- 
tension of the results of a single experiment is permissible and advisable. 

It is obvious that one of the requirements of the basic theorem, identity 
of the equations describing the phenomena, will be satisfied by substituting 
in the equation either the values referring to the basic phenomenon or other 
values obtained by multiplying the first values by arbitrary numbers (the 
transformation factors k). However, in order to satisfy simultaneously 
both requirements of the theorem, it is necessary to restrict somewhat 
the choice of the transformation factors, namely, each combination of these 
factors expressed as a dimensionless number must equal unity. 

As an example let us consider the heat transfer between a plane plate and 
a plane-parallel liquid flow around it. The heat-transfer equation for steady - 
state conditions and with a boundary condition of the third kind is* 


we 5 tty 5,4 (Sat oa)! (3-2-4) 


ot 
45, badt—0, (3-2-5) 


where At is the temperature drive (At=t,—f,)}. The basic system is described 
by the parameter values w’,, w’,, x’, ’, a’, y’, WV’, a’, At’, while the second system 
is described by the values w”,=k,w’,; w”y=Ryw"’y, x”=Rhix5 y=ky’, =k,t’; a” = 
=k,a’; W=kN; a” =k, 0’; At=k,At’, each equal to the product of the first-system 
value times the corresponding transformation factor, If phenomena (') and 
(') are to be similar, then equation (3-2-4) and boundary condition (3-2-5) 
must remain valid for a transition from phenomenon (') to phenomenon ("'). 
Consequently, 


ot’ ot’ Ot’ , Ot’), ot! ; 
We se twy p=" (gevbggs)t UV Gp teat =O; (3-2-6) 
a —¢ ott” ort” \, " og 
wa san wi", sa aes a” ( ox” arity t )s r) Sar ory At=0, 


Now, the ("') quantities may be expressed in terms of the (') quantities 
multiplied by the corresponding transformation factors to obtain 


kok at’ Ot \ Rake» (*t’ , Ot), 
“Er (ws ae by 57 =a aot ays) (3-2-7) 
k Re a o ’ 
aM sr take’ At = 0. (3-2-8) 


* For simplicity liquid flow at constant pressure (dp/dx=0) is considered, 
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A comparison of formulas (3-2-8) and (3-2-6) shows that they may be true 
simultaneously. However, all the equations are satisfied only when 


rg or ==; (3-2-9) 
ky Re Ri ay 
fit eke or “Emel, (3-2-10) 


This is an important result, since the selection of the & factors is restricted 
by conditions (3-2-9) and (3-2-10). Consequently, the identity of the given 
components for all analogous points of different phenomena guarantees in- 
variance of the equation for a similar transformation of all the variables, 
This is the only requirement which must be satisfied in order for a similar 
transformation of the uniqueness conditions to result in similarity of the 
phenomena. 
If we substitute in the values of the factors and separate variables, then 
we obtain the dimensionless parameters 
wi wit" 
a’ a” 


==... ==idem; (3-2-11) 


== =,,, ==idem. (3-2-12) 


Dimensionless numbers such as (3-2-11) and (3-2-12) are called similarity 
criteria. * It is standard practice to denote them by the first two letters of 
the surnames of scientists who have contributed greatly to the development 
of the corresponding fields of knowledge, Criteria which have not been so 
designated will be denoted by the letter K. Criterion (3-2-11) is called the 
Peclet number and denoted by Pe: 


Pe=™. (3-2-13) 
Criterion (3-2-12) is called the Nusselt number Nu: 
Nu= 7. (3-2-14) 


For similar phenomena these similarity criteria must have the same values 
at analogous points of similar systems. 

The quantity / entering into the similarity criteria may refer to any di- 
mension. It is only important that the criteria for all the systems be calcu- 
lated using the same rule. Usually some characteristic dimension of the 
system (plate thickness, pipe diameter, etc.) is chosen. The character- 
istic dimension introduced into the criterion is generally called the deter- 
mining dimension of the system. 

In most cases the method discussed above gives the similarity criteria 
necessary for the study of a given problem. However, this approach to the 
analysis of physical phenomena is somewhat formal in nature. Recently, 
thanks to the studies of Gukhman /3/, similarity theory has been put ona 
more solid physical basis. Because of this, the theory acquires even 
greater value as a theory of generalized variables. Let us consider this in 
more detail. 


* [See Appendix H for a list of the similarity criteria (dimensionless numbers) used in this text, ] 
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3-3, The Similarity of Heat-Exchange 
and Mass-Exchange Phenomena 


The system of differential heat-transfer and mass-transfer equations 
and the uniqueness conditions involve a large number of variables, since 
the corresponding phenomena are very complex. However, not all the 
variables are essential to the development of processes of heat and mass 
transfer. 

For each problem there exists a set of characteristic variables (specific 
for the given problem), in terms of which the problem must be considered. 
A transition to these parameters makes it possible to reduce all the quanti- 
ties essential for the process to a small (minimum possible) number of in- 
dependent and dependent variables. Similarity theory has as its purpose the 
development of general methods for determining these variables. It provides 
general methods for the direct transformation of differential operators into 
simple algebraic expressions. 

According to the theory formulated by Gukhman, this transformation 
method is essentially a replacement of the real process by a simple ficti- 
tious scheme in which all the differential operators retain constant values 
in space and time for a given state. In this case the expressions for the 
derivatives are replaced by ratios of sa quantities. Consequently, if 
dy . dy Y d*y Y 


7, 18 constant, then 7-=;, Gxt ~ x 
where the symbol ~w indicates Bek ae In general, 

dmy Y 

i i (3-3-1) 


Gukhman explains this idea by means of the following example. For 
steady-state heat exchange between a plate and its surroundings, Newton's 


law states that es 
a(to—tJ—=— A(z : (3-3-2) 


where aand aare respectively the coefficients of heat exchange and heat 
conduction. As previously, the subscript "s" refers to the surface of the 


Na a 


body, while refers to the surroundings. If Sis constant, then 


abt = Aan, (3-3-3) 
where / is the plate thickness and Afis the temperature drive (At=—?#, —f,), 


from which we obtain 


A,t 
ot = =Bi, (3-3-4) 


A,t representing the temperature dropover the distance /. i 
For a curvilinear temperature distribution, in which case 5x 1S vari- 


able, we may assume that 
at) __¢ Ait _3- 
(x), = es, (3-3-5) 


where € is the distortion factor or degree of distortion, a quantity which 
depends only on the configuration " the temperature-distribution curve: 


p= — Bi=/ (Bi), (3-3-6) 
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since for similar distributions € has equal values and is a function only 
of the Biot number Bi. 
From Fourier's heat-conduction equation 


ot art ae ee 
Oe? oxt ee 


we obtain, by similar means, the ratio 


af 4 fp, (3-3-8) 
Ait ih ' 


where Af is the temperature variation during the time t, Here, the principle 
of the transition was to assume that in the fictitious scheme the derivatives 
are equal to the ratio of the finite quantities, From a rigorous analytical 
point of view, this transformation corresponds only to the case of a con- 
stant derivative with zero initial conditions, 

Consequently, if the temperature distributions in two bodies are mutually 
similar, then the quantities av//? for the bodies must have the same value. 
Therefore, if the initial temperature distribution is given, the subsequent 
distributions depend on three quantities: the time 1, the thermal diffusivity 
a, and the characteristic dimension lof the body. It should be noted that 
not the individual values of a, t, and !are important but only their combina- 
tion in the ratio ar//?._ This combination is a generalized variable, or simi- 
larity criterion, and is called the Fourier number, The physical interpre- 
tation of the Fourier number is that it represents a generalized time, and 
thus it is one of the homochronicity criteria. 

A simultaneous analysis of differential equation (3-3-7) and boundary 
condition (3-3-2) leads to the relation 


37 =? (Bi, Fo 7). (3-3-9) 


where the ratio x/l/is a parametric criterion. Ratio (3-3-8) is a ratio of 
temperature differences which have been transformed with respect to time 
and space, Thus, the Fourier number is a ratio of transformed tempera- 
ture differences. 

As aresult, it was suggested that similarity criteria be derived with 
respect to the transforms rather than to the original functions. It is known 
that the Heaviside operator p, introduced with respect to the time variable 
t, gives the following relations: 


dt . dmt 


Fe Pt — tes Fe = pt — p™- 1 (0)...é™-* 0); (3-3-10) 
es eee ae re es 
pp: ° p= 2 > prs mi’ 


where = signifies operational correspondence, Consequently, if the deriva- 
tives are replaced by the ratio of the given physical quantity divided by the 
mth power of the variable, then this actually represents a transition from the 
original function to its Carson-Heaviside transform. This corresponds es- 
sentially to the analytical transformation itself. Operational methods are 
mathematical methods which transform the symbols of one operation to the 
symbols of another operation. The operational method consists in trans - 
forming the operator, not the quantities: 


ieee emt = mt, (3-3-11) 
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if ¢(0)=? (0) =...tm-' (0) =0, 
The Heaviside-Carson method is a method of integral transformation, 
and it is defined by the relations 


F (p)=p { f(s)e“P*ds; (3-3-12) 
0 
c+ie 
f()=54 \ 210) eF'dp, (3-3-13) 
c—ico 


where F(p)is the transform of the function f(t), The Heaviside method is 
an interesting one in that it makes it possible to break down operations and 
to introduce fractional differentiators and integrators. For example, 
p= £., pis. The integration operation is replaced by the operator /; 


Vat 


under certain conditions an interrelation exists between these operators: 


5 
> etc. 

Therefore, to obtain similarity criteria it is possible to use not only a 
system of differential equations but also mixed systems of integral-differen- 
tial equations. This fact constitutes a definite advantage of operator methods, 

Usually, the Heaviside-Carson or Laplace transformation methods are 
applied to unsteady-state processes, so that the transformation is carried 
out with respect to the time coordinate (integration being over limits from 
zero to oo). These processes are only beginning to be studied at present, 
and steady-state heat-transfer and mass-transfer processes have been of 
greatest interest. The Heaviside-Carson transformation may also be ap- 
plied to the spatial coordinates, provided they vary from 0 to oo(an infinite 
body). 

When bodies of finite dimensions are involved, the finite integral trans - 
formations of Fourier, Hankel, and others are applied, However, only in 
certain particular cases is it possible to write the relation 


posit; pts? * 


y 
er pt. (3-3-14) 
Moreover, a Fourier cosine or sine transformation does not eliminate the 
derivative = or any other odd derivative, since the integral fi (x) ai ied dx can- 
cos p 


not be expressed in terms of F(p). A finite Hankel integral transformation 
enables the elimination of the set of terms 


FQ=7-¥(" + or (3-3-15) 


or \" or r3 
We thus obtain the relation 
F(t) =— pt +9(p, tw), (3-3-16) 


where 9(p, t,)is a function depending on the boundary conditions. Here, 
the subscript wdenotes the surface of the body, 

Consequently, a transition from differential equations to algebraic equa- 
omt 


jun DY the expression 


tions consist not only in replacing the partial derivative 


p™ but also in introducing additional relations which take into account the 
boundary conditions (the interaction between the body and its surroundings). 
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Physically, this means a transition from the actual values of the given 
quantities (differential equations and uniqueness conditions) to average 
values, calculated in accordance with the specific conditions of the physical 
problem using the methods of operator transformation. 

Heaviside's operator method has a certain advantage over methods of 
integral transformations, from the standpoint of its use in the theory of 
operator similarity. During the evolution of the operational calculus the 
original point of view of Heaviside was for a time largely supplanted by the 
works of Carson, Bromwich, Doetsch, and van der Pol, who based their 
investigations on the Laplace transformation and the Mellin integral. How- 
ever, a complete return to the initial point of view of Heaviside was made 
in 1946 by the Polish mathematician Mikusinski /5/. In the operational 


calculus of Heaviside and Mikusinski the operator p= oi is utilized to reduce 


a differential equation to an algebraic equation. 

More recently, Ditkin /6/ introduced the Bessel operator B=5« 4, 
closely related to the Bessel equation, which makes it possible to solve a 
number of differential and integral equations. 

Let us now return to Gukhman's method of transition from a real process 


t 


to a very simple model scheme, by means of the relation oe It should 


be noted that this method makes it possible to obtain similarity criteria for a 
a whole class of phenomena, since differential equations describe a class of 


similar phenomena, If as isreplacedbyp™ andthe boundary conditions are 


taken into account, then it is possible to obtain not only the set of similarity 
criteria for a given law of interaction between the body and its surroundings 
but also to establish the interrelation between the similarity criteria and 
thus to find the basic similarity criteria. 

Therefore, solutions for the transform, which may be obtained in an 
overwhelming majority of cases, constitute basic initial relations for de- 
termining the relation between the generalized variables. As is well-known, 
the difficulty of an analytical investigation consists in the transition from the 
transform to the original function [inverse transform] and not in obtaining 
the solution for the transform. Moreover, from the solution for the trans- 
form it is possible to obtain a number of approximate calculational relations 
by using transform tables and by simplifying (by approximation) the solution 
for the transform. 

Thus, when operator methods are applied to the differential equations 
and the uniqueness conditions are taken into account, it is possible to ob- 
tain relations between the average values of the basic similarity criteria 
for heat and mass exchange. The simultaneous application of Similarity - 
theory methods and operator methods has enabled a further development 
of the theory of heat and mass exchange, on the basis of the methods of 
operator similarity. 


, 
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3-4, Similarity Criteria for Heat and 
Mass Transfer 


The similarity criteria for heat and mass transfer are obtained from the 
differential transfer equations and the uniqueness conditions. For a binary 
vapor-gas mixture, neglecting thermal diffusion and diffusive heat conduc- 
tion, the equations describing heat and mass transfer are 


wow =g—— p+ yyw; (3-4-1) 
ot twyt=a, 9%; (3-4-2) 
Pr 1 

“ + WP io = D9 Pro> (3-4-3) 


with the corresponding uniqueness conditions (zero velocity at the surface 
of the body and constant velocity far from the surface). 
In the simplest case the boundary conditions for heat and mass transfer 


are 
A(vt)s-a(ts—te) =4' (yt’), + Fa(t’s —t.) = 0; (3-4-4) 


D,.P (Fy), Lorre (VP) s + amP [(P10) 5 — (Prode] = 0, (3 -4- 3) 


where the subsript s refers to the surface of the body and subscript c de- 
notes values in the surroundings, far from the surface of the body. The 
relation t;=?’; is thus valid. 

Let us now pass from the real transfer process to a model process in 
which the differential parameters are constant in space and time. In such 


a case Om, yor} VO vine: etc., where wis some reference 
velocity, for example the velocity of the mainstream far from the wall, 
and tis a reference temperature (the flow temperature). Using this method, 
we obtain from equation (3-4-1) the following criteria: 

~-=Ho; a= Fro soe Eu; at =Re, (3-4-6) 
where Ho is the homochronicity criterion [Strouhal number] (all the similar- 
ity criteria involving time are called homochronicity criteria, since they 
determine the temporal transformation factor in terms of multipliers made 
up of the other physical quantities); Fr is the Froude number; Eu is the 
Euler number; Re is the Reynolds number. 

Consequently, for two or more hydromechanically similar systems the 
quantities Ho, Fr, Eu, and Re have the same values at all similar points. 

In practical applications of similarity criteria it is advisable to give some of 
of these criteria a more convenient form, namely one which enables a di- 
rect determination of the quantities involved in the criteria. 

For example, in studies of the fluid motion caused by a difference in the 
densities of individual particles it is impossible to measure the velocity. In 
this case, instead of the Froude number it is more convenient to use the 
Galileo number Ga or the Archimedes number Ar. The latter is obtained 


* [The Froude number is usually defined as the reciprocal of this quantity. ] 
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by dividing the Galileo number by pote, where ¢ and , are the fluid densi- 


ties at two points in the system: 


Ga=FrRe'="; (3-4-7) 
Ar=Gal—& 2 Gh (3-4-8) 


If the density difference is determined by the temperature difference Af, 
then io Pe == Bat, where 8 is the bulk expansion coefficient for the mixture. 


When this value is substituted into formula (3-4-8), we obtain the Grashof 
number Gr: F 
Gr=p& at. (3-4-9) 


It should be noted that Fr, Ga, Ar, and Gr are actually identical and that 
these are four different forms of the same criterion, 

The Euler number is usually expressed in a different form, in which the 
pressure drop (hydrodynamic resistance) in a liquid or gas pipeline enters 
in instead of the pressure. The relation between the similarity criteria for 
forced isothermal motion is thus generally represented as 


Eu=[ (Re). (3-4-10) 
From equation (3-4-2) and boundary condition (3-4-4) we obtain the Fourier 
Number Fo, the Peclet number Pe, the Lewis number Le, the Nusselt num- 
ber Nu, the Biot number Bi, and the parametric criterion K;: 


Fo=%s; Pex; Le=; ‘Nu=; 
a» 


Bi=5; Ka=(c,—¢,)Cp- (3-4-11) 


Consequently, for thermal similarity between systems the quantities Fo, 
Pe, Nu, and Le have the same values at all similar points of the systems. 

The Peclet number may be transformed and represented as the product 
of the Reynolds number times the Prandtl number Pr (where Pr = w/a): 


Pe —=—- = — —=RePr. (3-4-12) 


In the experimental study of a heat-exchange process which is not compli- 
cated by mass exchange (Le = 0), the important quantity is the heat-ex- 
change coefficient a. Therefore, the relation between the similarity cri- 
teria must be 

Nu=f (Fo, Pe).: (3-4-13) 


A necessary prerequisite for thermal similarity is mechanical similarity. 
Thus, the Reynolds and Grashof numbers must be introduced into the argu- 
ment of the criterial relation, The relation between the similarity criteria 
for processes of pure heat exchange consequently may be written as 


Nu=/(Fo, Re, Gr, Pr). (3-4-14) 


For a vapor-gas mixture, in which the lift force is determined not only by 

the temperature difference but also by the moisture-content difference (the 
density of moist air is lower than the density of dry air), the Grashof num- 
ber must be replaced by the Archimedes number, 
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The parametric criterion K,=(c;—c2)/ cp for moist air may be replaced 
by the two criteria Ky=M,/M, and Kg=d,, where M,and M, are the molecular 
weights of the binary-mixture components (dry air and vapor) and dis the 
moisture content, since the isobaric specific heat of a mixture is a function 
of the molecular weights of the mixture components and of the moisture 
content: 


Cp==CPio t+ CP, and P=: (3-4-15) 


From mass-transfer equation (3-4-9) and boundary condition (3-4-5) 
we obtain the following criteria: 
D,yt, lL. mf. 1 
Fo, == ; Pem= 5-5 Num = jo ‘.=7-,,’ (3-4-16) 
where Fom, Pem, and Num are the mass-exchange (diffusion) Fourier, Peclet 
and Nusselt numbers (compare with the heat-exchange criteria defined in 


(3-4-11)). Obviously, 

Peg = 5-= 5 FS RePtm, (3-4-17) 
where Prin = F- is the mass-exchange (diffusion) Prandtl number. By means 
of the Lewis number, the mass-exchange Fourier number Fom may be ex- 
pressed in terms of the heat-exchange Fourier number: 

Dyt__ at Dy 


=— —"=FoLe. (3-4-18) 


i Pa 
Criterion K, may be replaced by the moisture content dof the air near the 
surface of the body, since d is a single-valued function of p,, (see formula 
(3-4-15)). 

The processing of experimental data on mass exchange is usually car- 
ried out by means of some relation between the similarity criteria: 


Nu,,—f (Fon, K,, Re, Ar, Prm). (3-4-19) 


When applied to individual problems criterial relations (3-4-14) and (3-4-19) 
may often be simplified. For example, for steady-state processes the cri- 
teria Fo and Fom drop out, while for forced turbulent motion it is usually pos- 
sible to neglect the effect of free motion, with the result that Gr and Ar 
drop out. 

When liquid evaporates from a free surface in the boundary layer of a 
vapor-gas mixture, very small water droplets will form and fall down 
(macroscopic dispersion of the liquid by a turbulent air flow). This effect, 
a transfer into the boundary layer of the liquid phase, is particularly evi- 
dent ‘during the drying of porous bodies, when the presence of excess pres- 
sure inside the body facilitates the macroscopic dispersion of the liquid. 

In this case a heat-sink term, representing evaporation of the liquid phase 
in the boundary layer, appears in the differential equation describing heat 
transfer in this layer (see formula (2-1-78)): 


Fon, = 


(Ai—Ag) Trial (3-4-20) 


CoP CrP ° 
A comparison of this expression for the heat sink with the first term 
on the right side of differential heat-transfer equation (3-4-2) leads us to 
define the Gukhman number 


Gu a tls Ae = Pas) _ To = Tas (3-4-21) 
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since the heat, transferred by conduction, required to evaporate the very 
small liquid particles is 
rioly=A(To—Tas), (3-4-22) 


where 7as is the adiabatic-saturation temperature of air. The Gukhman 
number is a variable quantity, since 7, varies both across and along the 
boundary layer. However, for steady-state conditions with a given tem- 
perature drive the average Gukhman number may be introduced, equal to 
(T~-—Ta)/Te, where T,is the absolute temperature of the flow. The Gukhman 
number also should be introduced into the criterial relation for the mass- 
exchange criterion Nu», since the source strength I, enters into the differen- 
tial mass-transfer equation. The criterial relations for Nu and Nu,, for the 
steady state will thus be 


Nu=f(Re, Ar, Pr, Gu); (3-4-23) 
Num=/(Re, Ar, Prm, Gu). (3-4-24) 


In a rigorous study of heat and mass exchange it is necessary to take in- 
to account diffusive heat conduction, by introducing an extra term into heat- 
transfer equation (3-4-2), Thermal diffusion is taken into account in the 
differential mass-transfer equation by means of an additional term on the 
right side, 

DQCm1 9 
—7 V t. 


These additional terms give us two new criteria, the Soret number and the 
Dufour number, defined as* 
SO=CmQ*=kr and Du=Q*/cpT¢, (3-4-25) 


where kr is the thermal-diffusion constant. 
The differential heat-transfer and mass-transfer equations for a porous 
body 


ot m 08 k 
ge = avie-peS +E vives (3-4-26) 
08 : 
Be = Fm (90+ 8,9%t + 8 p9*2); (3-4-27) 
0 m 08 
=a — ee S, (3-4-28) 
and the boundary conditions 
— Az (yt) s+ ig (t) — (1 —®) rim (2) = 9; (3-4-29) 
Ami (V9) + 85 (9t)s + 8p (VPs) + fm (*) = 9; (3-4-30) 
?;=p=constant, (3-4-31) 
where 
jg=% (te —ts) and im == % (8, — 6), (3-4-3 2) 


heat-exchange parameters being denoted by the subscript g and mass-ex- 
change parameters being denoted by m, lead to several new similarity 
criteria. 

1, The criteria for homochronicity of the transfer -potential fields, called 
the Fourier numbers for the corresponding type of heat and mass transfer, 


* In /7/ So and Du are defined differently; however, their physical meanings (see below) are the same in 
both cases, 


102 


are defined as 
Fog = 4,7/R®, Fon=@mt/R*, Fop=@,2/R’, (3-4-33) 


where Ris a characteristic dimension of the body. These criteria are 
interrelated by means of the quantities Lu and Lu,, to be defined next. 

2. The interrelation criteria for mass and heat transfer are [the 
Lukomskii numbers] 


Lu="% and Lu,=<2, (3-4-34) 
consequently, : 
Fo,==FoLu and Fo,=FoLu,. (3 -4-35) 
3. The Kossovich number is defined as 
Ko = mA8 rag (3-4-36) 


cgot —s At 


4, The Posnov numbers for moisture transfer by mass conduction (Pn,) 
and by seepage (Pn,)are defined as 
b,A¢ 


Pns=-—, and Pn,= 


B At 
IX) ry 


a8 


The Posnov number is usually defined as the relative drop in moisture 
content of the body caused by a temperature difference: 


(3-4-37) 


Po oo! (3-4-38) 


=F 
where Sis the thermal-gradient coefficient 
08 

bah: [4+(ar), |: (3-4-39) 


If this relation is substituted into the definition of the criterion, then we 
obtain 


Pn=Pa,+ (sr) (3-4-40) 
where (sr ) is the relative mass-transfer temperature coefficient 
° oo" __7_9(b/A8) Ale 
(sr) =| O(T/4T) | eeetoe 


If the mass-transfer temperature coefficient is zero, then Pn and Png, are 
equal. In analytical calculations the product e PnKo is often introduced as a 
generalized variable, and some authors call it the Fedorov number 
Fe=eKoPa= =, (3-4-42) 

| 
This criterion does not depend on the choice of the heat-transfer and mass- 
transfer potentials and is determined only by the thermophysical parameters 
e, 6, 7, and Cy. 

5, Finally, from differential equation (3-4-28) the generalized variable 


c,dp — Bu 7 
K=Ra= aa acy (3-4-43) 
is obtained, where the Bulygin number is defined as 


(3-4-44) 
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From boundary conditions (3-4-29) to (3-4-32) we obtain two additional 
Biot numbers, the heat-exchange criterion 


Bi, = a ek (3-4-45) 


he <a 
and the mass-exchange criterion 
fi. es, . (3-4-46) 
The Biot numbers vary from zero to infinity Q<Bi<oo), If the heat fluxes 


jj(s) and j,,(t) cannot be determined from (3-4-32), then instead of Bi, and 
Bi, two Kirpichev numbers are used, the mass-exchange criterion 


: im(s)R im(t)R ae 
Km = RO ig SE eee 
and the heat-exchange criterion 
-  fg(t)R__jg(t)R ve 
Ki,=4a7- ayah” (3-4-48) 


If the fluxes j,(s) and j,,(t)are determined by the laws describing convective 
heat and mass exchange, then the following interrelations exist between the 
above criteria: 


et and Ki, ==Bin — ; 
The quantities AT, Au, A§, and Apwhich enter into the similarity criteria for 
heat and mass transfer are selected in accordance with the conditions of the 
specific problem. 


Ki, = Bi, (3-4-49) 


3-5. The Physical Meaning of the Similarity Criteria 
for Heat and Mass Transfer 


Let us now consider the physical significance of the basic similarity 
criteria for heat and mass transfer, The Reynolds number may be writtenas 
2 
Rea (3-5-1) 
Consequently, this criterion represents the ratio of the inertia forces to 
the friction forces, 

The physical meaning of the Nusselt number may be represented in vari- 
ous ways. For example, this criterion may be regarded as the ratio of the 
density of the actual heat flux (determined in terms of the heat-exchange 
coefficient a) to the density of the heat flux which would exist under condi- 
tions of pure heat conduction in a layer of thickness /: 


al a 
Nua yr. (3-5-2) 


If we consider the heat exchange between two walls between which there is 

a gap of thickness / filled with a medium of thermal conductivity 4, then the 
Nusselt number is the ratio of the apparent thermal conductivity A,x=al to the 
actual thermal conductivity A: 


Nu=-+=-;- (3-5-3) 
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Consequently, the Nusselt number indicates the increase in heat-exchange 
intensity due to convection, in comparison with pure heat conduction in a 
medium at rest. For Nu=1 the heat-exchange process is identical to pure 
thermal conduction through a layer of thickness /, 

It was noted earlier that the Nusselt number differs from the Biot num- 
ber (Bi=al/i’) only in that it contains the gas thermal conductivity 4 in its 
denominator rather than the solid-body thermal conductivity 4’... The Biot 
number is a decisive criterion, while the Nusselt number is not, This is the 
the main difference between the two. Moreover, it should be noted that the 
Biot number is not related to any supplementary conditions; it is obtained 
directly from the boundary condition. In deriving the Nusselt number from 
the boundary condition, on the other hand, it is assumed that heat is trans- 
ferred through the gas layer adjacent to the surface by conduction. 

The Biot number may be represented as the ratio of some important 
dimension / to the distance 4a from a reference point to the surface of the 


body (see Figure 2-4): 


; al_ —ssiI sm 
Bi= 47 =@ay" (3 5 4) 


In addition, the Biot number may be regarded as the ratio of the tempera- 
ture drop A? in the wall to the temperature drive At, Under steady-state 
conditions Bi is exactly equal to this ratio (see formula (3-3-4)), Finally, 


the Biot number represents the ratio of the thermal resistance * of the 
wall to the thermal resistance to heat transfer 4 at the surface. 

The previous statements about the Nusselt number can be extended to 
the mass-exchange Nusselt number, which is defined as 


Nie ee a (3-5-5) 


hmi Die 


where i,,,is the mass conductivity of a binary mixture(4,,—L,), and D,,is the 
interdiffusion coefficient (D,,=4,,/cm,p). The mass-exchange coefficient a,, is 
the analogof the heat-exchange coefficient a, referred to the difference in the 
volume enthalpy concentration (Nu=a,!/a,). 

The Peéeclet number is defined as 

Pe =“ te (3-5-6) 
The quantity c,pwis the heat-flux density, for the heat transferred by a 
moving fluid for a temperature drop of 1°. The ratio (A/l)is the density of 
the conductive heat flux in a layer of thickness /, In both cases the same 
motivating temperature drive must be taken. Consequently, the Peclet 
number represents the ratio of the convective heat transfer to the conductive 
transfer in a moving mixture, 

The Prandtl number v/a is the ratio of two molecular -transfer coefficients, 
the numerator representing momentum transfer by means of internal friction 
and the denominator representing heat transfer by conduction. Consequently, 
the Prandtl number also represents the ratio between the velocity and tem- 
perature fields. The relation Nu=f(Re, Pr) may thus be given the following 
physical interpretation: the amount of transferred heat (Nu) depends on the 
nature of the velocity field and on its coupling to the temperature field (Pr). 


Onl a | 


- This definition should be Nu,= mi Das Omid’ 
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For ideal gases the Prandtl number can be calculated using a formula 
from the kinetic theory of gases, provided the number of atoms is known. 
Theoretically Pr for an ideal gas is independent of temperature; for a real 
gas Pr must be determined experimentally. 

The mass-exchange Prandtl number is sometimes called the Schmidt 
number (Sc=Prm), by analogy with the heat-exchange Prandtl number. It 
characterizes the coupling between the chemical-potential field and the 
temperature field. 

As aresult of their mutual independence, any combinations of the above 
similarity criteria constitute new, perfectly valid criteria. Criteria are 
chosen from all the many possible combinations on the basis of practical 
considerations, so that a desired quantity will, if possible, enter into only 
one criterion. Variables which are not specified according to a condition 
should be eliminated. An example of such a combination is the Stanton 
number 

st— t= (3-5-7) 


—RePrcppw” 


From the system of differential equations describing heat and mass 
transfer in a binary gaseous mixture, taking into account thermal diffusion 
and diffusive thermal conduction, two similarity criteria are obtained, the 
Soret number and the Dufour number. The Soret number, characterizing 
the thermal-diffusion effect, is equal to the thermal-diffusion constant, a 
quantity which depends on the conditions and mechanism of interaction be- 
tween the molecules. The Dufour number is the ratio of the isothermal 
mass-transfer heat Q* to the enthalpy of a unit mass of mixture. Conse- 
quently, the Dufour number characterizes the diffusive heat conduction, in 
comparison with the convective heat transfer, under conditions when the 
linear velocities of the diffusive and convective transfers are equal, 

The dimensionless parameter Lu indicates the rate of variation of the field 
of the mass-transfer potential (§ or p) relative to the variation of the tem- 
perature field (the heat-transfer potential). Similarly, the Lewis number 
represents the rate of variation of the chemical-potential field with respect 
to the temperature field in a moving fluid flow (gaseous mixture). The dif- 
ference between Lu and Le is analogous to the difference between Bi and 
Nu. Lu is the ratio of the mass-transfer potential conductivity amor @p of a 
a porous body to the thermal diffusivity a,, while the Lewis number is the 
ratio of the diffusion coefficient Dof a mixture to the quantity a,. Conse- 
quently, Lu indicates the coupling between heat and mass transfer ina 
porous body or dispersed medium, while Le indicates this coupling for a 
gaseous mixture, The numerical value of Le is close to unity, whereas 
Lu varies from 0 to 2 or 3 and Lu, is of the order of 100 or 1000; thus, 

Lu varies over a wide range. 

The Kossovich number Ko gives the relation between the amount of heat 
(rAu) consumed during the vaporization of liquid and the heat (cgAt) consumed 
to heat a moist body. 

The Posnov number indicates the drop A§in mass-transfer potential 
causedby atemperature difference (Png) or a pressure difference (Pn,). 

The Bulygin number is the ratio of the heat consumed during evapora- 
tion of the liquid which is removed by seepage transfer to the heat consumed 
in heating a moist body. 
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The Kirpichev heat-exchange number Ki, indicates the ratio of the heat 
flux conveyed to the surface of a body to the heat flux drawn off within a 
body. Similarly, the Kirpichev mass-exchange number Kim is the ratio of 
the mass-transfer flux to the isothermal mass flux supplied to the surface 
of a body. 


3-6, A Dimensionless Form of the Mathematical 
Model of Heat and Mass Transfer 


In the previous sections we considered two methods for obtaining dimen- 
sionless numbers. An evaluation of the experimental data in terms of gener- 
alized dimensionless variables (using criterial equations) makes it possible 
to extend the results of a single experiment to a group of similar phenomena. 
Similarity theory may be applied most fruitfully in cases when it is impos- 
sible to find a relation between the variables by solving the corresponding 
differential equations. In those particular cases when such a relation can be 
found, the necessity of using similarity theory diminishes, However, even 
then dimensionless means of describing the mathematical model of the proc- 
ess are of definite advantage. 

First, a solution of the heat-transfer and mass-transfer equations in 
dimensionless form is less difficult than a solution of these equations in 
dimensional form, since the number of generalized variables is reduced. 
For this reason the amount of computational work associated with dimen- 
sionless solutions is at a minimum. 

Second , when the differential equations and limiting conditions are 
written in dimensionless form, it is possible to make the following step 
toward a generalization of transfer phenomena: for a large group of coup- 
led transfer phenomena the systems of differential equations are identical 
and the physical meanings of the corresponding dimensionless numbers are 
similar. Consequently, the possibility presents itself of setting up models 
of coupled unsteady-state processes, whereby the conditions of complex 
and expensive processes may be investigated and analyzed using relatively 
simple and inexpensive analogs. 

In Chapter II we considered the generalized system of differential transfer 
equations. This system of equations can easily be put into dimensionless 
form. For example, for a one-dimensional stationary body or for a medium 
without sources system of equations (2-6-16) in Chapter II becomes 


0°05, T 30 
se (xt tx Sx)» (3-6-1) 


(i, p= re (4 


6; — 0, 
(28, i) 


tial difference chosen appropriately with respect to the conditions of the 


where 0;= is the dimensionless transfer potential ((A§);is some poten- 


problem, while 6, is a fixed initial potential); Kia. a is a simple or 


compound dimensionless number characterizing the eeaneiee of the ith 


coupled quantity under the effect of the jth motive force; Fo; = “is the 
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homochronicity criterion; X=--is a dimensionless spatial coordinate; 


and ris a form factor, zero for an infinite plate, unity for an infinite cylin- 
der, and equal to two for an infinite sphere. In particular, the parameters 
entering into (3-6-1) for the case of a binary gaseous mixture (/, j=1, 2)are 


ee ae 0,—p*;,: 
K,,=1-+DuSoLe; K,,=—DuLe; (3-6-2) 


a1 = Le So; Ki, =Le, 


whereas for molecular heat and mass transfer in a dispersed medium, 
which is coupled with a phase or chemical transformation (i, j=1, 2), the 
parameters are 


0,=T; 0,=9; 
K,,=1-+Ko*PnLu; K,,==— Ko* Lu; | (3-6-3) 
K,, =— Lu Pn; K,, = Lu. 


If equation (3-6-1) describes the drying or moistening of a body, then the 
modified Kossovich number Ko™* is actually the product of the phase-transi- 
tion ratio times the ordinary Kossovich number: Ko*=eKo. 

Relations (3-6-2) and (3-6-3) are a good example, provided we keep in 
mind the previously mentioned physical meanings of the individual similar - 
ity criteria, of the deep-seated resemblance existing between the two dif- 
ferent transfer processes and the individual similaritycriteria. Inthis case 
the coupling criteria Le and Lu, the Soret number and the Posnov number, 
and the Dufour number and the Kossovich number Ko* form analogous pairs. 
The difference in the signs of K,2 and Ky, is due to the choice of the dimen- 
sionless potential @. The analogy between phenomena of heat and mass 
transfer in various media makes it possible to concentrate our main atten- 
tion in the following chapters on solving and analyzing system of equations 
(3-6-1) with the dimensionless coefficients expressed by relations such as 
(3-6-3), namely the system of equations: 


OT (X, F 


— Ko* Lu [ Hoek Fo) re ELC) gr 54,0, (3-6-4) 
08(X, Fo) __ °0(X,Fo) , © g0(X. Fo 
0Fo — Lu | a ar) ae a He 
—LuPaf 27%.Fo) en Fo) Lal OEE er |. (3-6-5) 


It will also be possible to relate, in a simple way, problems of coupled 
transfer to problems from the classical theory of heat conduction and 
diffusion. 
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Chapter IV 


UNSTEADY FIELDS OF HEAT-TRANSFER AND 
MASS-TRANSFER POTENTIAL WITH BOUNDARY 
CONDITIONS OF THE FIRST KIND 


4-1. The Dimensionless Boundary Conditions 


For boundary conditions of the first kind the values of the transfer poten- 
tials at the surface of the body or system are given. Such conditions may 
exist in different types of heat-engineering and chemical equipment while 
the coefficients of heat and mass transfer are being determined, and in many 
other cases as well. During the course of the process the values of the 
potentials at the surface may either be maintained constant or varied in time 
according to some known law. 

In general boundary conditions of the first kind represent a particular 
case of the more general class of boundary conditions of the third kind. If 
the heat-exchange and mass-exchange coefficients or the corresponding Biot 
numbers go to infinity, then the latter conditions become boundary conditions 
of the first kind. However, there are a number of problems related to the 
transfer of heat and matter which are described only by boundary conditions 
of the first kind (for example, heat and mass transfer in an insulated body). 
In such cases an additional condition is imposed upon the heat and mass 
transfer, namely that the integral mass-transfer potential (or for a moist 
body, the average mass content) must be constant, For a one-dimensional 
classical body this condition may be written as 


R 
e"6(e, +) d§—6,—= constant, 


0 


or in terms of dimensionless quantities as 
1 
f X™@(X, Fo) dX =0, (4-1-1) 
0 


where @= (6, — 6)/6, is the dimensionless mass-transfer potential; X—t/Ris 
the dimensionless spatial coordinate (§ is the instantaneous position, and R 
is a characteristic dimension, equal to half the thickness of an infinite plate 
or to the radius of a cylinder or sphere); and Lis the form factor, 

As mentioned above in § 3-6, this and the following chapters will be de- 
voted to solving the following one-dimensional system of heat-transfer and 
mass-transfer equations, expressed in terms of dimensionless quantities: 


aT (X,Fo) _ (1 4 Kos Pa Lu) [27 Fo) pil) ett aT (X, x Foy) 


0 Fo 
— Kot Lu [220% Fel4 2 98. Fo), (4-1-2 
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0@(X, Fo) _ 0?@(X,Fo), I le Fo) 
~ OFo =Lu u | 0X? ox i 
0°T (X,, Fo) OT (X , Fo) me, 
Lu Pn [Gy sy? ++ 08) (4-1-3) 
Let us note that, taking into account (4-1-3), equation (4-1-2') may be re- 
written as : seep : Seika 
OT (X, Fo) __ 077 (X, Fo) T (X, Fo , Fo : = 
io = exe a ok ORS eh he) 
System of equations (4-1-2') and (4-1-3) is equivalent to system (4-1-2) 
and (4-1-3), but the method for solving the latter is somewhat simpler. 
Therefore, system (4-1-2) and (4-1-3) will be solved here, for a constant 
value of the dimensionless integral mass-transfer potential (see (4-1-1)) 
and for a constant value of the dimensionless temperature at the body sur- 
face of 
T (1, Fo) =‘ ——1, (4-1-4) 


The potential differences At and A§ which enter into the similarity cri- 
teria (see Chapter III, § 3-4) will be considered, in this chapter, to be 
equal to the initial values of the transfer potentials: Af=t,and A§—§,. In 
addition, the problems are assumed to be symmetric, so that 


OT (0, Fo) __ 98 08 (0, Fo)__ T (0, Fo oO, 
Ox ae”). eam, ( eg (4-1-5) 
8 (0, Fo) oo. 


In § 4-3 several solutions will be given of problems in which the heat 
transfer and mass transfer do not affect one another, Problems with vari- 
able surface temperature will be deferred until Chapter VII. 

Solutions of the system of heat-transfer and mass-transfer equations 
with boundary conditions of the first kind have been obtained by Kuznetsov, 
Mikhailov, and Sizyakova. In addition, a detailed analysis of the process 
has been given by Sizyakova and Mikhailov, while Sizyakova, Oleinikov, 
Kazanskii, and Gamayunov have verified the correctness of the theoretical 
model by means of direct experiments. On the basis of analytical solutions, 
Gamayunov, Kuznetsov, and Sizyakova have proposed methods for an experi- 
mental determination of the transfer coefficients. Solutions of the corre- 
sponding problems for the separate transfer of heat and matter have been 
given by Lykov, Carslaw and Jaeger, Crank, and others, 


4-2. Unsteady Fields of Heat-Transfer and 
Mass-Transfer Potential for Constant 
Integral Mass-Transfer Potential 


The general method for solving the system of differential heat-transfer 
and mass-transfer equations in terms of dimensionless quantities will now 
be demonstrated, using as an example the determination of the potential 
fields for heat and mass transfer with constant initial conditions 7(X, 0)= 
= @(X, 0)=0and for bodies of classical shape. The solutions in this section 
were obtained by means of Laplace transformation, 

a) Solution for an infinite plate (fT —0) 


If we write 


F, (X, s)={ F(X, Fo) exp (— s Fo) d Fo, (4-2-1) 
0 


and then apply this integral Laplace transformation to equations (4-1-2) 

and (4-1-3), taking into account the initial conditions 7(X, 0)=06(X, 0)=0, we 
obtain 

ST, (X, S)=T", (X, 8) — Ko*s®, (X, s); (4-2-2) 

s0, (X, s)=Lu8”, (X, s)— Lu PnT”, (X, s), (4-2-3) 


In the following the parentheses and the independent variables X and s will 
be omitted, provided no misunderstanding is possible. 

The differential equation for the dimensionless heat-transfer potential T, 
is found as follows. From equation (4-2-2) @: and its second derivative 6”, 
may be determined and the expressions obtained substituted into equation 
(4-2-3). Then, after simplification, we obtain 


pas (1-+Ko Pati) 1”, + <7, =0. (4-2-4) 


The general integral of this nonhomogeneous [fourth-order] ordinary differ - 
ential equation may be determined by means of another Laplace transforma- 
tion with respect to the coordinate X, After the necessary operations, we 
obtain 


T, =A, exp(V sv,X) + A, exp (Vsv,X) + 
+ A, exp (—V5v,X) + A, exp (— ys, X), (4-2-5) 
whereas the transform of the mass-transfer potential is 
8, =— yy [A, (1 — v? ) exp(Wsv,X)-+ A, (1 — ¥}) exp (Vsv,X)-+ 
+ A,(1—v?)exp(—Ysv,X)-+ A, (1 — v,) exp (— V'sv,X), (4-2-6) 


where A,(k=1, 2, 3, 4) are arbitrary quantities, constant with respect to the 
spatial coordinates; and 


v= + [(1-+ Kot Pate) +! / (1+ Kor Pati) 1 |} 
(i=1, 2). (4-2-7) 


Values of v; (i=1, 2) for variations of Lu from 0 to 100 and for variations of 
the compound dimensionless number Fe=Ko*Pn from 0 to 1.0 are given in 
Table 4-1. 

Symmetry conditions (4-1-5) for the transforms are 


1 ue (0, s)=8, (0, s)=0. 


It follows from these conditions that A;=A; and A,=A,. ‘Therefore, the 
general solution of the given problem may be rewritten in terms of the 
transforms as ; 

T, (X, s)=¥) Bich 'svik; (4-2-8) 


i=) 


2 
@, (X, s)=—gor Yj Bi(l — vj) ch Vavik. (4-2-9) 


j=l 
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Here B,(i=1, 2)are new constants with respect to X. These may be deter- 
mined from boundary conditions (4-1-1) and (4-1-4), which in terms of the 
transforms become 


T, (1, s)=——; (4-2-10) 
I 


(8, (X, s)dX =0. (4-2-11) 


0 


Solutions (4-2-8) and (4-2-9) may now be combined with boundary condi- 
tions (4-2-10) and (4-2-11) to obtain the system of algebraic equations* 


B,chV sv, +B, ch sve; 
(4-2-12) 


2 shYS%, 2 hV sy, 
B, (1 —v) SU +B, (1 — ¥,) Tae =Q, 


and then these may be solved for 8B; to give 


pe v, (1 —v3) sh V'sv, 
, s [v, (1 — v3) sh V's, ch Y’sv, — vg (1 — vf) sh V'sv, ch ¥ S¥9] : 


B v,(1 — v?)sh V'sv, 
ee, s [v, (1 — v2) sh Y'sv, ch V'sv, — ¥,(1 — v7) sh Y sv, ch V's¥q) 


Consequently, the transforms of the distribution functions for the trans - 
fer potentials are 


| oo” (1 — v3) sh Y'sv, ch Y'sv,X — vg (1 —vi)sh ¥'sv,ch Vsv,X 
ees: s [v, (1 — v2) sh 7's, ch V sv, — v (1 — v?) shV'sv,ch Y'Svq] (age09) 


1 
8, (X, s)= gor 
v, (I — v2) sh ¥'s¥, (1 —v?) ch Y'sv,X — ¥, (1 — v7) sh psy, (1 — v3) ch V'sv,X 
x s [v, (1 — v2) sh Y'sv, ch ¥'sv, — ¥,(1 — v7) sh Vsv, ch V svq} . (4-2-14) 


To obtain the original functions [inverse transforms] the generalized 
expansion theorem may be used, The expansion theorem is valid for trans- 
forms which may be represented as ratios of two generalized polynomials 
@M(s):(s), and also for ratios of nongeneralized polynomials, provided the 
latter are reduced to the former by multiplication or division by s'(where 
\{]) <1). It is here assumed that the function p(s) has only simple roots and 
that the polynomial in the denominator is one degree higher than the poly- 
nomial in the numerator. 

In our case each of the equations obtained can be rewritten as a ratio of 
two polynomials: 


—T, =F), Kore, = 2). (4-2-15) 


The denominator (s)=s [v, (1 — v,) sh Ysv, ch /sv, — v, (1 — v.) sh Ysv, ch Y'sv,) 
is the same in both equations of (4-2-15), and the polynomials in the numer - 
ator are, respectively, 


®, (s) =v, (1—v,)sh Vsv, chYsv,X — v, (1 —v, ) sh Y'sv, ch V'sv,X; 


* {Note that throughout this text ch and sh refer to the hyperbolic cosine and sine, cosh and sinh.] 


114 


©, (s)=v, (1 —v}) sh sv, (1 —v, )ch /sv,X — 
— v, (1 —v})sh V sv, (1 —v,) ch V'sv,X. 


An analysis of the problem shows that the conditions required to make the 
expansion theory applicable are fulfilled, 

Let us now find the roots of p(s). When the function is set equal to zero, 
»(s)=0, the following roots are obtained: 

1) the zero root, s=0; 

2) the roots satisfying the equation 


v, (1 —v; )sh Ysv, ch Ysv, — v, (1 —v?) sh / sv, ch Ysv, =0. 
This equation can also be written as 
v, (1 — v; ) sin v,» cos v4 — v, (1 — v? ) sin v,u cos v,u = 0, (4-2-16) 


where p=iVs. 
Equation (4-2-16) has an infinite number of real simple roots, which are 
the common roots of the system of equations 


aan ean 
and the roots of the equation 
cot v4» — Ncotv,p=—0, (4-2-18) 
where N = = Equations (4-2-17) have common roots only when 


SEP is a rational fraction, where aand fare integers. The roots 
1 i 


of characteristic equation (4-2-18) can be obtained using a graphical method 
or else using familiar numerical methods, 

Taking into account the values obtained for the characteristic-equation 
roots, we may write the expansion theorem as 


a1 (Pal) Jaye Pals) _p PV Pals) 
L [ $ (s) | lim +) ¢’ (s;) exp (S: Fo)-+- 


s=00 $’ (s) 
+P exp 65 Fo), (4-2-19) 
n=) 
(k=1, 2), 


where the symbol L~-'denotes an inverse Laplace transformation, Let us 
consider in more detail the method for obtaining the inverse transform for 
the dimensionless heat-transfer potential. 

In order to determine the first term of (4-2-19), let us write the ratio 
®, (s)/p (s) as 
= = sh Y' sy, 
Neh Y'sv,X —ch Y sv,X- aya, 


®, (s) __ aa 
| ch Y's¥, —ch Psy: ave 
8 


t+ ar (Voy) +... 


[tty mart... | [tt gr ane +. | 
. “ar z, 
= — - (4-2-20) 
{fit gant +... |— [i+ Vou +. —— 3 
a (WV Sul +... 


Now, by differentiating the denominator of (4-2-20) with respect to s and 
taking the limit as s-—0, we find that 


®, (s) 


im Gy 


In the second term of (4-2-+19) the summation is over the common roots 
of equations (4-2-17). If we use the notation v.»,—=alz, with /—1, 2,3..., 


then the common roots may be written as = let ie, Next, in ®, (s;) 
we may replace the hyperbolic functions by trigonometric functions in ac- 
cordance with the formulas shz=—isiniz and chz=cosiz, so that we have 
®, (Ss) = — i [v, (1 —v,) sin V,}, COS V,%,X — Vv, (1 — v.) sin V,}+; COS V,p.X |= 
= — i[v,(1— v,) sin alx cos BlnX — v, (1 — v:) sin Bix cos alxX] = 


Accordingly, 4’ (s;) becomes 


Y (si) = —i iv; — vi ) V,V, COS V,p, COS V2, 40, 


and thus 
iro) 


y ey exp (Ss; Fo) = 


i=) 


In the third term of (4-2-19) the summation is over the positive roots 
of equation (4-2-18), and so 


fo) 

®, (s,) 

exp (Ss, Fo) = 

} Fey CXP (Sn Fo) = 
A= 

va — = va (1 — vi) 
0 ~ 2 Sin Yajen COS Ye ,X — way SIN Vipin COS ¥Qib,X 

am 2 1 2 

mc Pin [Sin ¥4H), SIN Valen — ¥,Vg COS Vi}4n COS Vaben] exp (—p, Fo). 


The values obtained for the terms may now be substituted into (4-2-19), 
Then, taking intoaccount (4-2-15), we finally obtain the following distribu- 
tion of the heat-transfer potential: 


co 2 


T (X, Fo)=—[1-+ J. § Cys cos ving X exp (— yw? Fo), (4-2-21) 
a=1 l=1 
where ¥(1—¥) 
ay Sin Vsien 
1? ama 


C. (4-2-22) 


l 9 
Pn [ sin Viten SIN Vgtbn — 7 COS Viben COS vaa| 
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v,(1 —¥}) 
2—3— SIN Vibha 
yg ¥ 


(4-2-23) 


C= 1 7 
bn [ stn Viben SIN Vathn — [yg COS Valu COS vate | 


and paare the roots of characteristic equation (4-2-18). The first four non- 
zero values of paare given in Table 4-2 and, to aid practical calculations, 
are plotted on the graph in Figure 4-1. 

In a similar way it is possible to obtain the inverse transform for the 
distribution of the dimensionless mass-transfer potential. In this case 
the first and second terms of (4-2-19) are zero, while the third term is 


o1 Ps (5,) = 
y ¥ (s,) CXP (Sn Fo)= 
axl 
_ 2 ve (I —y? 
es haat J sin vu, (Il — v2) cos Yin XxX — ee sin vp, (1 — v2) COS Vg, X 
2-4 Vo— Vy 
me y Pn [Sin Vypn SUN Ygpen — ¥,¥g COS Vpbon COS Ygibn] x 
n=! 
< exp (— 1 Fo). 
Therefore, the potential distribution is 
ac 62 
6(X, Fo)= gow } y) Cri(l— v;) cos ViflnX exp (— y Fo). (4-2-24) 


a=) i=] 
Coefficients C,, are defined by (4-2-22) and (4-2-23), Their values for the 
first two roots of the characteristic equation are given in Table 4-3 and 
plotted in Figure 4-2, 


TABLE 4-3 


Values of the constant coefficients for an infinite plate 


Cat Ds» 
Lu | KoePn 
rT | i. 21 22 n=1 || a2 
0.2 0.00000 | —0.00004 | —0.000!11 | 0.00005 | —0.00000 | —0.00011 
0.01 | 0.4 —0.00013 | —0.00008 0.00008 | 0.00009 | —0.00012 | —0.00008 
0.6 | —0.00019 | —0.00013 0.00008 | 0.00014 | —0.00019 | —0.00008 
0.2 | —0.01241 | —0.00701 | —1.24084 | 0.01006 | —0.01058 | —0.79322 
0.10 | 0.4 —0.02213 | —0.01296 | —1.20624 | 0.01984 | —0.01906 | —0.77448 
0.6 —0.02991 | —0.01811 | —1.16761 | 0.02955 | —0.02601 | —0.75430 
0.2 | —0.89236 | —0.16516 | —0.30768 0.11179 —0.65945 | —0. 15878 
0.40 | 0.4 —0.71454 | —0.22322 | —0.44550 | 0.15290 | —0.57594 | —0.24781 
0.6 | —0.60836 | —0.24782 | —0.52225 | 0.17469 | —0.51949 | —0. 30736 
0.2 —0.73068 | —0.45632 | —0.21034 | 0.17365 | —0.74653 | —0.08529 
0.80 | 0.4 —0.64075 | —0.47217 | —0.28677 | 0.22715 | —0.69237 | —0.15146 
0.6 —0.58402 | —0.46448 | —0.33053 | 0.25782 | —-0.64593 | —0.20182 


[_________) (a eee lEneeineeentrpeeneend) (meet Vt ee? 


0.2 | —0.59960 | —0.59957 ; —0.20152 | 0.20152 | —0.75495 | —0.08528 
1.00 | 0.4 | —0.56655 | —0.56656 | —0.25839 | 0.25839 | —0.70615 | —0. 14688 
0.6 | —0.53692 | —0.53687 | —0.28852 | 0.28849 | —0.66299 | —0.19145 
2 | —0.19921 | —1.02465 | —0.05297 | 0.40543 | —0.77231 | —0.11376 
4 | —0,28808 | —0,88831 | —-0.07789 | 0.39844 | —0.73616 | —0. 13361 
6 | —0.33494 | —0.79618 | —0.09610 | 0.39160 | —0.70228 | —0. 15007 
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The average value of the dimensionless transfer potential for an infinite 
plate is defined as 


33 } 
(Fo) =) ~(X, Fo) dX, (4-2-25) 


so that the average dimensionless heat-transfer and mass-transfer poten- 
tials are 


as, co «2 
T (Fo) =— n+y ¥ Das exp (— , Fo) | ; (4-2-26) 
a=I i=l 
a 2 
= 1 
0 (Fo) = a5 } yy Dae (1 — v? )exp(—p> Fo) (4-2-27) 
a=! i=\ 
or in a somewhat different form 
T (Fo)=—[1+) D,,,exp (— , Fo) |; (4-2-26') 
al 
8 (Fo)= J} D,, exp(—n, Fo). (4-2-27') 
n=! 


N 
als_{IsI8 


FIGURE 4-3, Coefficients D7, as functions of Lu and 
Ko*Pn, for an infinite plate 


Here 
i - 1 . 
puz6 2 ; D,.= y) Duis Dyp= Kor y) Dai(1— v7), (4-2-28) 
isl i=] 


where C,;(i==1, 2) are defined by equations (4-2-22) and (4-2-23), 
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In accordance with the conditions of the problem coefficients D,, are zero, 
and so 6(Fo)=0. Tne first two values of D, (n=1, 2) are listed in Table 4-3 
and plotted in #igure 4-3, 

An analysis of the above results shows that, due to the rapid increase in 
the absolute values of successive characteristic-equation roots pn (see 
Table 4-2), it will be true that 


Mi< pe... pn<.... 


Consequently, due to the very rapid decrease in the exponential factors 
exp(—p?,Fo), the infinite sums entering into (4-2-21), (4-2-24), (4-2-26), 
(4-2-27), (4-2-26'), and (4-2-27') will converge quite rapidly. Therefore, 
from a certain minimum value of the Fourier number all the terms in the 
series expansion may be neglected except the first two, and the results will 
be within some predetermined accuracy range. For example, numerical 
calculations of the given problem with Lu = 0.4 and Ko*Pn = 0.4 show that, 
to an accuracy of 0.5%, we may neglect all the terms of the series under 
the summation sign except the first two, beginning at the following values 
of the Fourier number: for T(0, Fo), from Fo=0.16; for 7 (1, Fo), from 
Fo=0.08; for @(0, Fo), from Fo=0.24; and for @(1, Fo), from Fo= 0.22, 

An increase in Lu leads to a quite appreciable shift in these "initial" 
values of Fo toward lower values. The vaiue of the compound dimension- 
less number Ko*Pn affects the "initial'' Fourier number only slightly, al- 
though a tendency for it to decrease with the latter is observed. 

The accomplishment of the above simplifications is of great practical 
importance, since it reduces considerably the amount of computational 
work required and makes it possible to represent the general solutions in 
a form convenient for practical application. 

b) Solution for an infinite cylinder (f'=11) 

If we apply the integral Laplace transformation (4-2-1) to the system 
of heat-transfer and mass-transfer equations (4-1-2) and (4-1-3), we ob- 
tain 


sT, =T", +’, —Ko*s®,; (4-2-29) 
$8, =Lu (0, -+-—% 6) —LuPn (7, +xT'). (4-2-30) 


In the derivation of equations (4-2-29) and (4-2-30) we took into account the 
zero initial conditions. From (4-2-29) 6, and its second derivative 6”, may 
be determined and then substituted into (4-2-30) to obtain a nonhomogeneous 
fourth-order differential equation in 7,: 


Vv 2 I ” I ’ 
T+" a tel 
l " 
—s (1+ Ko*Pnty,) (7 L+xT 1) HET =0. (4-2-31) 


It is easy to show that (4-2-31) is satisfied by zero-order Bessel func- 
tions of the first and second kinds with imaginary arguments I,(VsvX) and 


K,(YsvX), where the parameter vis defined by (4-2-27). Consequently, 
the general integral of equation (4-2-31) is 


T,(X, s)=)) [Ai K, VsviX) + By 1, (Vv: X)), (4-2-32) 


i=l 
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and the mass-transfer potential is, analogously, 
2 
1 — —_ 
@, (X, s)=— Kr) [Ay (1 — v7) K, (Vsv.X) + B; (1 —v?) 1, (VsviX)].  (4-2-33) 
i=1 
According to conditions (4-1-5) the transfer potentials along the cylinder 
axis (X =0) cannot be infinite. Since for X +0 we have K, (Vsv;X)+ —oo, the 
coefficients A; must be zero, Thus, solutions (4-2-32) and (4-2-33) simplify 
to 


T,(X, y=¥ B,1, (V'sv;X); (4-2-34) 


8, (X, s)=— ga ¥) Bel — Vb sv.) (4-2-35) 
i=l 


The constants 8; are determined from the boundary conditions. For an in- 
finite cylinder these conditions may be written in terms of the transforms 
as 


T,(1,s)=——, (4-2-36) 
| 
{ x8, (X, s) dX =0. (4-2-37) 


Equations (4-2-34) and (4-2-35) may now be combined with conditions 
(4-2-36) and (4-2-37) to obtain a system of equations in B;(i=1, 2): 


2 
» Bil, (Vsv;) =; 


i=l 

2 7 (4-2-38) 
ya (1—v}) LE) 0, 
i=] ‘ 


Equation (4-2-38) may be solved to give 


(I — v) I, (vss) ; 
~— s fv (1 — 93) (V5¥4) Ip (W594) va (1 — 92) 1, (V8¥4) Lo (VSr0)) 


oe va (1 —¥) 1 (VS) 
2° s (1 — 92) Ls (V'5%s) 1g (V'S¥.)— ¥9 (1 — 99) (W8%,) Te (VS%2)) 


B,= 


Thus, the solution for an infinite cylinder, expressed in terms of trans- 
forms, has the following final form: 


(lv) Lh (W5¥4) 1, V 8v,X) — va (1 — VL (V5%) Te (VX) 


MO —v5) 11 (V s¥4) fy (VS¥1) — %a (1 — 97) (W8%s) Lo (VS¥9)] Peesne 
0, (X, )=garX 
wae (1 — v3) 1, (Wsvq) (1 — 99) 1. (V's¥,X) — va (1 —¥}) 1 (V'5%,) (1 —¥9) Ty (V sv,X) (4-2-40) 


s{vs (1 — v2) 1, (WS¥a) To (V'S¥,) — Ve (1 — vf) 1, (V 55) Ie (52) 


An analysis of equations (4-2-39) and (4-2-40) shows that inverse trans- 
forms can be obtained by means of the expansion theorem, just as in the 
analogous problem for an infinite plate. If we define 


9(s)=s[v, (1 —¥}) 1 (Vsv.) 1, (Vsv,)—va(1— v7 1 (Vs¥,) Ty S¥4)]; 
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®, (s) =v, (1 — v3 )I, (Vsv,) I, (V sv,X) —¥, (1 — 9} LL (VS¥,) I, GY 8%, X ); 


®, (s)=v,(1—Vv}) 1 (V5v,) (1 — ¥; 1, (VY 8¥,X) — 
—v,(1—v; )L (Vsv,) (1 —¥) ) bb (V sv.X)s 


then the solution methods for the present problem will be similar to those 
for the previous one, 
Let us find the roots of p(s) by setting it equal to zero: 


p(s) =0. 
The following roots are obtained: 
1) s=0, the zero root; 
2) s=s,, the infinite number of roots satisfying the system of equations 


J, (Viper) = 0; (4-2-41) 
Ji (Vaz) =O, 
where pp=iV sy 
3) s=s,, the infinite number of roots satisfying the equation 
Jo(Yaten) Jy (¥1tn) ae. 
Gate) SiG) (4-2-42) 
where 


1 —v? 
N=-) ; and pn=iy Sn. 


Vg 1—y; 


Consequently, the expansion theorem may once again be written in the 
form of (4-2-19). The first term of (4-2-19) corresponds to the zero root 
(s=0), the second term to the roots common to the system (4-2-41), and the 
third term to the roots of characteristic equation (4-2-42), 

Since the first term poy 7 is indeterminate, an indirect method of 
solution must be used, which gives 
1, (V's¥,) 

N I, (Vsv,X)— I, ( (V8) va Van) 
1,(Vs)) \ 
L(Vs $9) 


©, (s)_ nV sw) (l=) 
¥(s) 1, (Wsv4) 4 (1 — ¥?) 


{1 (V'5¥)—1, (y's) BOE) 


N E + oF (V5u.X) + age Vuxt+...|— 
{w(t +o V5 tage (Vi +... = 


{i + VIX) + gp Venn +...]X 
1 “a = 
— [14 Vout + ge Vout +... |X 


l 


1 i 
9a to (V'sy,)? + 
l I mn 
ot ay Vs.) + " 


l = 
tg VIP +... 


1 | S. 
ztaaVs)+..." 


Now the denominator of the last expression may be differentiated with 
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respect to s, and when we take the limit of the whole expression as s-+0 
we obtain 


9, (s) __ 
vey 


In the same way it is possible to show that 


@, (s) _ 
Gye 


The second term of (4-2-19) is zero in this case, since ®,(s,;)=0 but 
ip’ (81) 60. 

We next take into account the condition for the characteristic -equation 
roots S, 


v, (1 —v}) 1. (Wsv,) 1, Vsv,) — (1 — vf 1, V sv, 1, (Vsv,) = 0 
and the recurrence formula 


V.(Vs w=L (Vs 1) — 


to obtain the third term of (4-2-19) in the RS 
for heat transfer, 


I, Ales 


®, ee 
9’ (Sn 


al 


exp (S,Fo) = 


v, (1 —v3) ¥, (I—v3) 
60 2 v2 Js (Yaten) Je (Viton X) art ae es Je (Y:thn) Jo (YatenX) | EXD (—p? Fo) 
9 vg— %— i 


tn (Js (Vaben) Js (Ya) — Va%aJo (¥ stn) Jo (Yaten)] : 


a= 


for mass transfer, 


 % 
y He). exp (s,Fo) = 


1 (Iv, eli %) 
oo as J; (Vern) (1—v7) Jo (VibenX)— aoe Ja (Vin) (i—v?) Je (VatanX) 


x 


ten [J (¥iben) Ja (Yaten) — cal a Je (Yatn)I 
x exp (—p? Fo). 
When the above expressions are substituted into (4-2-19) and (4-2-15) 
is taken into account, we finally obtain the following distributions for the 
heat-transfer and mass-transfer potentials in an infinite cylinder: 


T (X, Po=—[1+¥) yb ones exp (—p? Fo) |, (4-2-43) 
a=1 i=l 

and 

uy You — v°) Jo (VittnX) exp (—p? Fo), (4-2-44) 

a=li= 
where a=% 

—— J, (Yai) 
7 


Cu = ——_——____;__, (4-2-45) 
n [4 (Vt) Ji (stn) Ta Jo (¥ stn) Jo (Yeien) 
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Pil eat vA 
vv 1 (YVstn) 


Cg (4-2-46) 
Mn [4 (YyMn) Jy (Ysa) Ta Jo (Viten) Jo on) 


and taare the roots of characteristic equation (4-2-42), The first four 
values of these roots are listed in Table 4-4 and plotted in Figure. 4-4, 
The values of coefficients C,,;are listed in Table 4-5 and plotted in Figure 
4-5, 

The average value of a dimensionless potential for an infinite cylinder is 


1 
9 (Fo) =2 { Xe (X, Fo) dX. (4-2-47) 
0 


Thus, after applying the necessary operations to equations (4-2-43) and 
(4-2-44), we obtain 


co 62 

T (Fo) =—}1+ Dni exp (—p, Fo) |; (4-2-48) 

U+yd 

co 2 
a 1 2 2 
9 (Fo) = Kor Dai (1 — v,) exp (—p_ Fo). (4-2-49) 
For the given problem 
Day = 2C qq 2 (4-2-50) 


Vibn 


where C,,;(i=1, 2)are defined by (4-2-45) and (4-2-46). Coefficients Cy; 
2 


Dn, and Dr,= ¥) ni are all listed in Table 4-5 for the first two values of 
i=!| 

the characteristic -equation roots p,, and the corresponding curves for D,, 

are given in Figure 4-6, 


FIGURE 4-6. Coefficients D;, as functions of Lu and 
Ko*Pn, for an infinite cylinder 


126 


Just as in the case of an infinite plate, beginning with a certain value 
of the Fourier number we may neglect, in practical calculations, all but 
the first two terms of the infinite series entering into equations (4-2-43), 
(4-2-44), (4-2-48), and (4-2-49). However, onthe whole, the values of 
these "initial'’ Fourier numbers for an infinite cylinder are smaller than 
those for an infinite plate. 

c) Solution for a sphere (T=2) 

System (4-1-2) and (4-1-3) of heat-transfer and mass-transfer equations 
may be rewritten as follows for a sphere (['=2): 


aT* _OT* 59 08". 
dFo  ox* OFo° 


0e* 070* o°*7* 
0Fo — =Lu “OX* —LuPn “OX® 


where 7*=XTand 0*=—X®. Since this way of writing the system of transfer 
equations makes it identical to that for an infinite plate, its solutioninterms 
of transforms will be 


T*, =A, exp (p/5¥,X) +A, exp (V5 ¥,X) A, exp (—V's v,X) + 


+- A, exp (—7/ s v,X); (4-2-51) 
0°, = — Ber [A (1 —¥} Jexp (Vs v,X)-+A, (1 — v5) exp (V8 4X) + 
+ A, (1 — vj )exp (—V's v,X)-+ A, (1 — v3 )exp(—y/ sv, X)]. (4-2-52) 


Here A, (k=1, 2, 3,4) are arbitrary constants and y (i=1, 2) are parameters 
defined by (4-2-7), 

Let us find the symmetry conditions for the modified potentials T*® and 
6*, by first writing 


aX px 4 


from which 


For X—0 we have T*-0, since 7(0, Fo)~oo. It can be shown similarly that 
for X+0, we have 6*-+0. Consequently, in terms of the transforms the sym- 
metry conditions are 


T*, (0, s)=0 and 6*, (0, s)==0. (4-2-53) 
It follows from condition (4-2-53) that 
A,=—A, and A,=—A,. 


This means that solutions (4-2-51) and (4-2-52) may be simplified. After 
some minor transformations we obtain 


2 
T*, (X; s)= JY) Bish V's v4X; (4-2-54) 
i=] 


0* , (4-2-9595) 


iz] 
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or 
2 


T, (X, s)=)) B, RY sx; (4- 2-56) 


ix! 


2 = 
I hV's viX 
8, (X, J=— oe Yj Bill Wye. (4-2-57) 
i=1 


The boundary conditions for the given problem, stated in terms of the 


transforms, are 


T,(1, s)=—+; (4-2-58) 


1 
ra s)dX =0. (4-2-59) 


Equations (4-2-56) and (4-2-57) may now be combined with boundary condi- 
tions (4-2-58) and (4-2-59) to obtain a system of equations in B, (i=1, 2), the 
solution of which gives 
v2 (1 — v2) [Vs vgch Y's ¥— 
—~shVs¥,| ; 
—v2(1—v)(Vsv,chYsv,—shYsy]shVsv} ’ 


Bo=+ 


B= 


v2 (1—vi)(Ysv,ch Vs ¥, — 
s {v7 (1 —v3)(V's ¥ch Y's v, — sh Vs] sh Vs ¥,— 
—shVs»,] 
—ve (1 — v3) [Vs y.chYsyv,—sh Ps y,]sh Vs ve} 
Consequently, the transform solution has the final form 


v? (1 —v2)(Vsvch Y's ¥y— sh ps ¥,] shVsv,X — 


a s{v? (1 —v3)[Ysv,ch Ys v,—sh Ys ¥,]sh Vs v, — 
—v3 (1 —vi[Vsv,ch ¥s¥,—shVSv]shVS%X — 
—v2(1—vy[Wsv,ch Ysv,—shpsv,]JshyYsy} ” (4-2-60) 
gx —_! ¥} (1 — v2) (Vs ¥, ch Y's vy — sh Y's ¥4] (1 — 92) sh V5, X — 


L’” Ko* s{vi(l—v4(Wsvych ¥ s¥,—sh Ys ¥,] sh Y's ¥, — 
—v5 (1 —v}) [V's ¥, ch Y's ¥, — sh Y's ¥,] (1 — v2) sh V's vg X 
—vi (1 —v) (Y's ¥,ch V's ¥, — sh Y's ¥,] sh p's v4} . 
To obtain operational [transform] solutions (4-2-60) and (4-2-61) in 


terms of the inverse transforms T* and @*, the expansion theorem is used. 
First, (4-2-60) and (4-2-61) are written as 


(4-2-61) 


—T* = iy and Ko*@*, = OM , 


where the values of ®,(s), ®,(s), and p(s) are found from the above equations. 
Once again, the ratios ®,(s)/)(s) and ®,(s)/p(s) may be regarded as ratios of 
generalized polynomials in s, to which the expansion theorem is applicable. 
The common denominator $(s) has the following roots: 

a) the zero root, s=0O; 

b) the roots of the eyuation 


vi (1—v)) [/s¥,chVs v,— sh /s v,] sh/s v, — 
—vi(1—vi)[/ sv, chYsv,—sh Vs ¥v,]sh/sv,—9, 
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which may also be written as 


vi (1 — v; ) (sin v.n — V,p cos ¥,p) sin V,p —V, (1— v. yx 
(sin v,u — ¥,8 cos v,2) sin v,p =O, 
pol Vs. 


The last equation is satisfied by the roots common to the system of equa- 
tions 


where 


sin v,»—=0; 
ie (4-2-62) 


sin v,» = 0 
(this system has common roots p; provided that tis a rational fraction), 


and by the roots p, of the equation 


2 2 

vi (1 —v3) ve (l —v3) 
Ree cee tv... — Pr ieee Ue 

Baw) Coty — Vie cotvp zi vi) 


—1. (4-2-63) 

Consequently, the expansion theorem once again has the form of (4-2-19), 
in which the first term corresponds to the zero root, the second term to the 
roots of system of equations (4-2-62), and the third term to the roots of 
equation (4-2-63), 

In order to obtain the zero-root term let us first expand the hyperbolic 
functions contained in @,(s) and w(s)as infinite series. Then, after cancel- 
lation, we obtain 


roar) Veut...] x 
Erm] % 


2! { ! 
[SG ebro 
4 
2 
! 


Lap (VEX)? 


a 


+a (V5 ux) +... lta (VeuxX) +... 

L4a(VEw+... tap (Vev)+... 
__]E_ oo 

1+ ar (Vay) +... 


The denominator of this ratio is now differentiated with respect to s, and 
when we take the limit of the ratio ®,(s)/}’(s) as s+0 the first term of (4-2-19) 
is found to be 


-, @; (5) __ 
roi 00 ial 
Similarly, the first term of the mass-transfer equation is 
®, (s) 
oon aa 


Let us find the second terms of (4-2-19). The roots commonto system of 


equations (4- 2-62) have the form B= in —— lx ({=1, 2, 3...), provided =F 


129 


is a rational fraction. By means of a series of transformations it is easy 


to show that 


| 2 2.2 
y! (u)=> V4 (Vo — V; ) &, COS Vib COS ¥Q1;7; 


®, (p;) = — [vi (l— v, ) Vattz COS V,H, SiN V,.X — 


— v; (1 — vj ) v.17 cos v,y; sin v,u7X); 


, (11) = — [vj (1 — vp) vats COS Van (1 — ¥, )sin vyp.X — 

— Vv; (1 — vi) vy; COs V,t0; (1 — Vv, ) sin v4. X]. 

Since cos v,; = cos Bln = (—1)* and COS V4; == COs alz = (—1)™, we obtain the follow- 
ing expressions for the second terms: 


co 2 


yo io exp (s,; Fo)= — y) y Ey, Sin vipu exp (—¥; Fo); 


ie | f=1 j=! 


8 co 2 
y 2181) ox5(s, Fo) = >) )} E14 (1 —v¥) sin vyu.X exp (—p? Fo), 
f=1 


¥' (s:) 
d= isl 
where 
2 v,(1—v) y) v?(1 — v3) ; 
Eu eos” va— ve Bln (—1F vv? (4-2-64) 
2  (l—v) 2 %3(1—¥) 
Lia conta, cos rare ar — ain (—1)™ (—1# es —y? “8 (4 2 65) 


The third terms of (4-2-19) are correspondingly 


GPa és exp (Ss, Fo)= >) y Cy sin vye,X exp (—p Fo); 


n=l a=! i=1 


po co 2 

®, (Sp ' 

FE) OP (Sn Fo) = =) ye ni (1 —¥i) sin vipnX exp (—p, Fo), 
n=1 az) ([=1 

where 

¥(1—¥) sin Valin —Veln COS Veta, 

a es SS [Senay 


Ces =— 


1—y? = 
gO) sin vie, Viltn COS Vila, (4-2-67) 


Ca=— 
ae Ys (v3 — vi) Bndn 


bn=tPn (cos Vin COS Vettn — " La Sin Vin Sin ¥en) = 


2 2 2 
¥j (1 — v9) ve (1 —v?) 
Bears a av COS V,[y Si Vpn — Cae COS V,H, SIN Vn; (4-2-67) 
1 


and pa==iy Sy are the roots of characteristic equation (4-2-63)., 
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Thus, the solution of the system of heat-transfer and mass-transfer 
equations for a sphere has the following final form: 


Co 2 
T* (X, Fo)=—| X—)) y E,,sin vy. X exp (— p/ Fo) + 


+y) y Cy sin vipnX exp (—p_ Fo) |; (4-2-68) 


a=l i=1 


Q* (X, Fol=—z [y y) Ey, (1 —v?) sin van,X exp (—p? Fo) — 


f=! i=! 


co 2 
oa) y Car (1 — v’) sin Vip,X exp (—p Fo)|; (4-2-69) 


azli=l 


or 


co 2 
T (X, Fo=—[1— PY) Ene 34 exp (— pf Fo) + 


ix 


— 


— 
-_ 


i= 


+ yc Cay sin sin sited exp (— y? Fo) |: (4-2-70) 


as [ HV euit— vi ) Sarai exp (—p, Fo) — 


f=1 j=! 


—J) J) Cus (1 — vi) SH exp (—t Fo) |, (4-2-71) 


a=l i=! 


Coefficients E,, and C,; are defined, respectively, by equations (4-2-64), 
(4-2-65), (4-2-66), and (4-2-67). 

The first four values of the roots prof characteristic equation 
(4-2-63) are given in Table 4-6 and the corresponding curves are plotted 
in Figure 4-7, The coefficients C,; (n=1, 2) as functions of Lu and Ko*Pn 
are given in Table 4-7 and Figure 4-8, 


TABLE 4-6 


Roots of the characteristic equation 


v1 —v) vf (1 —¥9) 


40 —%) dv) 
Ko*Pn=0.2 Ko*Pn=0 .4 
Lu 
by | Hy | a] me Py | a | 
0.01 0.44889 0.77175 1.08931 1.40520 0.44844 0.77095 
0.10 1.40422 2.41278 3.41961 4.39999 1.38815 2.38438 
0.40 2.58257 3.39820 4.61758 6.31544 2.44279 3.51388 
0.80 2.90726 4.17897 5.72420 8.53647 2.74648 4.21945 
1.00 2.94283 4.53810 5.97498 7.66203 2.79165 4.48808 
4.00 3.00935 5.67967 8.33880 9.97824 2.89051 5. 29700 
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TABLE 4-6 (continued) 


Ko*Pn=0,.4 Ko*Pn=0.6 
Lu 
Pa la fa | Be | Ks | Me 
0.01 1.08822 1.40379 1.08711 1.40237 
0.10 3.39787 4.35412 ? 3.19986 3.38590 
0.40 4, 45563 6.08955 ; 4.36068 5. 88200 
0.80 5.50524 7.14043 : 5.39633 6.91892 
1.00 5. 83378 7.42284 5.75122 7.20244 
4.00 9.98242 11. 18359 11. 28541 12.53915 


It should be noted that the terms in the above solutions which contain the 
characteristic-equation roots m are negligible in comparison with the other 
terms. Therefore, in an overwhelming majority of practical cases these 
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FIGURE 4-7. The characteristic-equation roots as FIGURE 4-8. Coefficients Cye as functions of Lu and 
functions of Lu and Ko*Pn, for a sphere Ko*Pn, for a sphere 


sums may be neglected. The same is true concerning the corresponding 
terms in the expressions for the average dimensionless transfer potentials. 
The average transfer potential for a body of spherical shape is 


_ 1 
° (Fo) =3 ( X*9 (X, Fo) dX. (4-2-72) 


0 


After carrying out the necessary transformations, we obtain 


me 


i 


_ 2 oo 2 
F (Fol —|1 ae > Fi; exp (—p. Fo) 1, y Davexo(— Hi Fo | (4-2-73) 
li=l 


a=l i=l 
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@(Fo)= — 


»} Fy, (1 — vj) exp (—p} Fo) — 


t=1i=1 


Pen (—y Fo). (4-2-74) 


¢ a=l i=! 


TABLE 4-17 


Values of the constant coefficients for a sphere 


| Car | Cas DTn 
Lu | Ko*Pn 
n=l a= a=) | n=2 n=l n=2 
0.2 | —0.00006 | —0.00002 | —0.0000! | 0.00001 | —0.00003 | —0.00001 
0.01 |} 0.4 | —0.00004 | —0.00007 | —0.00003 | 0.00003 | —0.00002 | —0.00005 
0.6 | —0.00008 | —0.00009 | —0.00004 | 0.00004 | —0.00004 | —0.00007 
0.2 | —0.00181 | —0.00426 | —0.00186 | 0.00293 | —0.00206 | —0.00546 
0.10 | 0.4 | —0.00353 | —0.00723 | —0.00351 | 0.00531 | —0.00398 | —0.00934 
0.6 | —0.00495 | —0.00954 | —0.00499 | 0.00730 | —0.00552 | —0.01243 
0.2 | —0.09840 | —0.50408 | —0.06884 | 0.05756 | —0.13212 | —0.48981 
0.40 | 0.4 | —0.09589 | —0.45788 | —0.08498 | 0.08046 | —0.13646 | —0.47160 
0.6 | —0.09205 | —0.41807 | —0.09122 | 0.10504 | —0.13335 | —0.45967 
0.2 | —0.24377 | —0.24837 | —0.24066 | 0.14047 | —0.42237 | —0.23175 
0.80 | 0.4 | —0.19195 | —0.27492 | —0.22879 | 0.17332 | —0.34433 . 32090 
0.6 | —0.16916 | —0.25430 | —0.21290 | 0.19031 | —0.29704 | —0.34023 
0.2 | —0.22073 | —0.20487 | —0.30727 | 0.16754 | —0.46462 | —0.20819 
1.00 | 0.4 | —0.19196 | —0.24959 | —0.27535 | 0.20479 | —0.38587 | —0.29094 
0.6 | —0.16674 | —0.20180 | —0.24993 | 0.21481 | —0.33387 | —0.30619 
0.2 | —0.11418 | —0.03515 | —0.50348 | 0.29840 | —0.53591 | —0. 18267 
4.00 | 0.4 | —0.16991 } —0.05595 | —0.42860 | 0.28197 | —0.47640 | —0.19917 
0.6 | —0.20314 {| —0.07195 | —0.37710 | 0.26640 | —0.42718 | —0.20695 
Qs 0 
O4 as 
0.3 Q2 
0.2 a3 
0.1 24 
Qs 
a QZ Q4 G6 a8 10 
FIGURE 4-9, Coefficients D;, as functions of 
Lu and Ko*Pn, for a sphere 
where 
Fy =3Ex Sin Vspy — Vibe COS Vipy (4-2-75) 
_ 4 ) 


22 
Vy 
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Dnj==3Cni sin Vipbn Se COS Vij, (4-2-76) 
Vien 
2 
The first two values of coefficients Din=Y) Dai are given in Table 4-7 and 
i=l 


2 
Figure 4-9; coefficients D,, =r Yj Pai(l—v) are zero. The values of the 
i=l 


Fourier number beginning with which the obtained solutions may be simpli- 
fied are approximately equal to the corresponding values of Fo cited for an 
infinite plate. 


4-3, Unsteady Fields of Heat-Transfer and 
Mass-Transfer Potential in the Absence of Phase 
Transitions (Ko*=0) and for Constant Integral 
Mass-Transfer Potential 


Unsteady fields of heat-transfer and mass-transfer potential in the ab- 
sence of phase transitions (Ko* = 0) or thermal-~-gradient transfer (Pn = 0) 
may be described using the solutions of the corresponding problems in 
the previous section, This is done by taking the limits of the appropriate 
quantities in these solutions. This result follows from a direct solution of 
the incomplete’ system of differential heat-transfer and mass-transfer 
equations, namely system of equations (4-1-2) and (4-1-3) with Ko* or Pn 
set equal to zero. 


As an illustration let us find the potential distributions in a finite porous rod in the absence of phase transi- 
tions. For bodies with other shapes only the final results will be given, 

a) Heat and mass transfer in a finite rod (T =0; Ko*=0; 7(X, 0)=0; @(X, 0)=0). 

Let us assume that during the experiment one end of a rod, located at the coordinate origin X=0, is 
maintained at a constant heater temperature fy: 


int 
T (0, Fo) = a a =T, = constant. (4-3-1) 


The other end of the rod (X=1)has, during the experiment, the temperature of the surroundings te™fo, 
so that 
T (1,Fo) =0, (4-3-2) 
The lateral surfaces of the rod are insulated to prevent heat and mass transfer and in addition condition 
(4- 1-1) is satisfied, 
Let us first apply Laplace transformation (4-2-1) to the initial system of differential equations, Then, 
taking into account the zero initial conditions, we obtain 


sT, =T",; (4-3-3) 
s®, =Lu e”, — Lu Pn rT" 1. (4-3-4) 
Solution (4-3-3) in terms of the transform is 
Tash Vsil — X) 
T, (X, s) = —-———_———_=-—" = 9s 
pees) sshys Pre) 


Next we may substitute (4-3-5) into equation (4-3-4) and solve it using a second application of the Laplace 
transformation with respect to coordinate X, This gives 


TuaPn = as = 
8, (X, I=" yeas LS Vs(l —x)— chy Xshys + 


— se ~~ 1 ‘Se: ah 
4+VLuch Ys sh V ox|+te Le x—(A, ch V iX+ Ash V 5X): (4-3-6) 
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To determine constants A, and Ag we have left only condition (4-1-1), since (4-3-1) and (4-3-2) were 
used to derive solution (4-3-5). Therefore, let us specify asecond condition, characterizing the absence 
of mass flow through the end face of the rod: 


0@ (0, Fo) —pn OT (0, Fo) 
OX OX 0. 
or in terms of transforms 
@, (0, s)— PnT’, (0. s)=0. (4-3-7) 


Conditions (4-1-1) and (4-3-7) may now be combined with (4-3-6) to obtain, after a number of trans- 


formations, 


T, Lu Pn 
6, (x. =f x 
[oY cave 9t rial) —chV¥ sch) ch i X+ 
x sshWsxX 
1 si s “s” 
Foy oh Ve shy eV oe | ah 
Xo yah : ai 


The inverse transforms for (4-3-5) and (4-3-8) may be found using the generalized expansion formula, After 
the necessary transformations, we obtain the required solution of the given problem, written as follows: 


T (X, Fo) = 


wa Tg [ a n+), (— 1)" = sin, (1—~ X)exp(— p2 ro| 3 (4-3-9) 


n=] 


@(X, Fo)= Gt Pn (=- \+ 


co : P 
pu Fe » aa [cos Vio (i — X}{—I)* cos x|- sin mx) 


V Lup, sin v8 
‘ (1+! cosV Lit pm = ; 
X exp (— ps Fo) + | YLiem sin VLE im Thera ran COS PpmX exp(— ps, Lu Fo) >, (4- 3-10) 
m= 


where pp, and p,», are defined as 
Pa==nn and wm=mn (n=1, 2, 3...) 
(m=1, 2, 3...) 

The infinite series in equations (4-3-9) and (4-3-10) converge rapidly so that for Fo>0,1 it is sufficient 
to retain only the first terms, However, it is difficult to determine the transfer potentials using the above 
solutions when Fo<.0,1, since many terms of the series must be used, the number of terms increasing rapidly 
as the Fourier number decreases, Thus we must also seek a solution in a form which is convenient for low 


Fourier numbers. 
Let us write equations (4-3-5) and (4-3-8) in a somewhat different form, The quantity I/shz may be 
OO 


expanded to — 2y) exp(—(2k— 1)z]. Then, since we know that 
k=! 1 ' 
shz=—5-(e* —e7*) and ch z= -9-(e' + e~*), 


equations (4-3-5) and (4-3-8) may be rewritten as 


— as a es) 
eV IX) _ gVail—x) ) iaeiihlee 


a s 3* 
a=)! 
[°°] 
[e“ln—H1-- Vs _ gl(22—1) 41-2), 
a=! 
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= ch ——X—ch sen 0-0 
LuPn 1 | shYs(I—X) 1 a xen OO 


tH 
=Lu—1l s sh Y's Vlu Vi 
| sh Y's sh ia 


x 


oo 
_ lu Pn 1 Vs(i—X) —Vs(t—x) n—iVs l 
[e —eé 1y) @ + VLlu 


a=) 


x (Vis? +e Vii aE) aoaiae enV e_ 


n=l m=! 
= Ve . 
__! v3 —Vs V go-” —¥ tal) n-1Vs 
yin’ —e )] é +6 : x 
a=! 
co s 
Xx on ea) l iia) hace Rael 
u-—il § 
m=! 
4 Vir 41 Cae a, om r A 
~ Yin 
Y Lu U da 
0 = ess VY = ——— (m—X)| Ve 
ee 2 pe [a+ = (mtn | 8 "+r (m | "|- 
L 
v : a=| m=! 


The inverse transforms for each of the terms may be found from tables, using the following inverse- 
transformation formula [erfc denotes “error function"]; 


Bie [s« o me ==erfc 


k 
2Y Fo’ 
where 9 z 
a mY i 
erfc x ya\* : 
erfcO=0, effccoml, erfc(—+)=—erfc x, eric x = l —erf x, 


Thus, the potential distributions for heat and mass transfer are 


co 
X 2n+X 2n — X 
° =ig ee = — Md 4-3-11 
T (X, Fo) =T {et oY pt dl oV¥o erfc 2VFe I ( ) 


eo 
Lu Pn X 2n +X 2n— X 
@(X, Fo) = —— ——— — — — |— 
(X, Fo) te" ryre* y[* 2 Fe erfc ois | 
f, 4 


re es te 2M =X 
ae ere Oia fo yLe » [este ee ter eo yia =: | 
oe ies goed ata ‘se on + 1 x 
: “Yin Vin | 2 VLu : 
vit (—1) bene tyro +ertc tyro oa yet 2 VFo \, (4- 3-12) 


For low Fo all terms in the series except the first term are vanishingly small, since the function erfc z de- 
creases rapidly as its argument z increases; for example, for z= 2.7 we have erfc z= 0,0001 (practically 
zero), The function erfc z=1—erf zis tabulated, so that solutions based on formulas (4-3-11) and (4-3-12) 
are quite convenient for practical calculations. 

Consequently, for low values of the Fourier number it is necessary to use solutions (4-3-11) and (4- 3-12), 
while for high values of Fo solutions (4-3-9) and (4-3-10) may be used, This specific example indicates the 
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great advantage of the operational method, a method which makes it possible to solve the problem at hand 
in two ways, giving one result which is convenient for calculations at low Fo and another result for high Fo, 
b) Heat and mass transfer in an infinite plate ('=0; Ko*=0; 7(X, 0) =@0(X, 0) =0). 
The potential distributions for heat and mass transfer are in this case 


ie) 
' t—t 
T (X, a eS! +) Anos aX exp(— 2 Fok (4- 3-13) 
n=l 
co 
6,—® LuPn 
@(X, Fo) = 25 eG { y [4 cos »,X — B, cos Wi x| exp(— p2 Fo) +- 
a=! 
oo 
+ y Ag COS am X Exp (— p Lu Fo)}, (4-3- 14) 
m=| 
where = 
2 2 . 2tanY Lup, . 


Ae = 7iesine la “8 (ip YT 


bn = (2n—I1)n/2 (n=1, 2, 3...5 


Pe = mn (m=—1, 2, 3...) 


The first six values of the roots Wn and Pmof the characteristic equation, as well as of coefficients An, Bn, 
and Am, are given in Table 4-8, 


TABLE 4-8 


Roots of characteristic equation and constant coefficients for an infinite plate (heat and 
mass transfer not complicated by phase transitions) 


nan orm 
Parameter 
| » | 2 | 3 | « [| 5 | 6 
1 Ma 1.5708) 4.7124 7.8540/ 10.9956] 14.1372] 17.2788 
2 Pm 3.1416 6, 2832 9.4248 | 12.5664; 15.7080} 18.8496 
3 An 1.2732 | —0. 4244 0.2546 | —0.1819 0.1415) —0,1157 


10 }—4.1614 1.8624 | —2.7785 | —2.6771 0.6731 | —0.3871 
5 foe) CO CO foe) oe) foe) 

. 50 2.2629 1.6134] —0.3624 1.6382} 0.2199) —0.2549 

.75 1.5152 | —0. 6572 0.8448 1.6080 | —0. 2787 0. 1497 
00 1.2732 | —0. 4244 0.2546] —0.1819} 0.1415| —0.1157 


eee eee SSS Oe 


0.10 | —3.0904 | —2.2794| 0.1093} 0.5524; 1.5468) —0. 1123 
0,25 4681.2] 0.0000 | —366.818) 0.0000| 13865 0.0000 
5 | Am Lu 0.50 1.1828} 1.6292} —0.1203 |—0,1346| 1.6154 0.1432 
0.75 0.3292 | —0.4126) 0.7704) 1.6182|—0.2486/ 0.08670 
1.00 0.0000} 0.0000; 0.0000} 0.0000; 0.0000 0.0000 


An analysis of the above solutions shows that, starting from Fo= 0,1 for equation (4-38-13) and starting 
from Fo= 0.15 for equation (4-3-14), it is sufficient to retain only the first terms of the infinite series during 
practical calculations, 

Let us consider in more detail the solution for the heat- transfer potential This solution can be applied 
to many practical problems in which the heat transfer is not complicated by mass transfer or phase transition, 
and it is also useful in the study of diffusion processes, In the latter case the concentration corresponds to the 
dimensionless temperature, while the diffusion coefficient corresponds to the thermal diffusivity (which enters 
into the Fourier number). 

If during the transfer process the surface temperature ¢, (or surface concentration) differs from the initial 
distribution f, then solution (4- 3-13) becomes 


og 
t—t 
T= ee ap) A, COS [4,X exp (— pe Fo). (4-3- 15) 


az 
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For low Fo it is more convenient to use the other solution (see preceding subsection): 


T= —Yeweietay t erte (4-3-16) 


Figure 4-10 shows curves for the dimensioniess- temperature distributions at various values of Fo (from 0,005 to 
to 1,5), obtained using formulas (4-3-15) and (4-3-16). The figure shows that during cooling (o>) the 
temperature at the middle of the plate decreases considerably for Fo>0,06, The cooling process is termi- 
nated at about Fo>1.5. Figure 4-10 can also be used as a nomogram for practical calculations, 


FIGURE 4-10, The dimensionless- temperature distribution 
in an infinite plate 


In order to determine the specific heat and mass flow rates it is necessary to know the average values of 
the dimensionless transfer potentials; these can be obtained using formula (4-2-25), The average value, over 
the spatial coordinate, of equation (4-3-15) is 


pa oo 
= t—t 
T (Fo) = a), D, exp(— 1? Fo), 


a=! 


where 


sin p, 4 2 = 8 
Da = An~ aq pe @n—tPx* 


For small Fo this equation becomes 


fee) 
= Fo ee n 
T oyai—2/ Fo 4 Fo) (— ie {c-——-. 
(Fo) —+4VFo) (—1) erle as 
a= 
Here 


] 
i erfe z= —= e*" — zertcz, 


Vr 


Finally, as an approximation for low Fo, it is also possible to use the formula 


T=-1—2 Fo | 
ri 


The relation between the average dimensionless temperature and the Fourier number for an infinite plate is 
shown in Figure 4-11. 
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t 
For an arbitrary initial transfer- potential distribution 7(X, 0) = 7m * =F(X), solution (4-3-13) becomes 


) I 
fa teSiy cos p,X exp(— p- ‘ "dX" 
7 y aX exp( wh Fo) 2 { F(x")c0s wax dX’. 
A=! 0 
In contrast to (4-3-13) the dimensionless distribution 7(X, Fo) is here the ratio of the dimensional temper- 
ature difference ¢ —t,to some fixed dimensional temperature ¢,. The choice of ¢, is dictated only by con- 
venience in calculation, The same is true of the function F(X), which is the ratio of the initial distribution 


of the dimensional temperature to the fixed temperature value which is selected: F(X)=f(x)/t,. 


O Q0 Qf i (Qn és 
Ob 


FIGURE 4-11, Relation between average dimensionless 
temperature and Fourier number for an infinite plate 


Let us note in conclusion that problems involving a finite rod with no heat exchange at the surface may 
be classified with problems involving an infinite plate. In most cases such problems are unsymmetric, For 
example, for an arbitrary initial transfer- potential distribution with different constant temperatures at the 
end faces of the rod, 7(0,Fo) 7, and T(1,Fo)=73, we obtain: 


oo 
T (X, Fo) = 7, + (7, —7,)X + y — (Ps + 1)cos p, —(1 + 7,)] sin pa X exp(— rd Fo) + 


=! 


oo ] 
+ } sin 4,X exp(— wi, Fo) a) F(X’) sin w,X'dX’, 
k=!) 


where X = =, and where /is either the distance between the ends of the rod or else the thickness of the 
plate. 

c) Heat and mass transfer in an infinite cylinder = 1; Ko* = 0, 7(X, 0)= @(X, 0)=0). 

The expressions for the dimensionless transfer potentials are 


T(X, Fo) =—1+4 ¥ Ando (aX) exp (— #2 Foy (4-3-17) 
Lu Pn ~ - 
@(X, Fo) =o Y) [ Aatotnarr— Bas, (5% x) | exp a Fo) + 
= 
+y) AmJe (t+mX) exp (— pe Lu Fo) }, (4-3- 18) 
mx! 
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where py and pm are the roots of the characteristic equations 


2 
Je (in) =0 and J, (}>m) =0, and where A, ca Mend: (tn) 
2 (YEU rn) 


PTL enV Le) "VL hm SAV LH bm) J m) 


The first six values of the characteristic- equation roots and the coefficients are given in Table 4-9, 


TABLE 4-9 


Roots of the characteristic equations and constant coefficients for an infinite cylinder 


(heat and mass transfer not complicated by phase transitions) 


2.4048 | 5.5201 | 8.6537 | 11.7915 | 14.9309 18.0711 
3.8317 | 7.0156 | 10.1735 | 13.3237 | 16.4706 19.6159 
1.6018 j—1.0647 | 0.8516 |—0.7295 | 0.6487 | —0.5896 
16.3934 |—7.1917 | 4.8181 ;—4.4366 | 5.7921 | —18.9933 
—5.5371 |—3.9643 |—3.2483 |—2.8177 |—2.5224 | —2.3036 
6.5789 | 2.5304 ]—1.6205 |—6.0551 1.0937 | —2.9120 
2.3012 |—2.2183 | 5.8841 | 3.1461 |—1.1577 0.7708 
1.6022 |—1.0647 | 0.8516 |—0.7971 | 0.6487 | —0O.5896 
—4.0973 | 16.5659 | 1.9524] 0.8300 |—6.2473 | —2.0694 
—5.5226 |—0.6678 |—3.5574 |—0.5216 |—-2.8525 | —0.4419 
5.5044 | 2.2796 |—0. 1983 |—0.9558 |—6. 0026 0.4763 
0.9162 |—1.6737 | 6.7093 |—3.0997 |—0.9315 0.3672 
0.0000 | 0.0000 ; 0.0000} 0.0000 | 0.0000 0.0000 


an Or m 


As in the preceding subsection, let us analyze solution (4-3-17) in more detail, If the value of the 


surface potential differs from its initial distribution, then (4-3-17) becomes 


t- 2) 
t—t 
T =F = J) Ande (in X) exp (— 13 Fo (4-3-19) 
a=l 
for Fo>0,1, and the more complex 
t—t, 1 1 i-x, Fo | 1— 
= Vx | (ome —p 4 _—— 
eet ee it Fo Fo is ort tonto 
32 xT) VX csrmt (4-3-20) 


for Fo<0,1. For approximate calculations it is sufficient to reduce (4-3-20) to the approximate formula 
| 1—X 
f=1!——serle ——= 
Vx 2VF 


Figure 4-12 shows the distributions, over the dimensionless spatial coordinate, of the dimensionless 
transfer potential, for various values of Fo from 0,005 to 0,8, 
The transfer potential may be averaged in accordance with formula (4-2-47) to give 


= t— 
T (Fo) = 7 — Dz exp (— Hq Fo), 


where 


> 
| 
sol = 
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FIGURE 4-12, The dimensionless- temperature distribution 
in an infinite cylinder 


The relation between 7 and the Fourier number is shown in Figure 4-13, which may serve as a calculation graph. 
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FIGURE 4-13, Relation between the average dimensionless 
temperature and the Fourier number, for an infinite cylinder 


If the initial distribution of the transfer potential is an arbitrary function of the spatial coordinates, then 
expression (4- 3-17) or (4- 3-19) becomes 


T (X, Fo) = 


60 U 
t—t, ne 259 (PnX) pate f 
7 Se arr) fn) APE AAFO) | A100 Coad a 


R 
If the infinite cylinder is hollow and x= R. is the ratio of the radii of the extemal and internal surfaces, 


f t Fe i eat ia 
whose temperatures are constant and equal respectively to ¢*, = 7 and {*, — ie and if the initia] distribution 
* ® 
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r ; ; 
is a function of the dimensionless coordinate X = Ro: then the solution of the problem will have the form 
1 


= Bi Jo (a) ; 
t, Qt, ees J? (un) — Jz (eben) Vatondexp(— wh Fo) | X18) Velox) 4x — 


aa a (+n) — Je (xa) 
— ) er V X) exp(— p2 Fo 
y Tea Emay ets) Yolen) exp(— wf Fo) + 
1 x ty 
ae ers [ingest In X |. (4-3-21) 
where py, are the roots of the characteristic equation 


Jo (4) Yo (xt) — Jy (xt) Yo (14) = 0; 
Vg (enX) = Jo (aX) Yo (xen) — Je (xen) Yo (en X). 


The first five values of pa are given in Table 4-10; Yo is a zero-order Bessel function of the second kind, 
TABLE 4-10 
Roots pw, of the characteristic equation J, (+) Y, (x) — Y, (1) J, (xi+) = 0 


x Hs ba | nw | bs | te 


15.7014 31.4126 47.1217 62.8302 ; 94.2467 
6.2702 12.5598 18. 8451 25.1294 ‘ 37. 6969 
3.1917 6. 3116 9.4446 12.5614 ; 18.8462 


2.0732 4.1773 6.2754 8.3717 
1.5485 3.1291 4.7038 6.2767 
1.2339 2.5002 3.7608 5.0196 
1.0244 2.0809 3.1322 4.1816 


When the surface temperatures are equal, fp=t;=f,, and the initial temperature distribution is uniform, 
solution (4- 3-21) simplifies to 


t—ts WRACHLACTES 
T= f= ts™ 2 Tolea) + Jolene) PC Pa Pod 


k=1 


d) Heat and mass transfer in a sphere (T=2; Ko* =0; 7(X, 0) = 0(X, 0)=90). The dimensionless trans- 
fer potentials are 


eo 
in p,X 
T(X, Fo)=—1+ YA, Ae exp(—p2 Fof (4-38-22) 
n=! 
Yn 
co sin ——— X 
Lu Pn sin p,X YLu 
@(X, Fo= Te] 1 » E Xx —B,—y_ Jorvira 
n=!) 
i 
+y) Ag ens exp(— »2Lu Fo) (4-3-23) 
m= 


where p, =nn(n = 1, 2, 3...)and where pmare the roots of the characteristic equation 


tan bm = Bm; 


and where 
2 2 
— (— ]\n+1 ——?* I ee A ee a OEE 
(—1) Ka? Bn thn Bn Mn } 
Lu ( sin ——= — — cos ——— 
Vlu Ylu VYlu 


2(sin YLu Ym — VLU Hm cos VLU Hm) | 


An = — 
¥ Lup? sin YLu pm sin pom 
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The first six nonzero values of the characteristic- equation roots and the coefficients are given in 
Table 4-11. For Fo >0,15 the infinite series which enter into (4-3-22) and (4- 3-23) converge quite rapidly, 
so that during calculation only the first terms of the expansion need be retained. For small values of the 
dimensionless time (Fo <0,15) several terms of the series must be taken, 


TABLE 4-11 


Roots of the characteristic equation and constant coefficients for a sphere (heat and mass 
transfer not complicated by phase transitions) 


aorm 
No. Parameter 


Pn 15. 7080 


Cent (led Re ee eee 


a a ts | ff | SSS NN 


a J | | | 


114.5475 


me fee | ee ee J | | Le > | Le | 


10.9041 


0.2122 


—0.4244 
—0. 4470 
11.7855 
0.2122 


0.5288 
—0. 2019 
0.0028 
10. 0866 
0.0000 


17. 2208 
0.1273 


—0.4775 
—-0. 2546 
0. 1866 
0. 1830 
0.1273 


—0. 1260 
—0.1233 
—0. 2928 
—0. 1220 

0.0000 


If the distribution #(1,Fo) =ts of the surface potential differs from the initial potential distribution ¢(X,0) =p, 
then solution (4- 3-22) becomes 


t—ft 


t.— 


foe] 
sin u,X 
T= rap) An —"— exp(—p? Fo). (4-3-24) 


a=! 


Solution (4- 3-24) is most useful for large values of Fo, For small values of Fo the solution has the form 


to o) 
t—ts 1 (2n — 1)—X (2n — 1)+- X 
=o SS SS eT ne ao Ye -3-2 
T ft, 1 Vx Y} (ext 2VFo erfc 2) Fo ) (4 5) 
a=! 


Solution (4- 3-25) is valid for X >0; when X =0 we have 


fe a) 
t(0, Fo)—t, ) __ Ee -Se | 9-95: 
sO Fol te 1-2 oes ex | aro | a 


Figure 4-14 shows the distribution of dimensionless potential over the coordinate X for various values of Fo, 
calculated using formulas (4- 3-24), (4-3-25), and (4-3-25'), It is evident from Figure 4-14 that for Fo= 
= 0,005 the dimensionless temperatures at depths of X<0.6 differ only slightly from the initial temperature. 
Only for Fo >0, 04 is the variation in potential at the center of the sphere appreciable, The cooling (heating) 
process is almost terminated for Fo 20, 4, 

The average value of the potential is found using formula (4-2-72). For Fo>0,1 the most convenient 
solution is 


fee] 
F (Fo) = '——s -)) D, exp(— pe Fo), 
faite 


a=] 


where D, = 6/u2. For Fo<0.1 the best solution is 


) 
T (Fo) = 1 -++ 3Fo — 6 Fo [re + oy sent a | 
n=! 
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FIGURE 4-14, The dimensionless- temperature distribution 
in a sphere 


The functions 7m7(Fo) corresponding to the last two formulas are plotted in Figure 4-15. 
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FIGURE 4-15, Average dimensionless temperature as a 
function of Fourier number, for a sphere 

If the initial distribution of the transfer potential is a function of the spatial coordinates, then expressions 
(4-3-22) and (4-3-24) become 
t—t Fy sin aX 
— be Sim} 
T= t=-14 } Fe exp(— p? Po)2{ X7(X)sin aX dX. 
n=1 0 


Finally, if we have a hollow sphere with inner and outer radii of R, and Re, then for a constant initial 
potential distribution % we obtain the following solutions: 

1, At the beginning of the process the dimensionless potentials at the inner and outer surfaces are 
respectively 


t,—t sy 
7,= : t © =constant and 7,=' to 
r) 


=constant, 
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the characteristic dimension being the inner radius R, The potential distribution is thus 


pa tate OXI $HXA Ty _ 


t, (x — 1) X 


oo 
1 xXx—!1 
ax X (7, sin 7 FT Me + x7, sin ——_ Sl m) exp[ — ok eaapFo |. 


n=l 


R, , : ‘ 
where x == Ry If in this solution we set R, 0 and R=R,y, then we arrive at solution (4-3-24) for a solid sphere. 


2, The inner surface is heated up to 7, and maintained constant, while the external surface is insulated 


ores) oh ==Q, The potential distribution is 


on 
t—f¢ A —X x—1]  2x—X ] 
T= i =7,{1— by (008 © ETE ial, nae a, ay vs] exp [ — Pe TF 1)? Fo |}, 
k=!1 


where # sa are the roots of the characteristic equation 


tan B= — 


mV op + (1 Nah 

2 + (I fn)? — Ife 
The values of #, and A,are given in Tables 6-46 and 6-47, In using these tables and graphs it is necessary 
to substitute 1/~ for the Biot number Big. 


Ay =(— 14? 


4-4, Heat and Mass Transfer fora 
Constant Potential @ 


The transfer -potential distributions in the material, as well as the time 
variations of these in the absence of mass exchange between a body [system] 
and its surroundings, are determined in general (see § 4-2) by the Fourier 
number Fo, by the dimensionless spatial coordinate X, and by the para- 
meters v,; and ve, In addition, the distribution of mass-transfer potential 
is a function of the modified Kossovich number Ko*, which characterizes 
the heat consumed in phase transition inside the body, in the heat units 
which went to its heating. In other words, Ko” indicates the effect of phase 
transitions on mass transfer. 

The parameters y, (i=1, 2) must now be considered in more detail, since 
with boundary conditions of the first kind these parameters determine di- 
rectly the close coupling between the phenomena of heat and mass transfer. 
Equation (4-2-7) shows that v; are functions of Lu and of the compound 
dimensionless number Fe = Ko*Pn. Both of these similarity criteria char- 
acterize the coupling between the transfer phenomena. Thedimensionless 
number Lurepresents coupling between the inertial properties of the fields of 
mass-transfer and heat-transfer (temperature) potential. The compound num- 
ber Fe contains in it the Posnovnumber Pn, the presence ofwhichis aresult 
of the superposition of thermal processes onto diffusion processes, These 
considerations thus require that parameters v; be interpreted as coupling 
parameters, The same result, as will be shown in Chapter V, follows 
from considerations related to the possibility of replacing the system of 
coupled equations for transfer by two noncoupled heat-conduction-type equa- 
tions, in terms of the combined "potential" Z;=p,T+4q,8. 

The parameter v, (see Table 4-1) varies only slightly with Lu and Fe; 
as each of the latter numbers increases, it decreases, For Lu=0, we 
have v, equal to unity, while for Lu >1.0 the parameter approaches zero. 
As Fe increases, the parameter ve increases slightly, whereas as Lu in- 
creases, this parameter decreases approximately logarithmically. 


145 


Mass transfer affects heat transfer by means of phase transition, as 
expressed by the Fedorov number (or rather by Ko*). This follows from 
the fact that the absence of a phase-transition term in heat-conduction 
equation (4-1-2) leads to a solution of the system of equations which is 
characteristic of 'pure'' heat conduction (see § 4-3), whereas the distribu- 
tion of the mass-transfer potentials is still a function of the temperature 
fields, as expressed through Lu and Pn. 

In the absence of phase transitions in the material the temperature 
field is similar to the temperature field of a ''dry'' substance, The dimen- 
sionless heat-transfer potential is a function of the Fourier number and the 
spatial coordinate: 

T (X, Fo) =f (Fo, X). (4-4-1) 


Since the characteristic-equation roots increase with an increase ina, 
for Fo>Fo, (that is, in the normal-condition range), all the terms of the 
series except the first may be neglected. In this case relation (4-4-1) 
may be written as 


—te 
T=7— + =A,P (v4, X)exp (—p; Fo). 


t 

ty — 
Here A, is the initial thermal amplitude, equal to 4/x for aninfinite plate, to 
2/2.405J, (2.405) for an infinite cylinder, and to 2/x for a sphere; ®(p,, X) is 


a function describing the temperature distribution (it is cos X for an in- 


finite plate, J, (2.405 X) for an infinite cylinder, and sinxX/X for a sphere); 
and p, is the first root of the corresponding characteristic equation. 

For steady-state conditions (that is, when Fo—oo) the dimensionless 
temperature for a plate, cylinder, or sphere is zero, while for an infinite 
rod it is some linear function of X. 

Under these conditions, namely in the absence of phase transition in the 
material, the field of the dimensionless mass-transfer potential is a func- 
tion not only of Fo and X but also of Lu and 
Pn. The analytical solutions for 0(X, Fo) con- 
stitute a sum of two series, the first of which 
represents the modified temperature field 
and the second of which represents the modi- 
fied field of mass-transfer potential. 

As the dimensionless time increases, the 
potential 8 approaches zero for an infinite 
plate and cylinder and for a sphere, where- 
as for an infinite rod 


Q(X, co) = Pn (1/2— X). 


Sizyakova's calculations, based on the formu- 
las in § 4-3a for the transfer-potential fields 

in a moist finite rod, have shown (Figure 4-16) 
that under the effect of a variable temperature 
field a damped wave of mass-transfer (or mass- 


FIGURE 4-16, @(X,Fo)/Pn as a content) potential is established inthe material. 
function of the Fourier number For small values of Lu the wave becomes at- 
and the dimensionless coordinates tenuated very rapidly. With increasing Lu it 


penetrates more deeply into the material, 
propagates more quickly, and the absolute value of its maximum in- 
creases (in contrast to equation (4-3-14), here 6 has the opposite 
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sign: Q, =, in order to facilitate a comparison between the calculations 
Q 


and the experimental results). 

The rate of variation of mass-transfer potential at each point increases 
greatly as Lu becomes larger, and a linear steady-state distribution of this 
potential is established much more rapidly. For example, for Lu=0.8 and 
Fo = 0.5 the distribution of dimensionless mass-transfer potential in a finite 
rod may already be considered steady. The local temperature (Figure 4-17) 
increases rapidly at first, and then gradually approaches the constant level 
corresponding to the linear steady-state temperature distribution for the 
specimen. A comparison of the curves for the variations of the dimension- 
less transfer potentials at identical moments shows that the most intensive 
variation in mass-transfer potential occurs during the period of most inten- 
sive variation in heat-transfer potential, For small Lu the variations in 9, 


a a SIZ) 
a a 
4 


Q75 


t(x,r)—t 


FIGURE 4-17. T= 2 as a function of 


the Fourier number 


take place considerably more gradually than the variations in T. A steady- 
state temperature distribution is established much earlier than a steady 
distribution of mass-transfer potential, Calculations also show that the 
curves for the distribution of 6; over time and space have maxima, The 
value of the maximum for a given value of Lu is the same for all coordinate 
values, but the maximum increases with Lu. 

Experimental checks, using quartz sand, of the analytical solutions for 
a finite rod (Ko* = 0) were carried out by Sizyakova and also by Oleinikov 
and Kazanskii. These experiments confirmed the correctness of the mathe- 
matical model of heat and mass transfer, At the same time, a comparison 
of the experimental curves for the variations in mass content and tempera- 
ture (Figures 4-18 and 4-19) with the analytical curves (Figures 4-16 and 
4-17) shows that the experimental maxima are not as sharp as the calculated 
ones, that they are reached much later, and that the mass-content wave 
penetrated more deeply into the material. The experimental temperature 
increase takes place more smoothly, and the steady-state distribution is 
established much later, than those predicted by the analytical curves. All 
these factors indicate the presence of a considerable amount of phase transi- 
tion (vaporization) in the material. The maximum mass content is attained 
much later, since in a moist body part of the moisture which has vaporized 
goes awayinto more remote layers. Therefore, the mass-content wave also 
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penetrates deeper into the material. Due to the vaporization the rate of 
temperature rise under real conditions is lower than that in the analytical 
curves, Phase transition in the material is entirely possible, since the 
[experimental] heater temperature was sufficiently high (¢, = 72 to 163°C). 
The presence of phase transition was demonstrated directly by Gamayunov, 
using the radioactive-tracer method. 


Mass Content 


FIGURE 4-18, Experimental curves for the time variation 
of the mass content 


In a closed insulated system in which there is mass transfer, moisture 
circulation occurs. Moisture in the form of liquid is brought to the hotter 
part of the system, where it evaporates and moves as vapor into the in- 
terior. Then, after condensing in the colder regions, the moisture is again 
transported as liquid to the hot end. The transfer of moisture in the form 


2 

3 

3 

o 

E 

C9) 

be 
X= =a. 
X=2 no 

oO 100 200 JOO 400 JOO 
Time, min. 


FIGURE 4-19, Experimental curves for the temperature variation 


of vapor has been observed in many experiments carried out in a tempera- 
ture range from 30 to 60°C. Consequently, experimental studies lead us 
to conclude that the process must be represented mathematically by the 
complete system of differential heat-transfer and mass-transfer equations 
(4-1-2) and (4-1-3). 
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FIGURE 4-20, Time developmentof the Ko*@ fields for various values of Lu, for a symmetrical infinite plate 


a) Lu=0,1; b) Lu=0,4; c) Lu=1,0 
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During the heating of a finite rod (or, which is the same thing, an in- 
finite plate whose surfaces have different temperatures) extrema of the 
same sign are observed, the absolute values of which are practically the 
same. However, during the cooling of a plate with equal surface tempera- 
tures (§§ 4-2, a and 4-3, b), the nature of the transfer -potential distribution 
is somewhat different. Along with minima of the mass-transfer potential 
maxima are also observed, and the magnitudes of the extrema at various 
points of the body are different. 

As Lu increases (Figure 4-20), the extrema of dimensionless mass- 
transfer potential become more pronounced, their amplitudes increase, 
and the moments of their formation are shifted toward smaller Fo. Also, 
the development of the fields of mass-transfer potential becomes more in- 
tensive and the steady state is established more rapidly. For small values 
of the Fourier number, the potential @ increases with Lu (Figure 4-21), but 
for Fo~0.4 an inflection point begins to develop on the curves. Then, for 
higher Fo, the inflection point becomes displaced toward lower Lu. After 
Fourier numbers of 1.2 to 1.3 this point reaches the ordinate axis, asa 
result of which a new profile of the mass-transfer-potential curve is 
formed: @decreases with an increase in Lu, but the main variation in po- 
tential occurs up to Lu=1.0, For Lu>1.0, the potential 8 becomes self- 
Similar with respect to Lu. 


FIGURE 4-21, Ko*@ as a function of Lu 


The temperature field is practically independent of Lu. A slight de- 
crease in Tis observed only for small values of this dimensionless number. 
Certain individual features of the temperature and mass fields have led to 
the suggestion that unsteady-state methods be used to determine the trans- 
fer coefficients. 
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Chapter V 


UNSTEADY FIELDS OF HEAT-TRANSFER 
AND MASS-TRANSFER POTENTIAL WITH BOUNDARY 
CONDITIONS OF THE SECOND KIND 


5-1, The Dimensionless Boundary Conditions 


In many high-temperature processes the specific heat flux and mass 
flux at the surface of a body are complicated functions of the transfer po- 
tentials, For example, when a body is irradiated the thermal flux is pro- 
portional to the difference between the fourth powers of the absolute tem- 
peratures of the surfaces involved in the heat exchange. Complete solu- 
tions of the system of differential heat-transfer and mass-transfer equa- 
tions are in this case very difficult to obtain. However, such solutions 
may be obtained more easily, provided that appropriately selected functions 
in which the fluxes depend only on time are specified in the boundary condi- 
tions, The boundary conditions are then of the second kind. 

In this case the dimensionless boundary conditions for a one-dimensional 
body may be written as 


T(t, F ° i 
aioe. (5 1-1) 
where Ki,= aon a nd Kin =e are respectively the Kirpichev numbers 


for heat exchange and mass canner The initial conditions for the given 
system of equations may be written as 


T (X, 0) = AO" F, (X) and 0(X, Ope) — F(X), (5-1-3) 


If, in addition to the heat source, there is also a heat sink at the surface 
of the body, as is observed during the dynamic cooling of various objects 
which are being irradiated, or during the radiation drying of moist dis- 
persed media, then condition (5-1-1) should be generalized, For example, 
for the above situations this condition takes the form 


— S00, Fo) + Ki, (Fo) — (1 —e) LuKoKi,, (Fo) = 0. (5-1-4) 


Solutions of the system of heat-transfer and mass-transfer equations 
with boundary conditions (5-1-4) and (5-1-2) will be considered in § 5-3, 
In these problems the modified Kossovich number Ko* will be introduced 
as the product of the phase-transition ratio (e) times the [ordinary] Kossovich 
number (Ko) used in studies of drying processes. Such a definition of Ko* 
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is very convenient, in view of the difference between the phase-transition 
rates at the surface of the body and in its interior. 

Particular solutions of the system of heat-transfer and mass-transfer 
equations for boundary conditions of the second kind have been obtained by 
Gamayunov, Koslova, Lykov, Mikhailov, Plyat, and Prudnikov. Solutions 
of the system of equations in the absence of thermal-gradient transfer have 
been given by Smirnov. Various cases of uncoupled transfer have been con- 
sidered by many Soviet and other authors. Some problems of this type will 
be considered in § 5-5, 


0-2, Basic Problems of Coupled Heat 
and Mass Transfer 


In this section we will consider the solutions of system of equations 
(4-1-2) and (4-1-3) for an infinite plate, an infinite cylinder, and a sphere, 
with boundary conditions (5-1-1) and (5-1-2), symmetry conditions (4-1-5), 
and initial conditions (5-1-3). 

a) Solution for an infinite plate (T=0), To solve this problem let us use 
the method of combined Fourier and Laplace integral transformations. 

First, with respect to variable X the finite Fourier cosine transformation 


{? (p, Foe [9 (X, Fo) cospXdX, (5-2-1) 


is applied, where p=—ax (n=0, I, 2,...)[and where the subscript ¢ denotes 
the cosine transformation]. The second-order derivatives may be trans- 
formed as follows: 


0*9(X, F 1, F , F 
(a eos pXdX = (—1)" 2: Fo) (0 Fo) isto (u, Fo} (5-2-2) 
0 


The inversion from the transform {9¢(p, Fo)}. to the original function is car- 
ried out using the formula 


9(X, Fo)={9(0, Fo)}.2 y {? (tn Fo}. cosunX. (5-2-3) 


Thus, the application of a Fourier cosine transformation, with boundary 
conditions (5-1-1) and (5-1-2) and symmetry conditions (4-1-5), to the sec- 
ond derivatives for the case at hand gives 


| 

if oT, cos wXdX = (—1)" Ki, (Po) —p'T (5-2-4) 
ee 
| axe 008 pXdX = (—1)" [Pn Ki (Fo) + Kim (Fo)] — p*8 (5-2-5) 
a 


It will be assumed here and in the following that the Fourier -transformation 
operator and the differentiation operator 0/0Fo are commutative. Then 
it is possible, after multiplying all the terms in equations (4-1-2) and 
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(4-1-3) by cosp,X, integrating with respect to X from 0 to 1, and taking into 
account (5-2-4) and (5-2-5), to transform the original system of partial dif- 
ferential equations into a system of two ordinary differential equations: 


we 


(5-2-6) 


Foo (—1)” Ki, (Fo) — y? f 224Ko oo i 
oe (—1)" Lu Ki, (Fo) — Lu p78, Lu Pnp*7,, 
Here initial conditions (5-1-3) are transformed, after application of trans- 
formation (5-2-1), into the conditions 
| ! 
Tye=Te(p, 0)= 5 F,(X) cospXdX, Q,¢= 8. (p, O)= 5 F,(X)cospXdX. (5-2-7) 
Let us now apply the Laplace integral transformation 


{7 (X, =I 9% Fo) exp (—s Fo) d Fo. (5-2-8) 


Then, if we take (5-2-7) into account, equations (5-2-6) become the follow- 
ing system of algebraic equations: 


(s+ y2)T,, +s Ko*0,, =(—1)" {Kig}, + Tee + Ko* 8c: 
h — Lu Pay'Z,, + (s+ Lup!) 0, =(—)* Lu {Kin}, + Oe 
wnere 


{Kin}, = | Kin (Fo) exp (—s Fo) dFo and k={, eae 
é 2 orm 


Now, the latter system may be solved for 7,, (p, s) and 8,, (», s), and when 
we invert with respect to the parameter sto find the inverse transforms 
of these potentials we obtain 


Te(p, Fo)= x [A’ LPrite + BF {Qni}e]; (5-2-9) 
k, t=! 

Bg (ps, Fo) = »> [A ~ {Pri}e + BY, {Quitel, (5-2-10) 
k, i=l 


where 


q i 1—v A= 
Ai, =(—)) v3 ye’ at BY = (— ee mt 


a —V; sith 
A= (Ii Sy Ana (-) SE, 
; 2 bs as (5-2-11) 
| Lu(i/Lu—v;) _ - 
Bt sa ore B". =(—1)? re a 


= Lu v 
BY = (—1) =a : 
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{Py ihe == T oe OXP [—p?v"Lu Fo]; 
{Prise = Bye exp [—p*v" Lu Fo]; 


Fo 
{Q,}e=(—1)" \ Ki, (Fo*) exp [—p*v; Lu (Fo—Fo*)] d Fo*; (5-2-12) 
0 
: Fo 
{Q,i}e == (—1)” \ Ki, (Fo*) exp [—p?v, Lu (Fo—Fo*)] dFo*; 
0 


4 


i |(1-+KorPa- pi) +(—0) / (! + Ko'Pa+tia) — te | ,  (5-2-13) 


(i=1, 2), (t=, sa ‘. 


~ Qorm 


From these relations it is evident that the subscripts &i of the constant coef- 
ficients A and B indicate that these coefficients pertain to the corresponding 
quantities Pand Q. 


Q2. 04 OG a8 10 02 04 06 a0 
FIGURE 5-1, Coefficients A?, as functions FIGURE 5-2. Coefficients AJ as functions 
of Lu, for various values of Ko*Pn of Lu, for various values of Ko*Pn 


Coefficients A,; and B,;as functions of Ko*Pn and Lu are listed in Tables 
5-1 and 5-2 and plotted in Figures 5-1 through 5-6, For convenience in 
calculation coefficients Aj, and Bj, are referred to the Posnov number: 


Ko*Po 1 
ve—v3 Pn’ 


At, =(— 1)! 


o*Pn Luv? 
Bra (1 
l 2 
The values of these coefficients for various values of Ko* can easily be de- 
termined provided we take into account the single-valued correspondence 
between Pn and Ko* for a given value of Fe =Ko*Pn. The relation between 
these dimensionless numbers is shown by the nomogram in Figure 5-7. 
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QZ Ge aS GB L120 


] 
FIGURE 5-3, Coefficients Bj} as functions FIGURE 5- 4, Coefficient py Ajj as a func- 


of Lu, for various values of Ko* Pn ; 
tion of Lu, for various values of Ko*Pn 


= a 


Le 


a 
a 


A le 
02 04 06 08 02 04 06 08 10 
FIGURE 5-5, Coefficients Pn Af, as func- FIGURE 5-6. Coefficients Pn Big,as func- 
tions of Lu, for various values of Ko*Pn tions of Lu, for various values of Ko*Pn 
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It is easy to show that transforms 7,(p, Fo) and @6,(p, Fo), which are de- 
fined by expressions (5-2-9) and (5-2-10), satisfy initial conditions (5-2-7), 
Let us find now the inverse transforms, using formula (5-2-3). After some 
simple transformations we obtain 


2 2 
T (X, Fo)= y > (Aj, Pri t+ BF Qni): (5-2-14) 

k=! i=1 

2 2 
0(X, Fo) = > (At, Pri t By, Qui), (5-2-15) 

k=1i=1 

where 

Py F,,(X) dx +23 COS fn X exp [(— p?2 v? Lu Fo] i F,(X)cosp,XdX; (5-2-16) 


Fo fe) 
Qui ( Ki, (Fo*) dFo* + 2 y) (~-1)" cos pnX exp [—p2 v? Lu Fo] x 
0 n=! 
Fo 
x \ Ki, (Fo*) exp [y2 v? Lu Fo*] d Fo*, (5-2-17) 


p= na(n=1, 2, 3, ...); i=1, 2; r= |, for F,andq for se 


2 for F,andm for KiJ 


On the basis of general solution (5-2-14) and (5-2-15) it is possible to obtain a series of particular 
solutions. 

1. If the initial transfer-potential distributions are constant over the cross section of the material and 
have the fixed values ¢, = ¢, and 6, = 6,, then 


F,(X) = F,(X)=0. 


10 


Mell | tt tT TE 
1 Aa 
HAT | tT 
ine ae eeEe 

pe Sete 


HAA 


FIGURE 5-7. Relation between Pn and Ko*, for 
various values of Fe = Ko*Pn 


Next, since sin, = 0, (5-2-16) becomes 
Pri =0.z 
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Consequently, 


2 
t—t 
T (X, Fo)= i -y) y BY Qais (5-2-18) 
e=1li=l 
6 2 2 
o7 m 
ry = »} Bpi Qate (5-2-19) 
yp. 


2. If the heat and mass fluxes at the surface of the body are constant (Ki, and Kimconstant), then 
solutions (5-2-14) and (5- 2-15) become 


2 2 


T (X, Fo) = (Ki, — Ko* Lu Ki,)Fo— — (1 — 3X2) Ki, +) y AY Prui— 
k=1 i=1 
>) (cir —>7 cos =)? Kt, —H! ? Hl ep(— p? vi Lu Fo (5-220) 


k=li= 


@(X, Fo) == Ki» Lu Fo— (1 — 3X*)(Pn Kiy + Kim) + ») At Pa 


k=1i=1 
a0 2 2 Bm a 
se ray (irr come DY) Ki, GP eX Ba v; Lu Fo)}. (5+2-21) 
n=l k=li=!1 


To derive (5-2-20) and (5-2-21) the relation 


co 
1 i 
2y) —1)" == cos u, X = ——— (1 — 3X2) 
(—1)" <p cos n + 


a 


was used, and the sums of individual groups of coefficients Aand B were evaluated, 
3, If F,y(X)= F,(X)=0 and if Ki, and Ki,, are constant, then taking into account equations (5-2-18) 
through (5-2-21) the solution of the problem, after expanding coefficients Buil¥} , becomes 


1 
T (X, Fo) =(Kig — Ko* Lu Kim) Fo — (1 — 3X") Kg — 
ce 2 
ya 7 Cf COS [on X exp(— 2 vi Lu Fo); 
a=li=l 


@(X, Fo) = Kin Lu Fo — = — 3X*)(Pn Ki, + Kim) — 


-y) ) (—1)" = CT cos aX exp (— pi, ¥; Lu Fo), 


where sa 
Ki, (vz — 1/Lu) + Ko*Kim Ki, (v? — 1/Lu) + Ko*Kin 
9 =. 3 Cf = — —_—_,, —,, 3 
i er , 2 yravye 
2 ] 2 1 


2 2 9 9 (5-222) 
Pn Kigvg —(1 — 2) Kim cm Pn Kigv; — (1 — ¥}) Kim. 


Se a = 2. 2 
%— Vg — Vj 


Values of coefficients C? and C;" for various values of the related similarity criteria are given in Tables 


2 
5-3 through 5-5. Coefficients (—1)" —> are listed in Table 4-8, row 3, 
pe 


fi 
4, If no thermal-gradient mass transfer takes place in the material, so that Pn=0, then solutions 
(5-2-14) and (5-2-15) become 


Ko* L 
T= Put Qn t poe (Pu — Par + Qu — Lt Quik 


@ = P,, + 1luaQ,, 
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or in expanded form 


1 Fo 
T(X, Fo) = ( F,(X)dX + j [Ki, (Fo*)— Ko* Lu Ki, (Fo*)] d Fo* + 
0 0 


oo 1 
+2 »¥ COS Py,X fexp(— p? Fo){ F(X) cos py_XdX + 
n=!) 0 


] 
+ pe + [exp (— »2 Fo) — exp(—p2 Lu Fof F4(X) cas pea 
0 


oo Fo 
+ 2 y (—1)"* cos »,X {exp(— pe Fo) f Ki, (Fo*) exp(we Fo*) d Fo® + 
0 


n=) 
Ko* Lu 
+Ty7 lexe(— ys? Fo) Kim (FO*) exp (12 Fo*)— 
Fo 
—Luexp(—p, LuF on Kin (Fo*) exp(;, Lu Fo*) d Fo*) \; (5- 2-23) 


J Fo 
@(X, Fo) = § F,y(X)dX +Lu f Ki,, (Fo*) dFo* ++ 
0 0 


co ] 
+. 2 yi COS 4nX exp( — pe Lu Fo){ { F,(X)cos p,XdX 4- 
azl 0 
Fo 


++ (—1)" Lu ) Ki, (Fo*) exp (2 Lu Fo*) dF o*| , (9-2-24) 


In the derivation of (5-2-23) and (5- 2-24) it was taken into account that, when Pn= 0, conditions (5-2-13) 
simplify to 


l 
Rig Se 2 
=f? W= 1, 


5. If, in addition to the condition Pn=0, the initial transfer-potentia) distributions throughout the 


material are constant and the Kirpichev number is also constant, then we obtain 


T (X, Fo) =(Kig —Ko* Lu Kin) Fo — (1 — 3X*) Kl — 


oo 
2 
-Yr a} cos eX 4 Kg exp(— »,, Fo) + 
a=} td 


Ko* Lu Kin ; 
+ ce [exp(— p2 Fo) — exp(— »2 Lu Foy}; 


@(X, Fo) = Kin E Fo—--(1 — 3X*)— 
2 
=), (—1)* pe cos aX exp (— p2 Lu Fo)| . 


asl 


6. If, in addition to the conditions of problem 5, we assume that no phase transitions take place in the 
material, then we obtain the classical solutions of the heat-conduction and diffusion equations, for boundary 
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conditions of the second kind with sources absent: 


oo 


. n 


t+ °] 
—t 1 2 
i ° =Ki, [Fo — amc — ax)—Y) (—1)* ae COS p,X exp (— pe? Fo)]; (52-25) 
=! 


q 
6, — 6 1 2 
8 — =a =Kimn Lu Fo — se (l — 3X?) — Yio re COS P_X exp (— pe Lu Fo). (5-2-26) 
e n 
n=l 


Solutions (5-2-25) and (5-2-26) become identical if we set Fog = Fo,/Lu. 
For low values of Fo or Lu Fo solutions (5-2-25) and (5- 2-26) may be written as 


7 “wyr. . (n—1)—X (2n —1) +X}. 
T=2Ki, VFoy) | enter +i erfc eRe. Fo IE 


a=l 


0 
vee Y) eee 
@= 2Kinp Lu Foy) [ erfc 2 LuFo 


is 


+i Fe soma nae saat da =| 


2YLuFo 


where 


‘oe 
ierfc z= —= e* —zerfc z. 


Vr 


The general nature of the transfer-potential distributions is evident from Figure 5-8. 


0 a2 Q4 a6 OF 10 


FIGURE 5-8, The temperature field of an infinite plate, 
for constant thermal-flux density at the surface 


b) Solution for an infinite cylinder (f=1) 

The method of solving system of equations (4-1-2) and (4-1-3) for an 
infinite cylinder or sphere, with boundary conditions (5-1-1) and (5-1-2) 
and initial conditions (5-1-3), is similar to the solution method for an in- 
finite plate. 

A finite Hankel integral transformation with respect to variable X 
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has the general form 


{ (v, Fo)},, = ( p(X, Fo) XJ, (eX) 4X, (5-2-27) 
i) 


where pw represents the roots of the characteristic equation J;(u)=0. Some 
values of these characteristic-equation roots are given in Table 4-9, row 2. 

The inverse Hankel transformation for the problem at hand is given by 
the formula 


9 (X, Fo) =2{9(0, Poll b 2S) ate Bera {P (ons Fo), (5- 2-28) 


Let us now apply transformation (5-2-27) to the groups of terms in dif- 
ferential equations (4-1-2) and he which have the form 


0*9(X, Fo) one Fo) 
~ Ox? ete Xx 


If boundary conditions (5-1-1) and (5-1-2) are assumed valid, then the fol- 
lowing relations are obtained: 


1 
§ (Saat Sy) ox) aX =I.) TOP — wir J (2) Kip (Fo) H'7 
9) 


| (5- 2-29) 
{ Gries ¥ ax) XJ, (pX) dX = J, () (Pn Ki, (Fo) +- Ki, (Fo)] — »6,. 
0 


Next we multiply all the terms in equations (4-1-2) and (4-1-3) by XJo(pX) 
and integrate with respect to X from 0 to 1 to obtain, using (5-2-29), a 
system of ordinary differential equations similar to (5-2-6), but in which 
(—1)"is replaced by Jo(u). After being transformed by a Hankel transforma- 
tion, initial conditions (5-1-3) become 


Toy =T (», 0) =f XF, (X) J, (wX) aX, 
; (5- 2-30) 
8, = 9, (4 0)= i) XF, (X) J, (pX) dX. 
0 


The application of Laplace integral transformation (5-2-8) to the ob- 
tained system of differential equations transforms it into a system of al- 
gebraic equations in Tyr and @y.. The solutions of the latter equations are 


Lu p? ,7,- L 
T yp = Ion) Ary (Kigh, — Jo (2) Sey — Kim + 


BI Sua ae Ts +g 8,43 (5-2-31) 
8.1, = Jo (0) Spar {Kid} + Je (A) Ray (Kim + 
wre a Toy + AO Oy (5-2-32) 
where 
R(s)=s+ (1+ Ko*Pn +77) Lup's-+ Lup*=0; (5-2-33) 
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1 or q 


; (5-2-34) 
2orm 


(Kid, = | Ki, (Fo)exp(—sFo)dFo, k= 


The inverse transforms of expressions (5-2-31) and (5-2-32), with 
respect to parameter s, are 


2 2 
T, (¥, Fo) = »¥ > [Aj {Prthy + Bhs (Qnidals (5-2-36) 
k=l i=) 
2 2 
8.,(p, Fo)= y >, [Agi {Pridy + Ba: {Qridy]- (5-2-37) 
i=l 


a 
Ml 


The constant coefficients A,; and By; in equations (5-2-36) and (5-2-37) are 
defined by relations (5-2-11). Values of these constants for various Ko*Pn 
and Lu are listed in Tables 5-1 and 5-2 and plotted in Figures 5-1 through 
5-6. Quantities {P,,}, and {Qa:}z are defined by the corresponding expressions 
in (5-2-12), but with the symbol ¢ for the Fourier cosine transformation re- 
placed by the symbol H for the Hankel transformation and with (—!)" re- 
placed by Jo(p). 

Now, we use formula (5-2-28) to obtain from (5-2-36) and (5-2-37) the 
inverse transforms 7(X, Fo) and @ (X, Fo): 


2 2 

T (X, Fo)=¥' YS) (AL, Pri + BE,Qni)s (5-2-38) 
k=1 = 

6(X, P=y 3 (Ar Pri + By, Qni)s (5-2-39) 
k=! i=! 


where 


ll { XF,(X)dX-+ y ae J Ta Jolin®) exp (— p? v? Lu Fo)X 


eaanel (5-2-40) 


Fo ro) 
Qui = 2 | \ Ki, (Fo*) d Fo + )} “tip ) exp (—p? v? Lu Fo) 
0 a=! 


Fo 
X [ Kin(Fo*) exp (e? v? Lu Pot) dFot| ; 
0 


1 for F, andg for Ki 
i=1,2), jk= : -2- 
( ) ( 2 for F, and m for a nar eny 
p,being the roots of the characteristic equation J, (»)=0. 
Let us consider some particular instances of solutions (5-2-38) and 
(5-2-39)., 


1, Zero initial transfer-potential distributions: F,(X)== F,(X)=0 


2 2 
T(X, Fo)= )' YY BUQuis 


&:31 (=1 


Q(X, Fo)= ) Y) BTQae. 


k=1 ix! 
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2. Ki, and Ki,,constant 


T (X, Fo) = 2(Ki, —Ko* Lu Ki,,) Fo— (1 — 2X) Kl, Pape 


&=1 i=! 
1 OV eX) 
ciel Je ty? 
Lu Di rans we Jolin) a ») Ki, att ? Hl or 1 ¥; Lu Fo) 
, 2 2 
@(X, Fo) = 2Kin Lu Fo——-(1 — 2X%)(Pn Ky + Kin) “2 y A” Py, — 
k=! j=!1 
foe) 
—— WV [———— i, (aX »p) i —p2 vLuF \ 


In the derivation of (5-2-42) and (5-2-43) we used the identity 


Ty 2 Jo (i4nX I 


pe Jo(tn) 
n=} 


3. F,(X)=F,(X)=0, Ki, and Ki,, constant 


T (X, Fo) = 2(Ki, — Ko* Lu Ki,)Fo——-(1 —2X%)Ki~— 


=) y —— C4 Jo (nX) exp (— pe vi Lu Fo} 
ra=ltal *, Je (tn) ; re 


@(X, Fo) =2 Ki,, Lu Fo — + (1 —2X)(Pn Ki, + Kim} 


2 
—_ —+>———  C™ J, (waX) exp (u2 v? Lu F 
piers J, (aX) exp (U2 ¥? Lu Fo), 


where Cr and Cf are defined by (5-2-22) and their values are listed in Tables 5-3 through 5-5, 


4, No thermal-gradient mass transfer: Pn= 0 


l Fo 
T (X, Fo) =2 [f XF,(X)dX + (Ki, (Fo*) — Ko* Lu Kip (Fo*)] d Fo® + 
1) 0 


- l 
Salt) Joey (2 
sp) F(a) exp ), Fo) | xP (X) Jo (pnX) dX + 


1 
+ Gi +4 fexp(—p2 Fo)— exp(—n2 Lu Fo) | XF,(X) Jy (Wn X) ax\+ 
0 


Fo 
o(HnX 
+ y ee) ) \ exp(— By ro | Ki, (Fo*) exp (2 Fo*) d Fo* + 


Fo 
*L 
na = |exp (— w, Fo) { Ki, (Fo*) exp (+n Fo*) d Fo* — 


0 


i 


Fo 
—Luexp(— p2 Lu Fe) Ki, (Fo*) exp (p? Lu Fo*) aro |}; 


Fo 
@(X, Fo) = a XF,(X) dX + Lu \ Ki,, (Fo*) d Fo* + 


Dic seine exp (— wg Lu Fo) i XF_(X) Jp i4aX) dX + 


Fo 
+ Lu J, (Hn) wok Ki, (Fo*) exp (u2 Lu Fo*) d Fo |}. 
0 
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(5-2-42) 


(5-2-43) 


5. Pn=0; Fy(X)=F,(X)=0; Ki, and Ki,, constant 


! 
T (X, Fo) = 2 (Ki, — Ko* Lu Kin) Fo — "(1 — 2X?) Kig— 


oo 


2 
yy a X){ KI xp(—p2 F 
Yio oldtnX) {Ke exp (2 Fo) + 
Ko* Lu Kin 
+ 7 lexp(— wy, Fo) — exp(— pf, Lu Fo} 


1 
@(X, Fo) = Kin, E Lu Fo — 7 (il — 2X") — 


= ‘ james =: 2 


6. Pn=0; Ko*=0; F,(X)='F,(X)=—0; Ki, and Ki,, constant 


1°.) 
t—t, ae. pics Wee 2 
7 = Kig | 2Fo— 7 (1 — 2X?) y = Je(m0) Jo (tonX) exp ( v2 Fo) |, 


a=l 


Bo 

6,— 9 1 

~~ —= Kin [2tuFo— (1 — 2X*)— y 
r) 


n=l 


————— Jy (mn X) exp (— p? Lu F |. 


For low values of the Fourier number it is more convenient to use the following approximate solutions: 


Fo. 1—X , (1+3X)Fo . | 1—X : 
ee bere 7Fot aXVX i ele Bo ; 


LuFo 1—X 
@= Kin 2 yor i erfc oVLiFo 


VY LuFo 
(1-+3X)LuFo . x 
tt ———_. a ——S eee 9 
oxVX | ocaB t 


where 


| 
i etc z= 7 [erfc z — 227 erfe z]. 


The nature of the transfer-potential distributions for this problem is evident from Figure 5-9, 


0 a2 Q4 GG QF ko 
FIGURE 5-9, Temperature field for an infinite cylinder, 
with constant thermal-flux density at the surface 
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c) Solution for a sphere (['=2) 
For a sphere, we apply both an integral Laplace transformation and a 
Fourier sine transformation. The latter has the form 


1 
{e(p, Foils = {9 (%, Fo) X-S28* ax, (5-2-44) 


where prepresents the roots of the characteristic equation 
tan p=yp. 


Some values of these roots are given in Table 4-11, row 2. 

Just as in the preceding subsections, we apply to system of equations 
(4-1-2) and (4-1-3) and to limiting conditions (5-1-1) and (5-1-2) first a 
Fourier transformation (in this case (5-2-44)) and then Laplace transforma- 
tion (5-2-8) to obtaina system of algebraic equations. The latter may be solved 
for transforms Tg, and 9g: to give 


i Lu p* ,,-. i *L : 
Ts, = eee ee {Ki}, —* oF {Kin}, + 


s+ Lup? Ko*Lu p® . 
+ Rey Tos RET Gos: (5-2-45) 


i LuPn i Lu (s+? 
Og = MRE Lama i) 4 MRE LOH Rig 


+ Tost OM Os (5-2-46) 


l or 9 


where R(s) and {Kin}, (&= 2orm 


(5-2-34), and where 


) are defined by equations (5-2-33) and 


i 
Typ=T g(t 0)= \ XF, (x) 22% ax, 


1 
Qy5 = 85 (14, 0) = j XF, (x) “22 ax. 


If we now find the inverse transforms of (5-2-45) and (5-2-46) with re- 
spect to the Laplace parameter s, then we have 


2 2 
T5(, Fo)= SS) S Ags {Paths + Bh, {Qnehs Ii (5-2-47) 
k=! i=} 
2 2 
8, (ps Fo) = »Y VlAgi A Paths + Bes {Qnehs ]- (5-2-48) 
kel i=l 


Constant coefficients A, and B,; in equations (5-2-47) and (5-2-48) are de- 
fined by (5-2-11) and their values are listed in Tables 5-1 and 9-2 and 
plotted in Figures 5-1 through 5-6. Quantities {Py}, and {Qu}, are defined 
by the corresponding expressions in (5-2-12), but with (—1)” replaced 
sin p 


DY aa 
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The inverse Fourier sine transformation is given by the formula 


9(X, Fo)==3{9(0, Fo), +2 Yi He. SBte* toi, Fo)}e. (5-2-49) 


sin? p 


n=! 
When formula (5-2-49) is applied to (5-2-47) and (5-2-48), we finally obtain 
heat-transfer and mass-transfer potentials of 


2 2 
T (X, Fo)= y (A? Pri t+ BY Qaid; (5-2-50) 
k=l t=! 
2 
8(X, Fo)= y yi (ar Pri + BY Qni)s (5-2-51) 
k=! i=l 


where 


n i n 
Prem 3 [RUE +2 yt ft an Bat > 


nz! 


inp,X 
X exp (—w, v{Lu Fo) f XF,(X) AE ax; (5- 2-52) 
0 


Fo ro) 
Qn = 3 j Ki, (Fo*) d Fo* +-2 y sas exp (—». v "Lu Fo) X 
0 a= 


Fo 
x j Kix (Fo*) exp (p? v’Lu Fo*) dFo*. (5-2-53) 
0 


Let us consider some particular instances of solutions (5-2-50) and (5-2-51). 
1. Fy(X)=F,(X)=0 


2 Kigand Ki, constant 


T(X, Fo) = 3 (Kig — Ko* Lu Kim) Fo — 75 5 (3 — 5X4) Kl, +S YAP 


k=) (=! 


2 2 
7 _ 2 __ sin Lin Bi, 
k=! i=l 


2 2 
] 
(X, Fo) = 3Klm LuFo— 5 (8— 5X*)(Pa Kig + Kln)+ YY) AZ, Pas 
k=l i=] 
2 2 
Lu Y{2 pe ie r)) Viki “ye SXPC— Ma v; Lu Fo) >. (5- 2-55) 
n=\ k=) (=1 


To derive (5-2-54) and (5-2-55), we used the identity 


sin p,X Sin tnX 1 
y HH, Sin aa pak 19 3 5X") 
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3. F,(X)=F,(X)=0, Ki, and Ki,, constant 


T(X, Fo) = 3(Ki, — Ko* Lu Kl) Fo— 5 (3— 5X?) Ki, — 


Sin ppX_ 
eres ae C= T= Nata 


2 
2 sinp,X 
TY Uiraines Cha Om wh oF Lu Foy 
n n 


where Cf and C/j'are defined by relations (5-2-22) and their values are listed in Tables 5-3 through 5-5. 
4, Pn=0 


Fo 


T (X, Fo) = 3 {) (x?F, (X) dX + 5 [Ki, (Fo*) — Ko* Lu Ki, (Fo*)} cro} + 
0 


foo] 
2 sin paX 
7 y sintp, xX {exp (— pe Fo) (xr, (X)sinp., XZX + 
a=! 0 


1 
+ro8 ~ [exp (— 2 Fo) — exp (— pe 2 Lu Fo)] { XF,(X) sin paxdx 
0 


= Fo 
2 sinp,X 
+y sin te, $ fexp(— Bp Fo) \ [ Ki. (Fo*) + 
n=1 


+ noel Kin Fo%)| exp (u2 Fo*) d Fo* — 


_ Kot Lu! Lu? Fo 
ae ea exp(— p2 Lu Fo) \ Kin (Fo*)exp(2 Lu Fo*) d Fo* }; 


@(X, Fo)=3 [fxn (X) dX + Lal Ki, (For) dFo* | + 
0 0 
1 


2 sin pnX 
=F); sin'p.,, - 7 exp (— pe Lu Fo) [ [xfs (X)sin p_XdX + 
a=! 0 


Fo 


+Lusinp, { Kin (Fo*) exp (2 Lu Fo*) d Fo* |. 
0 


5. Pn=0; F,(X)—=F,(X)=0; Ki,and Kimconstant 


I 
T(X, Fo) =3(Kig — Ko* Lu Kin) Fo — 7g (3 — 5X*) Kig — 
— 2 in paX 
S1D Pen 2 
an 


L m 
+ Kot aK [exp (— #2 Fo) — exp (— p, Lu Fo)}f; 


fo) 


I 2 sin p,X 9 
@(X, Fo)= Kin [sture— 5 (3—8x9— Ya Xx exp(— ni LuFo) |. 
n=l 


6, Pn=0; Ko*=0; F,(X)= F.(X)=0; Ki, and Ki,, constant 


[-.¢) 

l 2 sin pX 2 . 

7 (X, Fo)= Ki, | sro— 9 8 —- 5X?) — »} 2 ‘na. x exp(— », Fo) ’ 
a=| 
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1 2 inp,aX 
@(X, Fo) = Kin [ stu Fo— 75 (3—5x)—J) sin Hy 
i 


2 
Ta xp(— LuFo) |. 
visinp,  X — *P(~ Mr | 
=1 


For low values of the Fourier number it is more convenient to use the following solution for (X # 0): 


T (X, Fo) =-¥ se [ expo — 1+ X)erfc Ga = V Fo) —erte We |) 
@(X, Fo) = vs exp (Lu Fo— 14 X)erfc (sys 7V Ta )— ert ae | 
and the following solution for X = 0: 
T (X, Fo) Ki, {lex Fo — l)jerfc Ga oy Fo —V¥e)}; 
@(X, Fo) Kin {exp(Lu Fo — Iyerte (sags Via J}. 


The transfer-potential distributions as functions of the dimensionless coordinate, for various values of 
the Fourier numbers (Fo, and Fo,), are shown in Figure 5-10, 


she 
Aig 
wa! 
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FIGURE 5-10, Temperature field for a sphere 
with constant thermal-flux density at the surface 


d) Analysis of the solutions 

Let us now analyze the solutions obtained in this section. In general, 
as shown by equations (5-2-14) and (5-2-15), (5-2-38) and (5-2-39), (5-2-50) 
and (5-2-51), the dimensionless transfer potentials depend on two groups of 
terms. The first group, Az:P,;, determines the effect of the initial distribu- 
tions of T and 8 on their unsteady fields; in this case the initial distributions 
of temperature and mass-transfer potential affect each type of field. The 
second groupofterms, B;;Q,:, takes into account the effect of the specific heat 


flux (Ki,) and mass flux (Kin) at the surface of the body. The special proper - 
ties of the material itself are accounted for by the dimensionless numbers 
Lu, Ko*Pn, and Pn (which enter into the expressions for A,;; and B,;) and also 
by vi (which is contained in coefficients Pr; and Qa:). 

When no thermal-gradient mass transfer exists in the material, the solu- 
tions are simplified considerably, especially for constant initial potential 
distributions and constant Kirpichev numbers. In the latter case the tem- 
perature in the body is determined by the superposition of three temperature 
fields (T=7T,+72+T3). The field (T;) corresponds to heating of the material 
without taking into account the effects of mass exchange and phase transitions. 
The second field (T,) takes into account the effect of heat sinks (or sources) 
which are at rest. Finally, the third field (T3) characterizes the effect of 
moving heat sinks, coupled to the mass transfer. For an infinite plate, for 
example, 


T,=Ki, [Fo— (1 — 3X*) — } (— Ie COS p,X exp (— » Fo) }: 
n=! 


T= —Ko*LuKin| Fo-b py YY (1 cosmid x9 Fo) | 


n=l 


i = mS V1 )* COS tm X exp(—p Lu Fo). 


a=l 
If Ko* = 0 (no phase transitions in the material), then we obtain the familiar 
classical solution for the heat-conduction or diffusion equation. The differ - 
ence between the first and second fields is formally only a difference in 


Fourier numbers. If we set Fog=Fo= 2 in the corresponding expressions, 


then these fields become completely the same. 

The infinite series entering into the solutions converge rapidly. Thus, 
if appropriate tables and graphs of the characteristic-equation roots and 
coefficients are available, the solutions are quite convenient for engineer - 
ing calculations. 


9-3. Generalized Boundary Conditions 
of the Second Kind 


Let us now consider several solutions of problems for which the boundary 
conditions are more general than those in the previous section. System of 
equations (4-1-2) and (4-1-3) will be solved with boundary conditions (5-1-4) 
and (5-1-2), the rest of the limiting conditions remaining as before, Since 
the method for solving such problems does not differ from the solution 
methods in the previous section, only the final results in a generalized form 
will be given. 

The generalized solutions of system of equations (4-1-2) and (4-1-3) for 
the above limiting conditions are 

2 2 
T(X, Fo)= S\ ¥\ (At Pri + BY, Qui); (5-3-1) 


k=! i=! 
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6(X, Fo) = » y (Ay Pri t+ BY Qni)s (5-3-2) 


where AC. Bt, Ans B are defined by the respective expressions of (9-2-11); 
_KoLuyy+(j—1) N (vj —1+¢)KoLu — 
i a 
cS : Lu(1/Lu— v3} Pa N , Lu(1/Lu— vj) —(1— e) KoPa Lu 
Be gee Se 
N=(1 —e) LuKo; 


Py; (T +1) yf ATF dK +2 by CP ®, (tnX) exp (— p2 v? Lu Fo) X 
x f X"Fy(X) ®, (HaX) dX; 
0 
Q,4.=(T +1) (Kis (Fo*) dFo* +2 yx C2® ®.(pnX) exp (— Te v Lu Fo) X 
0 a=l 


Fo 
x { Ki, (Fo*) exp (p. v. Lu Fo*) dFo*. 
0 
For an infinite plate ([T—0) 
Co=1; C2=(—1)"; © (p.X)—=cospnX; ta =aa(n=I1, 2,...). 
For an infinite cylinder (f=1) 


| l 
C= iat Err? tad = Lleah 


where #@, are the roots of characteristic equation J, (»)=—0. 
For a sphere ([=2) 


1nX cy 
] 


rs i 
cP"; Cl — ; 2 (¥nX) = 


2 sin?p,’ ~2 imac Bn 


where #nare the roots of characteristic equation tan p= p., 
Let us now consider some particular solutions of (5-3-1) and (5-3-2), 
1. F,(X)==F,(X)=0 


2 2 
T (X, Fo)= y Y\ BY Qaii 


k=! i=l 
2 


0(X, Fo)= ¥' sa" Qhi- 


k=! i=! 
2. Kigand Ki,constant, F,(X)=F,(X)=0 
T (X, Fo) =(P-+-1) (Kig— Ko Lu Kin) Fo — 5 (xp — X*) (Kig — NKin) — 
co 2 
— ¥ SA,C%®, (¥nX) exp (—p? vi Lu Fo); 


al i=! 
@(X, Fo) = (P+ 1)Kin LuFo— + (y,— X*) [Pn Ki +-(1 — Pn N) Kin] — 


oc 2 


—Y, ¥A,C?PO, (42X) exp (— p2 viLu Fo), 


n=t j=} 
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where 
1 
a _ fe — N Kim) ¥3 — jay (Kig — Ko Lu Kin) 
i y2 — v? 9 


2 


} 
(Kig — NKim)¥j — j(Kig —Ko Lu Kin) 
rr rn 


cn [Pn Kig + (1 —N Pn) Kin) ¥3— Kim } 
a y2 ass y2 9 
2 | 


cn [Po Kig + (1 —N Pa) Kim] vi— Kim 
a 
For an infinite plate 


2 
A = (— I" and Xo='/s: 


For an infinite cylinder 


2 
= ———— and y,=/,. 
te Ee de (a) Mh 
For a sphere 
2 
“= an and y,=‘'/,. 


3, No thermal mass transfer (Pn—0) 
| Fo 
T (X, Fo)=(P-+1 y { X"F,(X)dX + ( [Ki, (Fo*)—Ko Lu Kin (Fo")] dFo*\ + 
0 0 


oD l 
+2) C2, (nX){ exp (—v Fo) | X7F, (X) p(X) AX 
n=l 0 


1 
+ 5X0" [exp (—n” Fo) — exp(— 2 Lu Fo)] if X™F, (X)®, (nX) ax} + 


~ Fo 
+2 yi Cro, (1nX) {exp (— Ta Fo) ( (Ki, (Fo*) — 
0 


a=l 


Fo 
—Ko LuKin(Fo*)] exp (p? Fo*) d Fo*}- $52" jexp (— p’ Fo) [Kin (Fo*) X 
a 
Fo 
x exp (a. Fo*) d Fo*— exp (—p- Lu Fo) § Kin (Fo*) exp (yu. LuFo*)d Fo* |}; 
0 


(xX, Fo=-+1)[f X"F,(X) dX 4-Lu (‘Kin (Fo*) d Fo® | + 
0 


0 


fo") 1 
+23 CPO, (1X) exp (—p,, Lu Fo) { | X"F,(X) Dp (¥nX) dX 


azl 0 
Fo 
+4 \ Ki (Fo*) exp (u Lu Fo*)d Fott, 
r 
0 


4, No thermal mass transfer, constant fluxes (Pn=0; Ki,and Ki, con- 
stant, F,(X)=F,(X)=0) 


T (X, Fo) =(P +1) (Kig —Ko Lu Ki,,) Fo— + (yp — X*) [Kig — 


— (12) KoLu Kinl— J" Ay, nX){ Kig exp (— Fo) + 


n=! 


4-Kolu tin Lu = t —(1—e)Lu]exp (—p Fo) — e exp (—p: Lu Fo) ||; 
@(X, Fo)=Kin [e+ 1) Lu Fo — + (ty =) (ee 


— by A.®, (tnX) exp (— pe. Lu Fo) |: 
n=l 
5, No phase transitions or thermal mass transfer in the material, con- 
stant fluxes at the surface (Pn=0, «=0, Ki, and Ki,,constant, F,(X)=F,(X)=0) 


7 (X, Fo) =(Kig —Ko LuKin) | P+ 1) Fo ~ > (tp — X)— 
-YA,0 rn X) exp (— p, Fo) |; 


0(X, Fo) = Kin, [ (P+) LuFo— (4 — XxX?) — 


[e.0) 


— J) 4,2, (vinX)exp (—v, Lu Fo) |. 


n=l 


The dimensionless ratios 
T (X, Fo) J 
Ki,—Ko Lu Kin and if, 
may be determined from Figures 5-8 through 5-10 as functions of the di- 
mensionless spatial coordinate, for various values of the Fourier nurber 
(Fo,= Fo or Fom= FoLu), for the above body shapes. In the figures the 
required quantity must be read off along the ordinate axis rather than 7/Ki. 


0-4, A Method for Solving Systems of 
Heat-Transfer and Mass-Transfer Equations 


The method known as d'Alembert's method is often used to solve the 
equations of heat conduction and diffusion, that is, the differential equations 
describing uncoupled transfer. For a linear system of ordinary differential 
equations with constant coefficients d'Alembert's method is very effective 
for finding the first integrals, P.S. Henry, and later Crank and Smirnov, 
have shown that a similar substitution can be used to simplify considerably 
the system of equations describing heat and mass transfer. System (4-1-2) 
and (4-1-3), for example, can be reduced to a system of two uncoupled 
equations like the heat-conduction equation, in which the compound vari- 
ables Z,; take the place of the ''potentials. '' These variables are linear com- 
binations of 7 and 8, so that Z;=p;T+q,0 (where p;and 9g; are constants), 
Similar transformations for solving the complicated systems of equations 
required to describe the kinetics of irreversible processes make it possible 
to use the large group of known solutions for "pure'' heat or mass conduction 
to study diverse coupled transfer phenomena. 
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Let us now demonstrate the method using the transformation of system 
of equations (4-1-2) and (4-1-3) and boundary conditions (5-1-2) and (5-1-4) 
as anexample. The system of equations describing molecular and macro- 
scopic-molecular heat and mass transfer for a two-dimensional or three- 
dimensional body, with boundary conditions of the first and second kinds, 
may be transformed by similar means. 

Given the system of equations 


oT OT oe 

OFo axt — ® Kose. (5-4-1) 
08 370 
OFo — LU oye —Lu Pn sr, eae r 2) 


we may determine a oT trom equation (5-4-1) and then substitute it into 
(5-4-2) to obtain 
srw 4 eKo nae 
ax = Pa gest (re +e KoPn) 55. 
Next, we multiply the first and second equations by the constants pand q 
respectively and then add them, to obtain 


axe (OT +98) = ap, {(o+9 Pa)T + peKo+g (77 +#KoPn) le}. (5-4-3) 


Equation (5-4-3) has the form of a heat-conduction equation in Z=—pT+ 48, 
provided that 


1 
pe Ko+q(-—+eKoPn 
pape _PMOtalretekora) (5-4-4) 
Pp q 
It follows from (5-4-4) that the quantity v obeys the following biquadratic 


equation: 


ea + «Ko Patig )Y tig =. 
so that 
4 


viz |(14+eKoPn +b ) +(-1V (14s KoPa+t iy) or 
(i= 1, 2). 


(5-4-5) 


Therefore, each value of vi corresponds to certain values of p;and q. 
Consequently, system of equations (5-4-1) and (5-4-2) can be rewritten as 
follows, taking into account (5-4-3) and (5-4-5): 


0Z,__ 1 @ 
OFo we ox? xt 413 
OZ, __ 1 O%Zs, (5-4-6) 


OFo yz Ox?’ 
L4= pil (X, Fo)-+4,0(X, Fo) (i=1,2), 


where 1/v? represents, from the physical aspect, a coefficient of potential 
conductivity (namely, the thermal diffusivity or the diffusion coefficient). 
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It is still necessary to determine the constant coefficients p; and g;. Since 
1 
v’ and v, are related by the formulas v/+ vj=1-+¢Ko Pop and viv;=;,, two 


of the four equations given by (5-4-4) must be independent (two equations 
are obtained for v; and two equations are obtained for v;). Consequently, 
two coefficients may be selected arbitrarily, for example, we may choose 
P:=9,=1. Then, from (5-4-4) we obtain 


P,=1; 
; yl 
1" Pn 
; = (5-4-7) 
, ve—1 ’ 
q,= 1. 
The limiting conditions for this problem are 
— STU", Fo) + Ki, (Fo) — N Ki (Fo) = 0; (5-4-8) 
o@(1, F oT (1,,.F : -4- 
— 200 FO) 4 py TEE) 1 King (Fo) =0; (5-4-9) 
T (X, 0) =F, (X); 98(X, 0)—F, (X); (5-4-10) 
67 (0, Fo) __ 0(0, Fo) 
ox = ox (5-4-11) 


where N=(1—8)LuKo. 

These conditions may be transformed in the same way as system (5-4-1) 
and (5-4-2) was transformed previously. From (5-4-8) we determine oe) 
and substitute it into (5-4-9). Then, by multiplying the heat-exchange bound- 
ary condition by the constant p and the mass-exchange boundary condition by 
the constant g and adding equations, we obtain, after regrouping terms, 


sx Z (1, Fo)=(p-+gPn)Ki, (Fo) —[pN —9(1—NPn)|] Kim (Fo).  (5-4-12) 


In the derivation of (5-4-12) constants p and g remained arbitrary. There- 
fore, they may be chosen to match the values p;and gq; of the system, that 
is, t=lcorresponds tothe heat-exchange boundary condition and i=2 cor- 
responds to the mass-exchange boundary condition. 
Jt is easy to show that after transformation initial conditions (5-4-10) 
become 
Z,(X, 0) =piFi(X) +9:F2(X) =O, (X), (5-4-13) 


while symmetry conditions (5-4-11) become 
0Z; (0, Fo) ae 
ty = 0. (5-4-14) 


Thus, as a result of transforming the system of coupled equations 
(5-4-1) and (5-4-2) and limiting conditions (5-4-8) and (5-4-11), by means 
of the new variable 2Z;(X, Fo) =p,;T(X, Fo)+q,;@(X, Fo), we obtained two un- 
coupled equations of the type of the heat-conduction equation. The first 
(=1) and second ({=2) equations together with their corresponding limiting 
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conditions may be written finally as 
OZ; 


—_— 


QFo 


I 
2 
i 


Z;(X, 0) =; (X); 
oZ, (0, Fo) _ : 
er 


oF Co) — (p;+-9: Pn) Kig (Fo) — [pV — 9; (1— N Pn)] Kim (Fo), 


where p;and q (é=1,2) are defined by (5-4-7). 

Using the solutions of the transformed differential equations, it is easy 
to find final solutions for the transfer potentials 7(X, Fo) and @(X,Fo).. Let 
the solution of the first differential equation be @,(X, Fo) and that of the 
second be q2(X, Fo): 


T (X, Fo)-+-¢,8(X, Fo) 9, (X, Fo); 
0(X, Fo)+ p,T (X, Fo) = 9,(X, Fo). 
Then, if we take into account relations (5-4-7), this system of equations 
gives the answer to the problem at hand as 
T (X, Fo) =— sc at (X, Fo) — aie 1 (x, Fo): 
(5-4-15) 


| 
0(X, Fo) =“ [P(X Fo) — (X wel 


When the initial differential equations (5-4-1) and (5-4-2) are trans- 
formed, they become somewhat similar to the equations describing two 
coupled oscillations. Therefore, Henry suggested that solutions (5-4-15) 
for these equations might be interpreted physically as describing a tempera- 
ture ''wave" accompanied by a diffusion (mass) "wave", the latter traveling 
at the same velocity as and having an amplitude proportional to the tempera- 
ture wave. The relation between the two waves is determined only by the 
properties of the medium. Similarly, the diffusion ''wave" is accompanied 
by an additional temperature "wave'’. Even though one of the external con- 
ditions (for example the mass-transfer potential) varies, still all the prop- 
erties of the two mass waves and two temperature waves will be observed, 
although some of these properties may be very slight if the interaction is 
weak. 


5-5, Unsteady Potential Fields for Uncoupled Transfer 
with Continuously Acting Sources 


It was shown in the previous section that the system of equations de- 
scribing heat and mass transfer may be reduced to a system of uncoupled 
equations for the combined potential Z, In relation to this, it is interesting 
to consider solutions of the following type of equations: 


OZ (X,F O7Z (X, F OZ (X, F 
LAE ds ESSEC 1 EO aL OY) oa 9) (5-5-1) 
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for the initial condition 


Z(X, 0)= F(X), (5-5-2) 
the boundary condition 
— 20 Fo) + Ki (Fo) =0 (5-5-3) 
and the symmetry condition 
A —0, (5-5-4) 


where Z= + is the dimensionless potential (z, being a fixed value of the 
* 

potential); and Po= pw is the Pomerantsev number, which represents the 

ratio of the amount of heat or mass released by the source w per unit time 

in the volume R (the volume of aparallelepiped with a base 1 cm? and a 

height R) to the maximum amount of heat or mass that can be transferred 

by heat or mass conduction through a unit of its surface per unit time. 

The solution of equation (5-5-1) is also of independent interest, since 
it describes the numerous processes of pure heat conduction or mass con- 
duction (diffusion) which can occur in the presence of heat or mass sources 
(or sinks). Such problems are encountered, to cite only a few examples, 
during the heating of a body by an electrical current (as well as during di- 
electric and induction heating), during the decay of a radioactive substance 
or the absorption of radiation, during various chemical reactions, and dur- 
ing the condensation or vaporization of liquid. 

All problems involving sources may be divided into two types: 1) prob- 
lems with constant or varying sources which are active throughout the whole 
process (continuously-acting heat and mass sources); and 2) problems with 
transient sources which are active only during an infinitesimal time inter- 
val, Examples of the latter are problems of the heat exchange in a con- 
ductor in which a short circuit has occurred, in which case the internal heat 
source acts practically instantaneously. In this section only the most rep- 
resentative problems with continuously-acting sources will be considered, 

The strength of a heator mass source, or the Pomerantsev number which 
characterizes this source strength, may in general depend not only on the 
spatial coordinates and the Fourier number but also on the dimensionless 
transfer potentials. The most characteristic problem ofthis type is diffusion in 
the presence of chemical transformations. In the analysis of this problem 
a Pomerantsev number which is independent of the potential Z will be used. 

a) Solution for an infinite plate (T = 0) 


Let us first apply Fourier cosine transformation( 5-2-1) to equation (5-5-1); then, taking into account 
conditions (5-5-3) and (5-5-4), we obtain 


dZ, 
dFo +yAZ, =(— 1)" Ki(Fo)+ Po(y, Fo), 


where 
1 

Z,. =Z(p Fo)= {z (X, Fo) cos pX dX; 
0 


I 
Po(u, Fo) = 5 Po(X, Fo)cos pX dX. 


B= NT (2 = 0, I, Sere) 4 
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The solution of this equation is 
Fo 
Z, == exp(— »* Fo) {cus + f [(— 1)" Ki(Fo*) + Po(«, Fo)] exp(p? Fo*)d ro ‘ (5-5-5) 
0 


The constant C (%) may be determined from initial condition (5-5-2): 


| 
Z(m 0)=C(W)= (F(x) cos pXdX. 
0 


The inverse transform of (5-5-5) is found using formula (5-2-3), After the necessary transformations the 
final solution is 


1 Fo 1 
Z(X, Fo) = Je (X) dX 4. s [Ki Fo*)+ JP (X, Fo*) dX] d Fo* + 


60 1 
+2 > COS [4,X exp (— pe Fo) | F (X) cos _XdX + 
0 


n=l 


00 Fo i 
+25 cos aX [(- 1)" Ki (Fo*}+ Ae (X, Fo*) cos nxax | exp[—p2(Fo—Fo*)]dFo*. (5-5-6) 
0 


n=l 


In the case of zero initial transfer-potential distribution and constant flux at the surface of the material, 
that is, F(X)=0Oand Ki(Fo) constant, solution (5-5-6) simplifies to 


Z(X, Fo) = Ki [ Fo— +(! — 3X?) — y) (— 1)" = COS 14,X exp(— pe Fo) | + 


a=! 


Fo I co 
+) d For f Po(X, Fo*) dX + 2 > COS o_X exp(— 2 Fo) X 
asl 
1 


Fo 
x S exp (2 Fo*) d Fo* J Po(X, Fo*)cos p4,XdX. (5-5-7) 


The first series in (5-5-7) represents the solution of the problem in the absence of sources (Po=0), namely 
solution (5-2-25), The second series indicates the effect on the dimensionless-potential distribution of a 
heat or mass source which varies in space and time, 

From solutions (5-5-6) or (5-5-7) it is possible to obtain a number of particular solutions, Let us con- 
sider some of these solutions with the conditions that F(X) =0 and Ki is constant, 

1, Constant source strength: Po(X, Fo) =Po, is constant 


Z(X, Fo) = Po, Fo+9o(X, Fo), (5-5-8) 
where 
- 2 
®,(X, Fo) = Ki [Fo =" (l= 3X*)— y (— 1)" af COS [+nX EXP (— p2 Fo) i 
"% 


a=) 


represents the solution of the problem in the absence of a source, 
2. The source strength is a linear function of the spatial coordinate; Po(X, Fo) == Po,(1 — X) 


2] 
on — 
Z(X, Fo) = Po, {7 Fo + + y eo COS -nX [1 — exp(— pe, rot + @,(X, Fo). (5-5-9) 
n=! 
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8, The source strength is a quadratic function of the spatial coordinate Po(X, Fo) = Po, (1 — X?) 


co 

4 

Z(X. Fo) = Po, {+ Fo— yr Ip COS py X (1 — exp(— viva} + ®,(X, Fo). (5-5-10) 
n 


n=! 


4. The source strength is an expontential function of the coordinate Po(X, Fo)= Po, exp(— 6X). 


Z(X, Fo) = Po, ‘ome Fo+ y [it —(— 1)" cube 


n=l 
25 2 ae 
x Fee) COS p_X [1 — exp(— B, roy} +, (X, Fo). (5-5-11) 


The general nature of the distribution of the potential Z(X, Fo) in a symmetrical infinite plate when 
the source strength is an exponential function of the spatial coordinate is evident from Figure 5-11. 


FIGURE 5-11. The distribution of potential Z(X, Fo) 

in an infinite plate, when the source strength is an 

exponential function of the coordinate (for Po,=0.1 
and b=0.1) 


It should be noted that, qualitatively, the potential distribution does not change its form for the various 
types of relations between source strength and coordinate, This is due to the very rapid convergence of 
the infinite sums entering into expressions (5-5-9) and (5-5-11), Even at Fo= 0.1 these sums have essenti- 
ally no effect on the value of Z(X, Fo). The differences which are observed in the potential are determined 
by the first term, which shifts the initial reference point of the curve but does not change its shape, If, for 
example, we assume that 6=0.1, then for the above problems one through four the initial reference point 
is given by the following relations: 

for Po,;=0,! 

1) 0.1 Fo; 2) 0.05 Fo; 3) 0.07 Fo; 4) 0.1 Fo; 

for Poj,= 1.0 

1) 1.0 Fo; 2) 0.5 Fo: 3) 0.7 Fo; 4) 1.0 Fo. 

5, The source strength is a linear function of time: Po(X, Fo) == Po, (1+Pd’Fo) 


1 
Z(X. Fo) — Po, Fo {1 +] Pa'Fo) +4,(x, Fo). (5-5-12) 
Rk 
Here Pd’=~_ R° is the Predvoditelev number, which may be defined as the maximum variation rate of the 
relative specific source strength, with respect to the Fourier number: 


_f d(w/,) fi es ray 
[ dFo Tax a bese 


where & is a constant which is numerically equal to the maximum relative variation rate of the specific source 
strength. 
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6. The source strength is an exponential function of time: Po(X, Fo) = Po, exp(— Pd’ Fo) 
Po 
Z(X, Fo)= pq: |l —exp(— Pd’ Fo)] + ®, (X, Fo). (5-5-13) 
7. The source strength is a periodical function of time: Po(X, Fo) = Po, cos Pd’ Fo 
Po, 
Z(X, Fo)= pq sin Pd’ Fo + ®,(X, Fo). (5-5-14) 


8. The sources strength varies with the ath power of the time: Po(X, Fo) = Po, (Pd’ Fo)" 


(Pd’ Fo)" 
n+l 
The effect which the source strengths, depending on time and on the Predvoditelev number in various 
ways, have on the distribution of the dimensionless potential Z(X, Fo) is shown in Figure 5-12, 


Z(X, Fo) = Po, Fo + D,(X, Fo). (5-5- 15) 


b) Solution for an infinite cylinder (T= 1) 
If we apply Hankel transformation (5- 2-27) to equation (5-5-1), then taking into account conditions 
(5-5-3) and (5-5-4) we obtain 


dZ 
Fatt meitZy = Joli) KI (Fo) + Po (us Fo), (5-5-16) 


where 


1 1 
Z,= [xz (X, Fo)Jg(uX)dX and Po(p, Fo) = J X Po(X, Fo) Je (eX) dX, 
0 


being the roots of the characteristic equation J,(j,)==0. Equation (5-5-16) may be solved using formula 
(5-2-28). After evaluating the integration constant, we have 


1 Fo 1 
Z(X, Fo) =2 1 (XN) dX + j [i¢ro" + j X Po(X, Fo) ax | ever} + 


Fo 
yy “a exp(— sro fxrunanner se) Hoar) [Aoeron+ 


+ fx Po(X, Fo*) J, (uX) ax | exp (— rhe (Fo — Fo*)} d Fo*. (5-5-17) 


For zero initial potential distribution and for a constant Kirpichev number solution (5- 5-17) simplifies to 


2 
Z(X, Fo) = Ki [2ro—-1—-2x9—) a> : 


2 
TF, guy Dearden (= He Fo) | + 


Fo 1 co 
+ 2 —_— 2 
+ | dFo je Po(X, Fo*)dX + y Payor! t,, Fo) X 


Fo 1 
x exp (uz Fo*) d Fo*® fx Po(X, Fo*) J,(X) dX. (5- 5-18) 
0 


When the Pomerantsev number is zero, we obtain the previously derived solution for the potential distribution 
in the absence of sources. If we denote this distribution by ®,(X, Fo), then we have 


®,(X, Fo) = Ki [ 2Fo— (1 —2x9)— yj Jo (aX) Exp (— v2 Fo)| 


_ 2 
= pe Jo (tn) 


Let us find the solutions for some particular cases, for zero initial conditions and constant Ki. 
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FIGURE 5-12, Distributions of the potential Z(X,Fo) in an infinite plate, for different laws of source- strength 
variation with time (Ki = 0.5 and Po, = 0.)) 


a) Po = Po, e—Pd’Fo. b) po= Po, cos Pd’ Fo; C) Po= Po, V Pd’Fo; d) Po = Po,:Pd’Fo; 
€) Po = Po, (Pd’Fo)§; f) Po = Po, (Pd’Fo). 
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1. Constant source: Po(X, Fo) Po, is constant 


Z(X, Fo) =Po,Fo+®,(XFo). (5-5-19) 


The unsteady-state transfer-potential field for a constant source distribution in an infinite cylinder is shown 
in Figure 5-13, a. 


FIGURE 5-13, Distribution of the potential Z(X, Fo) in an infinite cylinder 
a) Poconstant; b) Po=Po,(1—X?). 


2, The source is a quadratic function of the spatia] coordinate: Po(X, Fo) Po,(1—X?*) 


[ee] 
! 4 [23's (un) — Jo (tn) 2 
Z(X, Fo)= Po, < —-F Je (tnX) (1 — exp(— p? Fo) > + 
+ @,(X, Fo). (5-5- 20) 


Curves of the potential Z as function of X, for various values of Fo, are shown in Figure 5-13, b, 
3, The source is a linear function of time: Po(X, Fo) = Po, (1 + Pd’ Fo) 


Z(X. Fo) = Po, Fo (1 +7 Pa'Fo) +4, (X, Fo). (5- 5-21) 
4. The source is an exponential function of time:Po(X, Fo) = Po, exp(— Pd’ Fo) 
Z(X, Fo)= a {1 —exp(— Pd’ Fo)} + ®,(X, Fo). (5- 5-22) 
5. The source is a periodic function of time: Po(X, Fo)= Po, cos Pd’ Fo 
Z(X, Fo) = 72! sta Pd’ Fo + @,(X, Fo) (5-5- 23) 
6. The source varies with the ath power of the time; Po(X, Fo)= Po, (Pd’ Fo)* 
Z(X, Fo) = ot po, Fo + 01 (K, Fo). (5-5-24) 


The distributions of the potential Z(X, Fo) at the center of an infinite cylinder, for Po= Po,(Pd’ Fo)?, are 
shown in Figure 5-14, 
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FIGURE 6-14, Distribution of the potential Z(X, Fo)along the cylinder axis, for Po=Po,(Pd’Fo)? 
a) z=f(Pd’), for Po;—0.1; b) Z=f(Po), for Pd’=1.0 


c) Solution for a sphere (T'=2) 


If we apply Fourier sine transformation (5-2-44) to equation (5-1-5), then taking into account conditions 
(5-5-3) and (5-5-4) we obtain 


dZs sin 
TFotMZs=—,— Ki(Fo)+ Poi Fo) (55-25) 
where t 1 
i i 
Z5= fxz (X, Fo) et dX, Po(pX)= f X Po(X, Fo) ara dX, 
ft) 0 


py being the roots of the characteristic equation tan hw=p. 


Equation (5-5-25) may be solved using formula (5-2-49). Afterevaluating the integration constant and 
forming the necessary transformations, we obtain 


t Fo 1 
Z(X, Fo)=3 i (X) dX + ) (Ki (Fo*) sala Po(X, Fo) dX] d ro + 
0 0 


00 } 
p,  sinp,»X sin p,X 
+ 2y) Sats eX (— wi Fo) [xrcxy Ae ax + 
0 


a=! 
9 i x Fo 1 
+ yj TCT aaa aaa { [ sin pn Ki (Fo*) + fx Po(X, Fo)sin p, XdX | * 
n=] 0 
XK exp [— pe (Fo — Fo*)] d Fo*. (5- 5-26) 


For zero initial distribution of the potential Z and a constant Kirpichev number, solution (5-5-26) 
simplifies to 


_ =o 2 sin p,X 9 
Z(X, Fo)= Ki [ sFo— 10 g—sxy—)) wing, ate — ye exe (— Bp Fo) |+ 
a=! 
Fo 1 re) 


2 sin p,X 
Se Po(X, For) dx +) dates — exp(— p2 Fo) X 
0 


n=l 


Fo 1 
x] exp (p2 Fo*) d Fo* {x Po(X, Fo*)sinp,XdX. (5-5- 27) 
0 
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If we set Po=0 in (5-5-27), then we obtain the solution of the problem in the absence of sources (see § 5-2, c, 
problem 6), 


Let us find some particular solutions of (5-5-27), For convenience of notation, we write (as in the previ- 


ous problems in this section) the known solution of the problem without sources as ®, (X, Fo), where in this case 
(C=2), Thus 


2 sin p,X 


oo 
: 1 
= athe Ny 2 oa ee 
®,(X, Fo) = Kil 3Fo {9 (3 — 5X") y wsinn, X 


a=l 


exp(— pe Fo) | : 


1, Constant source strength: Po(X, Fo)= Po,is constant 


Z(X, Fo) = Po, Fo + ®,(X, Fo). (5-5- 28) 


wae 
a 
= 


iG 
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FIGURE 5-15, Distributions of the potential Z(X, Fo)in a sphere 
a) Z=f(Pd’), for-Poi=0.1; b) Z=f(Po,), for Pd’=1.0 
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FIGURE 5-16, Variation in potential at the center of a sphere, for PomPo,(Pd’Fo)? 
a) Z=/(Pd’), for Po.=0.1; b) Z=f(Po), for Pd’=1.0 


2, The source strength is a linear function of the spatial coordinate: Po(X, Fo) = Po, (1 — X) 


0 2 
2—(2-+ By )COSHn sing, X 
! n Bn fl —exp(— o6. 
Z(X, Fo) = Po, Fe ee x [expt sroil ®,(X, Fo} (5-5-29) 
n=l 
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8, The source strength is a quadratic function of the coordinate: Po(X, Fo)= Po,(l — X*) 


coo 

2 2 inp, 

Z(X, Fo) = Po, ‘+ Fo -\) ay ar aa Ae Lay — exp(— pe? Fo)} b+ acx Fo). (5-5 -30) 
p, slop, 


n=!) 
4, The source strength is an exponential function of the coordinate: Po(X, Fo) = Po, exp(—8X) 


Py 2b[2j4n — (6? + 26-4 2+ p?) sin Ha] 
pw? sinty, (4, + 5°? 


Z(X, Fo)= Po — 3Fo + x 


n=1 


in ft, —p? Fo 
eee [!—e AP) 4 ocx, Fo (5-5-381) 


Distributions of the dimensionless potential Z in a sphere, with source strengths which depend in various ways 
on the coordinate, are shown in Figure 5-15. 
5. The source is a linear function of time: Po(X, Fo) = Po,(1 + Pd’ Fo) 


1 
Z(X, Fo) = Po, Fo (1 +> Pd’ Fo | +Fo4(X, Fo). (5- 5-32) 
6. The source is an exponential function of time; Po(X, Fo) = Po, exp(— Pd’ Fo) 


Z(X, Fo) = ee fl — exp(— Pd’ Fo)} -+ ®,(X, Fo). (5-5-33) 


7, The source is a periodic function of time: Po(X, Fo) = Po, cos Pd’ Fo 


P 
Z(X, Fo) = “par sin Pd’ Fo + 4(X, Fo) (5-5-34) 


8. The source varies with the nth power of the time: Po(X, Fo) = Po, (Pd’ Fo)" 


(Pd’ Fo)" 
n+l 


Distributions of the dimensionless potential Z(X, Fo) at the center of a sphere when the source strength 
is a quadratic function of time are plotted in Figure 5-16 for various values of Pd’(graph a) and Po, (graph b). 
It should be noted that functions Z=f(Fo)are very similar for different sources and are located in the immedi- 
ate vicinity of one another on the graphs. 


Z(X, Fo)= Po, Fo + @,(X, Fo). (5-5- 35) 


d) Solution for an infinite hollow cylinder, No heat sources (Po=0) 


Differential equation (5-5-1) and conditions (5-5-3) and (5-5-4) may be rewritten as follows for the 
given problem; 


OZ (X, F OZ a F 
oe) 0) ¥ ax |X ar B28 E 0), (5- 5-36) 
U<Fo<a@m I1<X<x 
— UT) + Kt, (Fo) = 6, (5- 5-37) 
ad a eh —~— + Ki, (Fo) = 0, (5~ 5-38) 


where x = a. All the dimensionless numbers are referred to the inner radius R, Following Trofimov /13/, 
| 
we solve the problem by means of the finite integral Hankel transformation 


x 


Zy=Z(p, Palm \ 820% Fo) M(pX)dX, (5-5-39) 


where 
M (PX) = Wg PXVp Ty EK, (0X) (5-5-40) 


188 


» being the roots of the characteristic equation 


1, (2) Ki (2x) — K,(p) 1, (px) = 0, (5-5-41) 
When transformation (5-5-39) is applied to equation (5-5- 36) and boundary conditions (5-5-37) and 
(5-5-38) are taken into account, we obtain 


dZ,, 
- apt = IM (pe) Kis (Fo) — M(p) Ki, (Fo)] + piZy, (5- 5-42) 


where in this case initial condition (5-5-2) is written as 


Z(p.0) = ( XF (X) M (pX)dX. 
i 

The solution of equation (5-5- 42) is 

Fo 

Z(pFo)= {{ (M(px) Ki,(Fo*) — M(p) Ki, (Fo*)] exp (— p* Fo*) d Fo* + 
0 
+ J XF (X) M(pX) ax exp (p* Fo). (5-5-43) 
The inverse transform of (5-5-43) is obtained using the inversion formula 


2(X, Fo)= Y) SPF) a (py, 


p=0 ( XM (pX) dX 
1 


After the inversion and certain necessary simplifications, we obtain 


Fo 
Z (X, Fo) =——> aff XF (X)dX + J [Ki, (Fo*) — KI, (Fo*) aFot\-+ 


He) eae) Ki (Ps) 
+2 "Po Hips) — Bea) el) type) tel Pad {fx OX 


X [le (PnX) i ee) K,(pP_X)] dX + 


1 ( [Kis (Fo®) __ Ki, (Fo?) in «\ .p'Fo, 
+ + EES 1, (px) 1, (p) “Tay |exP( p? Fo*)dFo her ° 


The modified Bessel functions /; and K, diverge for real values of their arguments, Thus, characteristic 
equation (5-5-41) will have purely imaginary roots p=ip, As a result, it is more convenient to introduce 


ordinary Bessel functions, In this case characteristic equation (5-5-41) and transformation kernel (5-5- 40) 
become 


Jy (ye) Ys (x) — Yy (4) Js (1x) = 0; 


M (aX) =F Uo 0X) 2? — Yo (HX) (55-44) 


Values of the roots p,, of characteristic equation (5-5-44) are listed in Table 5-6. 


TABLE 5-6 


The first six roots p,of characteristic equation J, (uw) Y, (x) — Y; (w) J; (xp) = 0. 


189 


Consequently, the final solution of the problem is 


Z(X, Fo) = uff XF (X)dX + f [Ki, (Fo*) — Ki, (Fo*)] d Forl + 


) JF (thn) J? (tn) - 
Ji nX& —yY n F X\ 
“ye F(ea)— J2 (mp) Vo (» Vz (ben o (+ kee , XF(X)K 


Fo 

Y; (Bn \ 

X [Jo (+X) ae » — Yalta) ax —{ "e 
0 


Ki,(Fo*) _ Ki, (Fo*) 
| Trea) dala) ‘|x 


XK exp (u2 Fo*) dF or} exp(— pe Fo). (5-5-45) 


In the particular case of a constant Kirpichev number at the surface of the hollow cylinder (that is, for 
Ki, =O and Ki, = Kiconstant) and of zero initial distribution of the dimensionless potential F (X)= 0, 
(5- 5-45) becomes 


t—t % F Jj 2 
T(x, Po)= G+ = Kita ]24r— (i > xt\— 


x 


x? I 3 
—4r (nxt gaz +4) |+ 


+) 1b __Siltin) fetin) [Jal X)Y sen) — YalttnX)Si(Hnl} | exp (—12Fo), 
band Yn Si (4m) — J (oten) 


As R, 6G, (5-5-45) becomes the solution fora solid cylinder, while as (1 _-) — Oit becomes the solution 


for a plane infinite plate with boundary conditions which are identical to those of the problem at hand. 
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Chapter VI] 


UNSTEADY FIELDS OF HEAT-TRANSFER AND 
MASS-TRANSFER POTENTIAL WITH BOUNDARY 
CONDITIONS OF THE THIRD KIND 


6-1. The Dimensionless Boundary Conditions 


The system of differential heat-transfer and mass-transfer equations 
with boundary conditions of the third kind may be used to represent a very 
wide range of phenomena, including nonisothermal dissolution, hetero- 
geneous reactions which take place according to diffusion kinetics, convec- 
tive drying, and electrodiffusion. In this case the boundary conditions re- 
late the transfer potentials at the surface of the body to the corresponding 
potentials of the surroundings, by means of specified values of the heat- 
exchange and mass-exchange coefficients or, which is the same thing, by 
means Of laws describing the convective heat exchange and mass exchange 
at the surface. Newton's law is selected to describe convective heat ex- 
change, while Dalton's law or some other experimentally established law 
(for example, Nernst's law or Shchukarev's law) is selected to represent 
mass-transfer phenomena at the surface of the body. 

The heat-exchange coefficient a, andmass-exchange coefficient am enter- 
ing into Newton's law or Dalton's law (or a similar mass-exchange law) are 
in general functions of the regime parameters and the state of the surface of 
the material. To simplify the solutions, we will assume that coefficients ag 
and am, as well as the temperature ft, of the surroundings, are constant and 
equal over the whole surface of the body. Heat and mass transfer with sur- 
roundings in which the temperature and the exchange coefficients vary will 
be considered in the next chapter. 

The dimensionless boundary conditions of the third kind, as applied to 
the system of equations describing heat and mass transfer accompanied by 
phase or chemical transformations (system of equations (4-1-2) and (4-1-3)), 
may be written as 

or Fo) _ Bi, (1 —T (1, Fo)] +-(1—s) Ko Lu Ki,=0; (6-1-1) 


— AEF + Py TUF) 1 Ki, =0. (6-1-2) 


The main problems to be considered in this chapter will correspond to 


the following three conditions for the dimensionless mass flux Kim: 
a) Kinconstant; b) Kin=Bin[I—9(1, Fo)]; c):Kim=Kin(Fo); 
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the most typical condition for the dimensionless mass flux during convec- 
tive heat and mass transfer being the second one. 
The two new similarity criteria which appear in boundary conditions 


(6-1-1) and (6-1-2) are Big == and Bin = 22%, the Biot numbers for heat 


exchange and mass exchange. 
When they are not specified, the dimensionless transfer potentials will 
be assumed to be 


[here, subscript "c'' again indicates the surroundings and subscript ''eq"' 
indicates equilibrium]. When the initial distributions of transfer potential 


are constant: 
T (X,0) = 8(X,0)=—0, (6-1-3) 


the quantities t,and 6, have a subscript 0. When the initial distributions 
are parabolic: 


T (X,0)=—(1—X*)W and @(X,0)=—(1—X°*) V, (6-1-4) 


the quantities ¢, and 6, have a subscript s (surface). Here, W= Sand v= 
—%ce—9s : 
~ O—Beq 
of the initial distribution of the heat-transfer and mass-transfer potentials. 
At the same time, the similarity criteria for these problems will be refer- 
red to At=t,—t#, and A@—6, —6eq. In this chapter the expanded form eKo of the 
Kossovich number will be used, instead of Ko*. 

Analytical solutions of the one-dimensional system of heat-transfer and 
mass-transfer equations (4-1-2) and (4-1-3), with boundary conditions of 
the third kind, have been obtained for the complete system of equations by 
Lykov and Mikhailov /1 through 5/, Gamayunov /6/, and Prudnikov /7, 8/. 
Particular solutions for the incomplete system of equations have been con- 
sidered by Lykov /9/, Mikhailov /10, 11/, Polonskaya /12/, and Smirnov 
/13, 14/,. The effects of individual criteria for the similarity of heat and 
mass [transfer] on the heat and mass exchange have been investigated by 
Lykov /10, 15/, Mikhailov /16 through 19/, and Lebedev /20/. 


are simplexes [dimensionless parameters] for the nonuniformity 


6-2. Unsteady Fields of Heat-Transfer and Mass-Transfer 
Potential. Constant Mass Flux at Surface of Body 


Let us now consider solutions of system of equations (4-1-2) and (4-1-3) 
for bodies of regular shape. Boundary conditions (6-1-1) and (6-1-2), sym- 
metry conditions (4-1-5), and initial conditions (6-1-3) are assumed. The 
quantity Kim entering into the boundary conditions will be taken as constant. 
Laplace integral transformations will be used to solve the problems in this 
section. 

a) Solution for an infinite plate (T = 0) 

The transform solution of system of equations (4-1-2) and (4-1-3), assuming initial conditions (6-1-3) 
and symmetry conditions (4-1-5), has the form (see § 4-2, a): 

2 
T,(X. s) = »> By ch V8 ¥,X; (6-2-1) 
i=l 
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2 
6, (X, s)=— “Ks yj B,(l — vi) ch ¥s%X, (6-2-2) 


where i=l 


Pa |(1+eKora+ 2) +(— 0) (14+ eKoPa+p,) —pe |; 


Todetermine the constants By, boundary conditions (6-1-1) and (6-1-2) are used. When the Laplace transformation 


F(X, om [Fix nenp(—eFoidto 
is applied to these conditions, we obtain 
T’, (1,8) — Big [=~ 700 | +—(1 —¢)Ko Lu Ki, = 0; (6-2-3) 
—@, (i.8)+ Pa", (1,8) + Ki,, = 0. (6-2-4) 
Then, equations (6-2-1) and (6-2-2) combine with conditions (6-2-3) and (6-2-4) to give a system of algebraic 


equations in B;: 
2 


Vp a + LK Ho, 
i=l 

2 Ki 

y BP, + AOR oo, 


i=l 
the solutions of which are 
(s Ko K, — 1) Py» —e KoKinQ, ; 
as Para) ae 


(¢ Ko K, — 1) P; —¢ Ko KinQ, ‘ 


a= — $(P,Q, — P,0:) (6-2-6) 


Here 


1 a = 
Q=ch Ys % + 5, V5% sh Ys ¥,; 


P,; =(e Ko Pa+(1 —v3] Y's ¥, sh Vs; 


l—e: Ki, 


Ki=—; Lup 


To determine the inverse transform, let us find the roots of the denominator of By; 


$(s) = $(P1Q1— PQ.) = 5 {[e Ko Pa + (1 — vi] V5 ¥, 8h V5 VQ, — 
4 
— [e Ko Pn +(1 —v2 V's ¥, sh V8 4,Q,} = 5" {[e Ko Pa +-(1 —DlO7+3t s+..)X 


4 
YQ 


X Q1 —[e Ko Pn + (1 — VN O24 Gr S +++) Qu} = s*9(s) = 0, 


where ¢(s)is the expression in braces, It follows from this expression that: 
1) s=s, = Dis a double zero root; 
2) 8==Sm are the roots of the simultaneous solution of the system of equations: 


sin ¥,». = 0; } (6-2-7) 
2 sin Yee = 0, 
where &m == —p,,; 
3) s=6&, are the roots of the equation 
%—; 
x COL ¥sps — COT Var -- “Bi, & = Q, (6-2-8) 
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where 
eKoPn+(Il—v3) y, 


2 
Sy=— Ph, and x= —______—__|..—., 
‘ i «KoPn+(i—v) 1 


The inverse transforms of (6-2-1) and (6-2-2) are found using the generalized expansion theorem for 
multiple roots: 


_ [Pal — Dr (5) Pals) Dr(s)y(s) 
E kc | ee [Fe es) + 9s) [et leper ol} + 


co oo 
Ba (Sp m 
+ ee exp(s, Fo) + y oe) exp(Sm Fo) (&=1,2), 


n=! mai 


where _ _ 
®, (s) = [(s Ko Ky —1) Py —# Ko KinQg] ch Y's ¥,.X — 
— [(e Ko K,—1) Py —# Ko KinQ | ch V's v2X; 


®,(s)= — HG {lle Ko K,—1) Pe— ¢ Ko Kin Q,] (1 —¥7)ch V8 ¥,X — 
— [(e Ko K, — 1) Py —e Ko KinQ,] (1 — v3) ch V's v,X}. 


After the necessary calculations have been made, the unsteady potential 
distributions are found to be 


T (X, Fo)=1—eKoK, —- sKoLu Kins 1 _— x? +5) 


oo 2 


=), y Cyj COS Vin X Exp(— p. Fo)— 
a=! i=) 
KoKin CVU 
eKXo 2 
—_ Cini COS VittmX EXP (— Fo); 6-2-9 


@(X, Fo) = Kim | Lu Fo — + (14-eKo Pn Lu) (+ —x')] + 


oO 


ae y) Crai(l— v") COS Vip,X Exp (— Be Fo)-+ 
a=1li=l 
co 2 
seine Y} Y Cne (lv) cos vitimX exp (—v,, Fo). (6-2-10) 
"2 “I m=1 i=1 
The following coefficients enter into (6-2-9) and (6-2-10): 
Cor= oar II Ko R,) Past 8K Kin Qual (6-2-11) 
Cus=— 5 [(1—#K 0K) Past #Ko Kirn Qnall (6-2-12) 
Yn —— ViAniPas + VeBnsQn: aie VAnsPri a= ¥,Bn:Qnai (6 -2-1 3) 
Qni = COS Vitn— “Bi Vitln SiN Vit (6-2-14) 
Pai =—[sKo Pn + (1 — ¥))] Vittn Si Vita; (6-2-15) 
Ani = (1 + Biz )sin Vint a Vithn COS Vittn; (6-2-16) 
q q 
Bri SiN Viptn + Vittn COS Vipn3 (6-2-17) 
Cypeee 6, (6-2-18) 
Bi COS Yabo ber, COS Vtbm 
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where prare the roots of characteristic equation (6-2-8) and p, are the roots 
of equations (6-2-7). 

An analysis of these solutions shows that the infinite sums in (6-2-9) and 
(6-2-10) converge quite rapidly. Thus, for Fourier numbers above 0.2 to 
0.3, we need only retain, for practical calculations, two characteristic - 
equation roots and two terms in each series. With decreasing Fourier num- 
bers, the number of series terms which must be kept increases. Thus, for 
Fo = 0.1 four terms, and for Fo=0.05 six terms, must be used. The infinite 
sum over mconverges the most rapidly, and starting with Fo= 0.05 it can 
generally be disregarded during calculation. For the above reasons, for 
Fo 20.3 it is convenient to calculate unsteady fields of transfer potential 
using the simplified formulas: 


T (X,Fo)=1 —eKoK,—~-eKo LuKi, (1 —X45-)— 


2 2 
—Y¥ YH Cni cos vienX exp (—p, Fo); 


ra=li=l 
0 (Xx, Fo)=Kim| Li Fo—-+-(1 + ¢KoPnLu) & cae x*\it 


2 2 


X exp (— re Fo). 


ni 


Values of the first two roots waof characteristic equation (6-2-8) are 
listed in Tables 6-1 and 6-2 for various values of Lu, eKoPn, and Bi,, and 
the curves are plotted in Figures 6-1 through 6-3. Values of constant coef- 
ficients C,; for various combinations of dimensionless numbers are listed 
in Tables 6-3 through 6-8 and the curves are plotted in Figures 6-4 through 
6-9. 

In terms of average dimensionless transfer potentials solutions (6-2-9) 
and (6-2-10) may be written as 


T (Fo) =1—eKoK, Se ceed Ge 


-¥} YP. exp (—#, Fo) — Sao y ya exp (—p,, Fo); 


2 


8 (Fo) =Kin Lu Fo + 5 y J) Dai (1 — ¥; exp (— vi, Fo)-+ 


r=1 {=1 


i) 


2 
Ki 2 2 
way Dyn; (lL — v, ) exp (—pi. Fo), 
2a p> a a ‘ 7 


where 


—_ SID Vin , -_ sin Yim 
Dni=Cni Yibbn ’ Dnt =C mt Vibbm e 


2 


Values of coefficients D,;, as well as of D,, = Lai and D,,= se —~ Xx 
x FD, (1 —v ), are listed in Tables 6-3 through 6-8 and plotted in Figures 


i=t 
6-4 through 6-9. 

Steady-state distributions of temperature and mass-transfer potential 
are established for Fourier numbers from 1,0 to 2.5, The steady state 
is first established with respect to temperature (for X= 1 and Fo=0.2 to 
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0.7) and then with respect to mass-transfer potential (for X =0 and Fo ~2,95). 
For the steady state the dimensionless potentials correspond to those ob- 
tained by Polonskaya /11/ [127]: 


T=1—eKoK,—-7 eKoLuKin (I—X*+ gi); (6-2-19) 


@= Kin| LuFo—- (1 +-*KoPn Lu) (1/3 — X4) |. (6 - 2-20) 


Thus, in the steady state parabolic distributions of the dimensionless 
transfer potentials are established in the material. Equation (6-2-19) 
shows that the phase-transition ratio e is 


8 
0 Qe 4 86 G8 “k$O Ke L4G = 16 18 20 


FIGURE 6-1, Characteristic- equation roots as functions of Big(from 0 to 2) and Lu, 
for an infinite plate 


This means that, when the temperature drop and the thermophysical proper- 
ties of the material are known, it is possible todetermine e and consequently 
to evaluate the flux of matter in the vapor state. According to the experi- 
ments of Polonskaya and Lebedev: for plaster plates e= 0.045; for clay 
plates e= 0.75 to 1.0; for sand plates e=0.2 to 0.4, and for wooden plates 
s = 0.09 to 0.2. 

If we differentiate the various equations obtained above with respect to 
time, then we will get the rates of variation of the local and average trans- 
fer potentials. 
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42 y 6 8 10 1S 20 


FIGURE 6,2, Characteristic-equation roots as functions of Big (from 1 to 20) and Lu, 
for an infinite plate 


TABLE 6-1 


Infinite Plate, Roots of characteristic equation (6-2-8) as functions of Lu and Bi, 
(for « Ko Pn= 0,3) 


Lu = 0.1 Lu =0.4 Lu =0.5 Lu = 0.7 Lu = 1.0 Lu = 2.0 
Bi, | | [| | | 
a | Py Pa | ee] | | Lad Vy | By a | Hs a) | Ps 

0.20 | 1.420 | 4.309/ 1.066] 1.886] 0.996 | 2.083 | 0.882 | 2.257 |0.771 | 2.393 | 0.625] 2.630 
0.25 | 1.450 | 4.375] 1.131) 1.911] 1.065] 2.116] 0.953 | 2.300 | 0.843 | 2.464 | 0.692 | 2.674 
0.30 |} 1.472] 4.427| 1.178] 1,925] 1.114] 2.130] 1.008] 2.331 | 0.899 | 2.512] 0.744| 2.712 
0.35 | 1.488) 4.471) 1.214! 1.934] 1,156] 2.140] 1.056 | 2.356 | 0.945] 2.550/ 0.788} 2.745 
0.40 | 1.500) 4.505] 1.242] 1.940] 1.189] 2. 148] 1.094] 2.378] 0.986 | 2.579] 0.828] 2.775 
0.45 | 1.511) 4.532) 1.265] 1.948] 1,218} 2.154] 1.126] 2.395 | 1.023 | 2.602 | 0.863] 2.806 
0.50 | 1.519 | 4.555 | 1.284] 1.950] 1.240) 2,159] 1.156] 2.408} 1,055} 2.621 | 0.898] 2.827 
0.55 | 1.526 | 4.574 | 1.300} 1.951 | 1.260 | 2.1621 1.179} 2,417 | 1,081 | 2.636 | 0.926) 2.850 
0.60 | 1.631 | 4.590) 1.314] 1.954] 1.277] 2. 166] 1.200] 2.425] 1.107 | 2.650] 0.955] 2.871 
0.70 | 1.540 | 4.614} 1.336] 1.964) 1.304] 2.171 | 1.236] 2.439] 1.148] 2.675] 1.000] 2.905 
0.80 | 1.547 | 4.633 | 1.356] 1.974] 1.330 | 2.175] 1.270) 2.449] 1.188] 2.699] 1.033] 2.942 
0.90 | 1.551 | 4.649] 1.366/ 1.9841 1.344] 2.178] 1,288 | 2.460| 1.212] 2.720} 1.073] 2.972 
1,00 | 1.555 | 4.659 | 1.378] 1.991} 1.358] 2. 180 | 1.308 | 2.470] 1.237 | 2.740] 1.105] 3.000 
1.50 } 1.666] 4.694) 1.412) 2.017] 1.400| 2.203} 1.363) 2.511] 1.318) 2.810}1,216] 3.124 
2.00 | 1.573 | 4.711 | 1.428 | 2.030] 1.423 | 2.218 | 1,400] 2.534 | 1.361 | 2.854/ 1.280} 3.216 
3.00 | 1.579] 4.730] 1.443 | 2.040} 1.446 | 2.234] 1.437 | 2.561 | 1.408] 2.902| 1.348] 3.336 
4.00 | 1.582] 4.739] 1.452 | 2.045] 1.458 | 2.243 | 1.458] 2.576] 1.433 | 2.930} 1.389] 3.411 
5.00 | 1.584] 4,744] 1.457] 2.048} 1.465} 2.248] 1.470! 2.585] 1.448] 2.949] 1.412! 3.464 
6.00 | 1.585) 4.748 | 1.461 | 2.050] 1.470 | 2.251 | 1.478] 2.591 | 1.458 | 2.959 | 1.430] 3.500 
7.00 | 1.586] 4.750] 1.463 | 2.052 | 1.475 | 2.253 | 1.482] 2.594] 1.466} 2.968) 1.442] 3.520 
8.00 | 1.587 | 4.752 | 1.465] 2.053 | 1.477] 2.255] 1. 485) 2.599] 1.471 | 2.976} 1.451] 3.541 
9.00 | 1.587 | 4.754] 1.467 | 2.055 | 1.479 | 2.256] 1.487 | 2.601 | 1.476] 2.983 / 1.459| 3.560 
10.00 | 1.588 | 4.755 | 1.468 | 2.056] 1.482 | 2.257 | 1.488] 2.604] 1.479/ 2.988] 1.465! 3.576 
15.00 | 1.589] 4.759] 1.471 | 2.058] 1.487 | 2.260] 1.494] 2.609] 1.492] 3.000] 1.484] 3.622 
20.00 | 1.590 | 4.761 | 1.472} 2.060] 1.489 | 2. 262 | 1.497} 2,612) 1.498} 3.009] 1.493] 3.644 
30.00 | 1.590} 4.764} 1.474] 2.061 | 1.490] 2. 264| 1.499} 2.616] 1.503 | 3.016 | 1.502] 3.670 
40.00 | 1.591 | 4.765) 1.475/ 2.062] 1.491 | 2.265] 1.501 | 2.617] 1.506) 3.018] 1.507| 3.682 
50.00 | 1.591 | 4.766] 1.475 | 2.062] 1.492 | 2.266) 1.501 | 2.618] 1.508] 3.022) 1.510; 3.690 
co |1.592| 4.767) 1.478 / 2.065] 1.494) 2.268] 1.503 | 2.622} 1.515 / 3.030] 1.520] 3.715 


als 


= 
i 


“0 Gb G8 %2 16 20 
a 
FIGURE 6-3, Characteristic-equation roots as functions of Big and e Ko Pn, for an 
infinite plate 
a) Bi,from 0 to 2; b) Bi , from 1 to 20 


4.0 


FIGURE 6-5. Constant coefficients Cna, 
Dr,, and Dg, a3 functions of Big, for an 
infinite plate 


FIGURE 6-4, Constant coefficients C,,, 
Dr, and Dg, as functions of Lu, for an 
infinite plate 


b4¢ 3 C226 Din 3 Dg 10 


FIGURE 6-6, Constant coefficients Cy, Ds, and De, as functions of Ki,, for an 
infinite plate 
a) Ko=3; b) Ko=5 
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TABLE 6-2 


Infinite Plate, Roots of characteristic equation (6-2-8) as functions of e Ko Pn 
and Big (for Lu= 0,3) 


a e Ko Pn=0.1)] e Ko Pn=0.2|] eKoPn=0.3| eKoPn=0.4] eKoPn=0.5]) «Ko Pn = 0.6 
: Hy | Hs Py | He By | Hs Pa | Bs at | ar) Pi | Ps 
0.20 [1.373] 1.734] 1.246] 1.714] t. 158} 1.687] 1.080] 1.665] 1.050| 1.640] 0.975] 1,615 
0.25 | 1.397] 1.749] 1.286 | 1,723] 1.2021 1.696] 1.137] 1.678] 1.085] 1.651} 1.040] 1.629 
0.30 {1.415} 1.744] 1.316] 1.729] 1.240] 1.708] 1.179] 1.690} 1.130] 1.665] 1.090] 1.640 
0.35 | 1.430] 1.747] 1.338] 1.737] 1.268] 1.719] 1.212] 1.697] 1.162] 1.675] 1.130] 1.652 
0.40 | 1.440] 1.759] 1.355 | 1.7441 1.289] 1.727] 1.236] 1.707) 1.192] 1.686] 1.159] 1.661 
0.45 | 1.448) 1.75011.368] 1.750] 1.307] 1.735 | £256] 1.717] 1.210] 1.697] 1.180} 1.673 
0.50 11.454} 1.754] 1.378] 1.754] 1.320] 1.742] 1.272 | 1.727 | 1.225| 1.706) 1.197] 1.683 
0.55 | 1.459] 1.755] 1.387] 1.758] 1.3311 1.749] 1.285/1.735] 1.245] 1.712] 1.212) 1.692 
0.60 | 1.464] 1.757] 1.394] 1.761 | 1.340] 1.754] 1.296] 1.742] 1.263] 1.723] 1.226] 1.701 
0.70 | 1.470] 1.759] 1.405] 1.767] 1.355] 1.762 | 1.313] 1.752] 1.278] 1.7371 1.249] 1.718 
0.80 |1.475|1.761 | 1.41311.775] 1.3661 1.772] 1.326] 1.764] 1.293] 1.754] 1.265] 1.735 
0.90 | 1.479] 4,763] 1.419] 1.779 | 1.374] 1.779 | 1.336 | 1.774] 1.306] 1.766] 1.277] 1.748 
1.00 | 1.482} 1.765) 1.424] 1.783] 1.378] 1.784] 1.344] 1.782] 1.314] 1.776] 1.287] 1.760 
1.50 | 1.492] 1.770] 1.4391 1.794} 1.402] 1.802] 1.367} 1.806] 1.339] 1.808] 1.314] 1.811 
2.00 | 1.497] 1.7731 1.4471 1.800] 1.410] 1.813] 1.378] 1.821 | 1.351 | 1.826 | 1.327] 1.836 
3.00 | 1.501 11.775 | 1.4551 1.80611.419] 1.825] 1.390] 1.838] 1.363[ 1.847] 1.343] 1.859 
4.00 | 1.503] 1.776] 1.459] 1.809] 1.4241 1.830] 1.395] 1.847] 1.368] 1.859] 1.348] 1,870 
5.00 | 1.5051 1.777] 1.461 | 1.811 | 1.4271 1,833] 1.398] 1.852] 1.372] 1.864] 1.350) 1.879 
6.00 | 1.5061 1,777] 1.463 | 1.812] 1.429] 1.8371 1.401 | 1.856] 1.375] 1.867] 1.350] 1.884 
7.00 | 1.506| 1.777] 1.464] 1.812] 1.430] 1.838] 1.402 1.858] 1.377] 1.869] 1.351] 1,888 
8.00 | 1,507| 1.778) 1.465] 1.813] 1.431 | 1.839] ¢.403] t.860| 1.378] 1.870) 1.351! 1,891 
9.00 | 1.507] 1.778] 1.465] 1.813] 1.432} 1.840] 1,404] 1.861] 1.380] 1.871]1.351] 1,894 
10.00 | 1.507] 1.778] 1.465] 1.814] 1.432] 1,841] 1.404] 1.86211.381 | 1.8721 1.352} 1.895 
15.00 | 1.508] 1.783] 1.466] 1.815] 1.434] 1.843] 1.406} 1.866) 1.383 | 1.874] 1.3521 1.901 
20.00 | 1.508] 1.783] 1.467] 1.816] 1.4351 1.845] 1.407] 1.868] 1.384] 1.875} 1.352] 1.905 
30.00 | 1.509] 1.783] 1.468] 1.817] 1.435] 1.846] 1.408] 1.870] 1.385 | 1,876] 1.352] 1.907 
40.00 | 1.509] 1.784] 1.468] 1.818] 1.436] 1.847] 1.408] 1.871 | 1.385] 1.877] 1.352} 1.909 
50.00 | 1.509] 1.784] 1.469} 1.819] 1.436] 1.848] 1.409] 1.871 | 1.385] 1.877] 1.3531 1.910 

co | 1.510] 1.784] 1.469] 1.820] 1.437] 1.849] 1.409] 1.873] 1.386] 1.880] 1,353{ 1.911 


It is clear from the foregoing that the solution methods used here for 
an infinite plate do not in principle differ from those employed for the cor- 
responding problem with boundary conditions of the first kind (see § 4-2, a). 
Therefore, for the cylinder and sphere only the final results will be given. 
b) Solution for an infinite cylinder (rT =1) 


T (X, Fo)=1 — Kok, —-«Ko LuKi;» (1 —X+4a-)— 


ce 2 
— J) YY) Cos Jo (vera) exp (— vi, Fo) — Ne X 
n=! i=I1 
eo 2 
xy y) Cid (VittmX) EXP (—p., Fo); (6-2-21) 


m=li=!1 


9 (X, Fo) = Kim | 2Lu Fo —->-(1+-¢Ko Pn Lu) (3 —*")|+ 


+ 7% YY) Cas (l — 9) Jo (Weta X) exp (—n, Fo) 


co 2 
dm 
+ 5) y} Omi (1 —v J, (VithmX) exp (—p>, Fo), (6-2-22) 
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Hence C,; and 4, are defined by equations(6-2-11) through (6-2-13), while 


Qnt = Io (Vien) — Bit Vittnds (Vibn); (6-2-23) 

Pay==— [e Ko Pn+(1 — v; )) vithnd, (Vittn)s (6-2-24) 

Ani =I, (Vitha) + By Valen Se (Vath) (62-25) 

Bay== [8 Ko Pn +-(1 — ¥; )] Vath Jo (Vien); (6-2-26) 

Cm = — ayy m= ey (6-2-27) 
TABLE 6-9 


Infinite cylinder, Roots pp» of characteristic equation (6-2-28) as functions of Lu, 
Bi,, «, and Ko 


Dimensionless 
number 


Note, The values of the roots for BI,= 10; e= 0,4; Ko=5, as well as for all the values 
of Ki,, and the corresponding Lu, are equal. In the table they are given under Bi,= 10. 


TABLE 6-10 


Infinite cylinder, Roots #, of characteristic equation (6- 2-28) 
as functions of Pn (for Lu= 0, 3) 


Characteristic-equation roots », are found by solving the equation 


Jo (¥st*n) y2 — y? 
Jo arn —_ = 
[eKo Pn + (1 — vj )] 22h" — [e Ko Pn + (1 — ¥} )] Sin Ja Oth) a’ (6- 2-28) 
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while pm are roots of the system of equations 
Ji (Vit4m) =0; 
J, (Vat4m) = 9. 


When the dimensionless potentials are averaged over the spatial coordi- 
nate, we obtain 


(6-2-29) 


T (Fo)= 1—eKoK, — = eKo Lukin (+51 )— 
2 


east y y Day exp (— re Fo) — * Ke Kim >) y Dm &XP (—p., Fo); 


n=!i=l m=) t=} 


ce 2 


8 (Fo) =2Ki,, Lu Fo+—- Dai (1 —v; ) exp (—», Fo) + 
co 862 
Kin 
Dai (1 — — ; 
ae <o)p) (1 —v/) exp (— p Fo) 


where 
Dat =2C nt.” Asta) and Dai —— 2C mi Ji (Vetbm) , 
Mn Vito 


The simplifications of the general solutions for an infinite plate may be 
extended to the corresponding solutions for the infinite cylinder and the 
sphere. Certain fluctuations observed in the values of the Fourier num- 
ber thus become unimportant. 

Values of the roots of characteristic equation (6-2-28), for various com- 
binations of dimensionless numbers, are given in Tables 6-9 and 6-10. 
Values of constant coefficients C,; and D,; are given in Tables 6-11 through 
6-15, 

c) Solution for a sphere (T—2) 


T (X,Fo)=1—eKoK, — # KoLuKim (1 —X*-+ gi) + 


+3 y epee in U8 sin win Sin Vitkn® exp (—y? Fo) eee Ko Xs +X 


a=sli=! 


co 2 
SID 1 mX 
XW VY Cm mevaind exp (—n. Fo); (6-2-30) 


0 (X, Fo) = Kim, [3Lu Fo — > (1 + «Ko Pn Lu) (¢-*)]- 


ce 2 
1 2) sin Vinx 2 oe 
~ aie J) Y) Cas — vp) GP ex ( Fo) 
boas a 
= = hte a ee 
wv BY Yoav sets exp(—_ Fo). (6-2-31) 


The quantities C,; and ), in (6-2-30) and (6-2-31) are defined by equations 
(6-2-11) through (6-2-13), while 


Qni= (1 — gi; )sin vite + iz Yithn C08 Yeh (6-2-32) 
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P,4= [e Ko Pn-+ (1 — v’)] (Vi}bn COS Viftn — SIN Vin); (6- 2-33) 
Ani == COS V iffy — a Vitty SIN Yap; (6- 2-34) 

| 
Bni==— [eKo Pn+ (1 — v))] Vitby SID Vithn; (6-2-35) 


Bi, —1+ (ten [e Ko Pa + (1 —v3)] 


«Ko Kin 
2) sin Vibem 9 (6-2-36) 


Cay = 2EU 


Blg— 1 +O ES Sle fe Ko Pa + (1 — 9) 


Cms = — 2Lu 5 : (6-2-37) 
Mm SED Voting 
where pa are the roots of the characteristic equation 
E, tan Van — Ey tan¥yPn__ en (6-2-38) 
E,v, — E,Vs ql? 
TABLE 6-15 
The constant coefficients as functions of Pn, for an 
infinite cylinder 
Pn | nf Cas Day 
11 0.1013 0.6370-10-! 
0.1 21 1.2080 0.5922 
: 12 0.4858-10-! 0.1870-10-* 
22 —0.1814 0.1739-10-! 
lt 0.1301 0.9057-10-! 
0.25 21 1.0987 0.5514 
12 0.1016 0.5032-10-# 
22 —0. 2426 0.3063-10~! 
11 0.1210 0.8982 
0.40 21 1.0284 0.5363 
12 0.1207 0.6324-10-3 
22 —0. 2856 0.3776-10-! 
11 0.1095 0.8507-10~-! 
0.55 21 0.9543 0.5190 
12 0.1277 0.6732-10-8 
22 —0.3227 0.4106-10-! 
in which 
2 
E,=[e Ko Pn-+ (1 — v})] (Vien — tan Vite) 
and where }m are the roots of the system of equations 
COB Vette, == 0. (er2e3y) 
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For the average dimensionless transfer potentials solutions (6-2-30) 
and (6-2-31) become 


T (Fo)=1—eKoK, —--e Ko Lu Kin (<-+5,)+ 


+P Davexp(—v? Fo)-} eee ¥ Vip, i exp(—p_, Fo); 
a=li=! m=li=! 


0 
alii 


co 62 
~ 1 
8 (Fo) = 3Ki,,Lu Fo — “Ko y) »} Dai(l— v’) exp (—p, Fo) — 


2 


J) yp Pmt (l — i )exp(— p, Fo), 


y— vi 


mat i=) 
where 
Do-28C- ee cos Pn ond D re eee eo Miie = Wes COS ¥ibhm 
vr ie, vy; in 

d) Generalized solutions 

A comparison of the solutions obtained for the various body shapes shows 
that these solutions have much in common. Thus, it is possible to write all 
the previous solutions in the following generalized form: 


T (X, Fo) =1—(1—e)KoLu Bey fKoLu Kin (1 —Xy 2 a 


vy 


co 2 

—Y) J) Cui, (WitmnX) exp (— wy Fo) — wx 
Vo — 

n=li=l 


co 2 
XY Y) Coie (VittmX) exp (— w, Fo); (6-2-40) 


m=li=1 


6 (X, Fo) = Kix, | (7+ 1) LuFo —-5 (1 -+eKo Pau) (ip —X*)|+ 


fo 3) 2 
+exe Y) M1 Cas (1 —¥9) ©, (vate X) exp (— 22 Fo) + 
i=l 


a=! 


tt 


a ap) V Cail — 9, (ViftmX) exp (—p, Fo). (6-2-41) 


li=l 

For an infinite plate [=0, for an infinite cylinder f=1, and for a sphere 
T=2. Here Cy, and $n are defined in all cases by equations (6-2-11), (6-2-12), 
and (6-2-13),. The quantities Qni, Pni, Anz, and By; for a plate are defined by 
equations (6-2-14) through (6-2-17), for a cylinder by equations (6-2-23) 
through (6-2-27), and for a sphere by equations (6-2-32) through (6-2-35). 
Coefficients Cm, for a plate, cylinder, and sphere are defined by (6-2-18), 
(6-2-27), and (6-2-36) and (6-2-37). The characteristic-equation roots 
un for these body shapes are the roots of equations (6-2-8), (6-2-28), and 
(6-2-38), while pm, are the roots of systems of equations (6-2-7), (6-2-29), 
and (6-2-39). In the generalized equations, the following quantities have 


‘been introduced: 
D, (VijtyX) —=COSViP_X, Y= 1/3; 
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®, (Vi4,X) a Jo (VitaX), %.= 1/2; 
B, (vpp,X) = — AAA | y= 3/5. 


If a steady state is established, solutions (6-40) and (6-41) simplify to 


T=1—(1—s)KoLu ge ——7 eKoLuKin (1 —X*-+ 57) (6-2-42) 
@ = Kin, (P+ 1) Lu Fo ——>-(1 + «Ko Pa Lu) (x, — X°)]. (6 -2-43) 


6-3. Unsteady Fields of Heat-Transfer and 
Mass-Transfer Potential. Mass Flux at Surface of 
Body a Function of the Mass-Transfer Potential 


Once again system of heat-transfer and mass-transfer equations (4-1-2) 
and (4-1-3) is solved with boundary conditions (6-1-1) and (6-1-2). In this 
case, however, the Kirpichev mass-exchange number is Kin=Bin{1—9(1, Fo)]. 
Solutions of the systems of equations will be given for constant (6-1-3) and 
parabolic (6-1-4) initial distributions of the transfer potentials. The meth- 
ods for solving these problems do not differ from those employed, for the 
corresponding body shapes, in Chapter IV and in §$6-2, a. A detailed ac- 
count of these solutions may also be found in /1, 3/. 

a) Solution for an infinite plate (T=—0) 


co 2 
T (X,Fo)=1— y; »> Cys COS VinX exp(—p. Fo); (6-3-1) 

a=! i=) 

\ co 2 
8(X,Fo)=1-4 = »} »} Cai (1 — V2) cos Vittn X exp (—p: Fo). (6-3-2) 
a=li=l 
Here 
Cup =O EERO AD Peas KO Ons 5 (6-3-3) 
Coa — 20 = SRO Ky Porte h0 Qe; (6-3-4) 
n=VAnyPnat+ VaBrQni — VsAnsPni — Vi BniQnsi (6-3-5) 
1 : 
Au=[I+a +c —¥i) K, |sin vitin + gy Yitn COS Yabo (6-3-6) 
‘ l—v)+eKoPn . 
Byr==(1 — Vi) sin Vien cme (sin Villn + Vittn COS Vittn); (6-3-7) 
Qni= [1+ (1 — V4) Kil £08 vith — py Vib Sit Vath (6-3-8) 
(1—v)-+2«KoPn : 
Pri=(l — ¥) 008 vty — At Ko Pe Vit'n SID Vin: (6-3-9) 
|—e Bin 
K, ae aa Lu Bi,’ 
and y», are the roots of the characteristic equation 
PriQne— PnsQn,=9. (6-3-10) 
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As in all the previous problems the values of the characteristic -equation 
roots Ha Can be obtained using graphical methods and then these can be de- 
termined more accurately using the familiar methods of numerical analysis 
(for example, the methods of Newton, Bairstow, or Lin). To determine the 
roots by graphical methods, let us rewrite equation (6-3-10) in a somewhat 
different form: 


M ; 
Wr = tn/Bigs (6-3-11) 
where 


M = Py, COS Vattn — Prag COS Vipin; 


N=[(1—Vv) i=Fhy Bim 9, sin Vin] Pas — 


— (1 —v}) +=* LuBi,, oe ahs vy, sin vata] Pri: 
If the left side of (6-3-11) is denoted by ®, == ®(») and the right side by 
y= aw. then the points at which the ®, curves intersect a y line on the 
| 


(», ®,)graph indicate the values of the roots », for the specified combination 
of Lu, es, Ko, Pn, Bi,, and Bi, (Figure 6-10). Figures 6-11 through 6-18 show 


Peps tl 


0 
QO QF 0 hk§ 20 25 20 GF YW 4S 50 


FIGURE 6-10, Method for determining the roots of characteristic 
equation (6-3-10), for an infinite plate 


the characteristic-equation roots #, as functions of Lu, Bin, sKoPn, or e for 
values of Bi, from 0.1 to 2.0 or 20. The corresponding tables of the char- 
acteristic-equation roots are given in /1, 3/. 

Both equation (6-3-11) and Figure 6-10 indicate that an infinite series of 
roots p, exists, whose absolute values increase as follows: 


Pr << Be oe etn eee 
Because of this inequality of the roots, the infinite series in equations 
(6-3-1) and (6-3-2) converge quite rapidly. Calculations show that, as the 
Fourier number increases, the error introduced by neglecting series terms 
after the first two decreases rapidly. Whereas, for the center ofthe plate, 
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2140 


fea (8t3, 8m) 
Lu=@3,ko-Pa-Q6b» €=Q5 


7) a4 a8 12 16 20 


FIGURE 6-13, Characteristic-equation roots as functions of Bi, and Bi,,(for Bi, 
from 0,1 to 2,0), for an infinite plate 


ial al (tg, 8m) 
Lu-l}; Ko-Pa=06; €°05 


FIGURE 6-14, Characteristic-equation roots as functions of Bi,and Bi, (for Bi, 
from 2 to 20), for an infinite plate 
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an error of 11.3% is introduced when series terms after the first two are 
dropped for Fo=0.1, this error is only 0.52% for Fo=0.9. In Table 6-16 
are shown the values of the Fourier number above which the system of equa- 
tions may be simplified, with constant initial conditions, without introducing 
an error greater than 1.0% or 0.5%. 


TABLE 6-16 


Values of Fo above which the calculations of heat and mass transfer 
may be simplified (Lu= 0,3; e= 0.5; Ko=1.2; Pn=0,5; Bin=10) 


Type of problem | Bly 1—T 


Plate, constant initial 1 0.75 |0.66| 0.79 |~1.06 | 0.48 | 0.59 | 1.03 | 1,13 1 
0 


0.79 |0.81] 0.94 |~t.19 


Sonditions 61 | 0.74] 1.19] 1:31 | 0.5 
19 | 0-73 [0.95] 0.80 | 1.06} 0.11 | 0.57 | 0.29] 1,06} 1 

0.89 | 1.08] 0.95 | 1.19 | 0-17 | 0.73 | 0.37] 1:19] 0.5 

Sphere, constant ining 0.24 0.27 | 0.17 | 0.13 | 0,26 | 0.22 | 1 
conditions 0.27 0.31 | 0.21 | 0.15 | 0.30 0.5 


ee nS a, nS | 


Plate, parabolic initial 10 0.66 | 0.87) 0.73 1.00 | 0.13 | 0.50 | 0.25 | 0.33 | 
conditions : : 0 0. ; 


The simplifications make it possible to represent the general solutions 
in a form convenient for practical application. The Fourier numbers above 
which the calculations may be simplified (''initial'’ Fourier numbers) vary 
with the combination of dimensionless numbers entering into the solution. 


I \& 


FIGURE 6-19, Coefficients Cnt, Dp,, and Dg, as functions of Lu, 
for an infinite plate 
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TABLE 6-17 


The constant ‘coefficients as functions of Lu (for Bi,= 10; Bim=10; «= 0,5; Ko= 1.2; 
Pn= 0,5), for an infinite plate 


TABLE 6-18 


The constant coefficients as functions of Bi, (for Lu= 0,3; BL, = 10; ¢= 0.5; Ko=1,2; 
Pn= 0.5), for an infinite plate 


1.0 1.3480 | —0.391 0.299 | 0.0092 1.473 
5.0 0.1563 ; 0.860 | 0.310 | 0.0084 | 0.358 
7.0 0.0929 | 0.912 | 0.309 | 0.0109 | 0.298 
10 0.0488 | 0.938 | 0.308 | 0.0145 | 0.257 
15 0.0152 0.952 | 0.307 | 0.0156 | Q.225 
—0.0026 0.963 


TABLE 6-19 


The constant coefficients as functions of Bim(for Lu= 0,3; Bi,=10; «= 0,5; Ko=1,2; 
Pn= 0.5), for an infinite plate 


TABLE 6-20 


The constant coefficients as functions of e (for Lu= 0,3; Big=10; Bl,=10; Ko=1,2; 
Pn= 0,5), for an infinite plate 


0.1667 | 0.0855 

0.3333 | 0.0671 0.127 
0.5000 } 0.0488 0.114 
0.6667 | 0.0348 0.102 
0.8333 | 0.0273 0.092 


1.0000 | 0.0167 
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TABLE 6-21 


The [constant] coefficients as functions of Ko (for Lu= 0,3; Big= 10; Bi, = 10; e= 0,5; 
Pn= 0,5), for an infinite plate 


TABLE 6-22 


The constant coefficients as functions of Pn (for Lu= 0,3; Big=10; Bi,,= 10; s= 0,5; 
Ko=1,2), for an infinite plate 


ed ee 23 


0.1667 | 0.0462 | 0.916 
0.3333 | 0.0472 | 0.929 
0.5000 | 0.0488 {| 0.938 
0.6667 | 0.0488 | 0.952 
0.8333 | 0.0483 | 0.969 


As an analysis of the calculations shows, the conditions for simplification 
(the "initial'' Fourier numbers) are affected most by the value of Lu. As 
Lu increases, the "initial'’ Fo for simplification decreases. The possi- 
bility of simplification is affected considerably less by e, Ko, and Pn. 


zr i M\Pf 1¥ 
030+ 0.90 Q34Q004-Q10 
O20} 0.80 045-201 4-0” 
010 L Q54-Q024-0 12 
01 0.60 063-a033- 213 
5 10 5 £0 


FIGURE 6-20. CoefficientsC,,, D-,, and Dg, as functions of Big, for an 
infinite plate 
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FIGURE 6-21, Coefficients Cas Dra, and Dg, as functions of Bi,, for an 
infinite plate 


0 
0.1667 QI 0.5000 0.6667 GBIF —_ L000 


FIGURE 6-22, Coefficients Cy,, Dr,, and Dg, as functions of «, for an 
infinite plate 
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hé Lb 2.0 


FIGURE 6-23, Coefficients C,;, D,,, and Dg, as functions of Ko, for an 
infinite plate 


0. 0 
Q667 Q3ISF 25000 L660? Obi 


FIGURE 6-24, Coefficients C,;, D;,, and D,,, a8 functions of Pn, for an 
infinite plate 
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As Table 6-16 shows, depending on Bi, the "initial" Fo increases with Bi, for 
local values and decreases for average values. The value of the Biot num- 
ber has an especially strong effect on the dimensionless heat-transfer poten- 
tial. Similarly, the ''initial'' Fourier number for the dimensionless mass- 
transfer potential depends especially strongly on Bim. On the whole, the 
value of the "initial'’ Fourier number for simplification is lower for heat 
exchange than for mass exchange. 

Some numerical values of constant coefficients Cy; are given in Tables 
6-17 through 6-22 and to facilitate calculations the corresponding curves 
are plotted in Figures 6-19 through 6-24, 

In terms of average dimensionless transfer potentials solutions (6-3-1) 
and (6-3-2) become 


eco 2 
T (Fo)=1— YY} Dav exp(—p, Fo); (6-3-12) 
ace) iz] 
co 2 
6 (Fo) = 1+ = Dns (1 — v2) exp (—p? Fo), (6-3-13) 
or, in another form, 
7 (Foy=1—¥ D,, XP (—p. Fo); (6-3-14) 
n=! 
8(Fo)=1+5) De, &xP (— ». Fo), (6-3-15) 


n=l 


where D,;, D,,, and Dan are defined, as usual, in terms of the constant coef- 
ficients C,; (in the present case the values for an infinite plate are used). 

The 'initial'' Fo, above which formulas (6-3-12) and (6-3-13) may be 
simplified, are given in Table 6-16. Values of D,, and D,, calculated for 
the first two characteristic-equation roots are listed in Tables 6-17 through 
6-22 and plotted in Figures 6-19 through 6-24, 

The dimensionless rate of variation of the heat-transfer and mass-trans- 
fer potentials (local and average) can be obtained by differentiating equa- 
tions (6-3-1), (6-3-2), and (6-3-12) through (6-3-15) with respect to Fo. 

Parabolic Initial Conditions 


[> «] 
f—ts 2 
T (X, Fo) =;—-=1— Cyi COS ViptnX exp(— p Fo); (6-3-16) 
c S pp? 
6;—8 iar 
— Ss — — 2 . — 2 . ‘o ans 
@(X, Fo)= a tog |b Ke Ly ym v?) COS VitnX exp(— - Fo); (6-3-17) 
where 
GiP aa + GiQne . G,Paz: + G.Qni . 
Coy 2 Se es Coa — 2 Si EOD (6-3-18) 
Gia eK OK 2 gy oz) MOIRA YS gms (6-3-19) 
@,—=+Ko-+2eKo (PaW —Vi{g_-— ir (6-3-20) 


223 


and the quantities Qn, Pai, pn, Ant, and By; are defined by the previous 
equations (6-3-8), (6-3-9), and (6-3-5) through (6-3-7), The characteristic- 
equation roots obey equation (6-3-10). 

In parabolic problems the dimensionless numbers Ko and Pn (together 
with the other similarity criteria) are defined as before, except that f and 
6) are replaced by fs; and 6s. 

Since the characteristic equation for the parabolic problem is identical 
to that for a plate with constant initial conditions, the roots pn plotted in 
Figures 6-11 through 6-18 are also the roots for the present problem. A 
comparison of the "initial'’ values of Fo above which the calculations may 
be simplified in the case of parabolic initial conditions (Table 6-16) with 
the analogous values from the problem with constant initial conditions does 
not indicate any significant discrepancies, Thus, it may be concluded that 
the initial conditions only slightly affect the range in which simplification 
is possible. Some values of the constant heat-transfer and mass-transfer 
coefficients C,;, calculated for a plate using equation (6-3-18), are given in 
Tables 6-23 and 6-24, as functions of the dimensionless parameters W and 
V representing the nonuniformity of the initial distributions. 


TABLE 6-23 


The constant coefficients as functions of parameter W (parabolic initial conditions) (for 
Lu= 0,3; Big=10; Bi,=10; e= 0,5; Ko=1.2; Pn=0,5; V=0,4), for an infinite plate 


TABLE 6-24 


The constant coefficients as functions of parameter V (parabolic initial conditions) (for 
Lu= 0.3; Big=10; Bi,=10; e= 0,5; Ko=1.2; Pn=0,5; W=0,4), for an infinite plate 


ni Drn Den 


The method for obtaining average values of the transfer potentials, or 
local and average rates of variation of the transfer potentials, differs in 
no way from that used before. Some values D,, and D,, are given in the 
accompanying tables and graphs. . 

If in equations (6-3-16) through (6-3-20) the parameters W and V describ- 
ing the nonuniformity of the initial transfer-potential distributions are set 
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equal to zero, then we obtainthe previously derived equations (6-3-1) through 


(6-3-4) for a system with constant initial conditions. 


b) Solution for an infinite cylinder (fT =1) 


For constant initial conditions, 


(6-3-21) 


Cri J (VitnX) exp (— L Fo); 


l 


2 


t 


eae 


— 
— 


T (X, Fo) 


(6-3-22) 


Fo). 


(VittpX) exp (—p, 


ALS 


Vv 


Cai (l vote 


e Ko 


pe 


WE . 


FIGURE 6-25. Characteristic-equation roots as functions of Bigand Lu, for an infinite cylinder 


“ 
w 
if 


FAME 
At RAAY TTT | Mh 


FIGURE 6-26, Characteristic-equation roots as functions of e or Lu, for an infinite cylinder 
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Quantities C,; and 9, for solutions (6-3-21) and (6-3-22) are defined by rela- 
tions (6-3-3) through (6-3-5), where 


Qui=[l+(1 —v") ) Ky] Jo (Viten) — Bi Vita (Vittn); (6 -3-23) 
Pai = (1 — V2) Jy (Vita) — a= seetom Vin Sit Vin (6-3-24) 
Ane [1+ (LV) KL Sa (Mtn) Fg Vithn Jo (Vite) . (6-3 -25) 
Rahway pe ewes. (6-3-26) 

The roots pn obey the characteristic equation 
PriQne—Pr2Qni =0. (6-3-27) 


TABLE 6-25 


Infinite cylinder. Roots of characteristic equation (6-3-27) as functions of Lu and Bi, 
(fore= 0,5; Ko=1.2; Pn=0,5; Big= 10) 


L BI On 
: q az=tl n=2 | a=3 n=4 
| 0.6762 1.2934 | 1.5609 2.4703 
5 0.6796 1.5715 2.0252 2,4729 
0.1 10 0.6800 1.5703 2.2161 2.4758 
15 0.6801 1.5700 2. 2862 2.4783 
20 0.6801 1.5699 2.3217 2.4805 
1 1.0427 1.4701 2.5679 4.0130 
5 1.1293 2.1452 2. 5843 4.1166 
0.3 10 1.1356 2.3212 2.6022 4.1336 
15 1.1376 2.3805 2.6159 4.1392 
20 1.1385 2.4084 2.6259 4.1419 
1 1.1283 1.7812 3.0454 4.5825 
5 1.3713 2.2974 3.1445 5.0702 
0.5 10 1.3946 2.4476 3.1973 5, 0946 
15 1.4018 2.5004 3. 2222 5.0978 
20 1.4052 2.5268 3. 2364 5.0991 
1 1.1530 2.1012 3. 2500 5.0158 
0.7 5 1.5068 2.4996 3.4556 5.5955 
10 1.5534 2.6146 3.5558 5.7970 
15 1.5682 2.6548 3.5994 5.7205 
20 1.5754 2.6749 3.6234 5.7100 
l 1.1673 2.5839 3.3134 5.5154 
1.0 5 1.6093 2.8543 3.6699 6, 0932 
10 1.6858 2.9086 3.8458 6.2380 
15 1.7117 2.9261 3 9193 6, 2492 
20 1.7247 2.9346 3 9586 6.2526 


The remarks made previously about simplifying solutions (6-3-1) 
and (6-3-2) also apply to solutions (6-3-21) and (6-3-22), Values of 
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the first four characteristic-equation roots pn (calculated using a high- 
speed electronic computer) as functions of Lu, Big, Bim, e, Ko and Pn 
are listed in Tables 6-25 through 6-27, and values of the first two 


TABLE 6-26 


Infinite cylinder, Roots of characteristic equation (6-3-27) as functions of Lu and e 
(for Ko= 1,2; Pn= 0,5; Big=10; Big = 10) 


roots are plotted in Figures 6-25 through 6-28, Values of constant coef- 
ficients C,; are given in Tables 6-28 through 6-32 and in Figures 6-29 


through 6-33, 
In terms of average dimensionless transfer potentials solutions (6-3-21) 


and (6-3-22) will have the form (6-3-12) and (6-3-13), where 


—_ Ji (Viten) 
Dai — 2C ni wae: 


Values of coefficients D,; for various combinations of dimensionless num- 
bers are listed in Tables 6-28 through 6-32 and plotted in Figures 6-29 


through 6-33. 
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TABLE 6-27 


Infinite cylinder, Roots of characteristic equation (6- 3-27) as functions of Ko, Pn, and Bip 


a SSS —— 0 a 


Dimensionless B, 
number n= 1 n=2 | n=3 | 7" 
0.4 1.1728 2. 2262 2.7034 4.2781 
0.8 1.1536 2.2730 2.6525 4.2034 
Ko 1.2 1.1356 2.3212 2.6022 4.1336 
1.6 1.1189 2.3752 2.5481 4.0680 
2.0 1.1032 4.0062 6. 9963 
0.1 1.1810 2.2076 2.7244 4.3094 
0.3 1.1573 2. 2636 2.6625 4.2179 
Pn 
0.5 1, 1356 2.3212 2.6022 4.1336 
0.7 1.1157 2.3880 2.5355 4.0554 
0.9 1.0971 3.9825 6.9521 
5 1.0485 2.2797 2.4683 3.9659 
Bin 10 1.1356 2.3212 2.6022 4.1336 
15 1.1674 2.3292 2.6716 4.2197 
20 1.1838 2.3325 2.7108 4.2696 


Note: The combination of dimensionless-number values taken as a reference for the 
calculation was: Lu= 0,3; e= 0.5; Ko=1.2; Pn=0,5; Big=10; Bi,,= 10. 


§ 10 % 20 


FIGURE 6-27, Characteristic-equation roots as FIGURE 6-28, Characteristic-equation roots 
functions of Pn and Ko, for an infinite cylinder as functions of Bi, for an infinite cylinder 
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FIGURE 6-30. Coefficients Cai and Da: as functions of e and Lu, for an infinite cylinder 
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FIGURE 6-31. Coefficients C,, and D,,as functions FIGURE 6-32. Coefficients C,, and Dai as 
of Pn, for an infinite cylinder functions of Ko, for an infinite cylinder 


Parabolic initial conditions 


ce 2 
—t 
T (X,Fo)=7—F-=1— PV) Cas Jo(vitnX)exp(— wi Fos (6-3-28) 
ali! 
8.—8 iat 
0 (X,Fo) = ft —1 + Fe Y! P\ Cus (1 — v1) Jo (van X) exp(—p? Fo), (6-3-29) 
na=ali=l 
f ; vf ugYme 
4, 10 bp a 
6+ azo 0.40 
6 4197 039 
ge 0193 0.58 
2+ areg 0.37 
o& ans 056 
5 


FIGURE 6-33. Coefficients Cy¢ and D,, as functions of Bim, 
for an infinite cylinder 
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where C,; are defined by expressions (6-3-18), in which 


0,= 1 ~sKoK,—20 (gsr) + 4eKo(PaW —V)o Saas, (6-3-30) 
7 Pn Mn 


a a Gea (a (6-3-31) 


while Qni Pais Pn» Antz, and B,; remain as before. The roots tn obey char - 
acteristic equation (6-3-27). 

c) Solution for a sphere (['—2) 

For constant initial conditions, 


eo 2 
T (X,Fo)=1+ J) Y) Coc 4" exp (—v Fo)s (6-3-32) 
a=\ i=l 
r+) 2 
@(X, Fo) = 1— 35 J) J) Cus (1 — vt) exp(—vi Fo), (6-3-3) 
a=l j=! 


where C,; and $, are defined by equations (6-3-3) through (6-3-5), and 


e 1 
Qni = [2 = ait( —¥,) K,| Sin Vittn “b pj ViPnCOS Vitti (6-3-34) 
2. 
1— K Pp: e 
Pail v’) sin Vin + “ee (Vipy COS Vitn — SiN Vitrn); (6-3-35) 
Ani=[1 + (1 — v2) K\] cos vita — ar vith sin Vit'n| (6-3-36) 


(1 — v4 e Ko Pn 


Bui=(1l— vi) COS V;}4, — Bi. Vin SID Vittns (6-3-37) 


20 


FIGURE 6-34, Characteristic-equation roots as functions of Big and Lu, for a sphere 
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TABLE 6-33 


Sphere, Roots of characteristic equation (6-3-38) as functions of Lu and Big (for «=0.5; 
Ko = 1.2, Pn =0.5; Bi, = 10) 


B, 
Lu Bi, 
n=l a2 a=3 a4 
1 0.8798 1.6202 1.7714 2.688! 
5 0.8846 1.7841 3.6251 4.5726 
0.1 10 0.8851 1.7836 2.7066 2.8718 
15 0. 8852 1.7834 2.7006 2.9772 
20 0.8853 1. 7833 2.6990 3.0297 
L 1.3413 1, 8552 2.9306 4.4007 
5 1.4701 2.741 4.4733 5.7429 
0.3 10 1.4788 2.975 4.4946 7.6040 
15 1.4814 3.0075 3.0671 4.5028 
20 1.4827 2.9811 3.1443 4.5072 
1 1.4348 2.2685 3.4996 5. 1359 
5 1.7845 2.9899 3.5529 5.4716 
0.5 10 1.8166 3. 2037 3.6126 §.5277 
15 1. 8263 3.2675 3.6523 5.5421 
20 1.8309 3.2955 3.6777 5.5486 
l 1.4605 2.6800 3.7602 6.5923 
5 1.9594 3, 2621 3.8992 6.0763 
0.7 10 2.0239 3.4217 4.0194 6.1816 
15 2.0440 3.4681 4.0814 6.2023 
20 2.0537 3.4890 4.1168 6.2106 
| 1.4753 3. 2987 3.8529 6.0609 
5 2.0906 3.8079 4.0596 6.5239 
1.0 10 2.1967 3.8267 4.3272 6.7084 
15 2.2320 3.8297 3.4369 6.7667 
20 2.2495 3.8309 4,4943 6.7930 


TABLE 6-34 


Sphere. Roots of characteristic equation (6-3-38) as functions of Lu ands (for Ko=1.2; 
Po = 0.5; Big = 10; Bi, = 10) 


Lu e —a 
n=] n=2 a=3 a=4 
0.1 0.8941 1.8034 2.7544 2.8294 
0.3 0.8896 1.7934 2.7276 2.8535 
0.1 0.5 0.8851 1.7836 2.7066 2.8718 
0.7 0. 8806 1.7740 2.6880 2.8878 
1.0 0.8741 1.7599 2.6626 2.9092 
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TABLE 6-34 (continued) 


a= n=2 n=3 n=4 


TABLE 6-35 


Sphere, Roots of characteristic equation (6-3-38) as functions of Ko, Pn, and Bim. 


Dimensionless Pn 
number n=l n=2 n=3 n= 
0.4 1.5266 2.9069 3.0608 4.6541 
0.8 1.5018 2.942 4.5717 5.9872 
Ko 122 1.4788 2.975 4.4946 7.6040 
1.6 1.4572 4.4221 7.4747 
2.0 1.4369 2.9639 3.0289 4.3533 
0.1 1.5371 2.8769 3.0904 4.6887 
0.3 1.5066 2.982 4.5877 5.9470 
Pn 0.5 1.4788 2.975 4.4946 7.6040 
0.7 1.4530 3.007 4.4080 7.4496 
0.9 1.4291 2.9304 3,0667 4.3267 
5 1.3567 2.7975 2.9700 4.3210 
Bi 10 1.4788 2.975 4.4946 7.6040 
m 15 1.5226 4.5889 7.7016 
20 1.5448 4.6446 7.7701 


Note, The combination of dimensionless-number values taken as a reference for the 
calculation was: Lu = 0.3; e = 0.5; Ko = 1.2; Pn & 0,5; Bi, = 10; Bi,, = 10. 
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un being the roots of the characteristic equation 
Pn Qn2—Pn2Qn1 =0. (6-3-38) 


The infinite sums entering into (6-3-32) and (6-3-33) converge quite 
rapidly as the Fourier number increases, Thus, once again, for Fo above 
a certain value (see Table 6-16) all series terms except the first two may 
be neglected. A comparison of the "initial'’ Fourier numbers for simpli- 
fied calculations for a plate and for a sphere shows that for a sphere the 
"initial" Fourier numbers are considerably lower than for a plate. 

In terms of average transfer potentials solutions (6-3-32) and (6-3-33) 
become 


= eo 2 
T (Fo)=1+- S$) Vi Das exp (—p? Fo); (6-3-39) 
a=) j=l 
7 , eo 862 
8 (Fo) = 1 — 5 YW) Y) Das (1 — vi) exp(— a, Fo), (6-3-40) 
a=) i=l 
where Dni=3Co; sin Yijbn — Vithn COS Vilhn ; 
Af My 


Some values of characteristic-equation roots pn, calculated using a high- 
speed computer, are listed in Tables 6-33 through 6-35 and plotted in 
Figures 6-34 through 6-37, Constant coefficients C,; and D,; are given, for 
various combinations of dimensionless numbers, in Tables 6-36 through 
6-40 and in Figures 6-38 through 6-42. 
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FIGURE 6-35, Characteristic-equation roots as functions of e and Lu, for a sphere 
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FIGURE 6-36, Characteristic- equation roots FIGURE 6-37, Characteristic-equation 
as functions of Pn and Ko, for a sphere roots as functions of Bim, for a sphere 


Sec, 


——— 
ne ee 


FIGURE 6-38. Coefficients C,; and Dy; as functions of Big and Lu, for a sphere 
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FIGURE 6-41, Coefficients C,,;,and D,,4as FIGURE 6-42, Coefficients Cui and Dai as functions 
functions of Ko, for a sphere of Bim, for a sphere 
Parabolic initial conditions 
T (X, Fo) =;— =I + YY Cu sin Veto’ exp (—p? Fo); (6-3-41) 
n=l i=) 
) 6 l a 2, sin ViegX 2 
= Se ete ‘At oa tant Ba odo ao Pe ee 
8 (X, Fo) = gS = 1 — oa YY) Cus! v,) —y— exp (—p, Fo), (6-3-42) 
na=1 i=! 
where coefficients C,; are defined by equations (6-3-18), with 
G,=1—eKoK,—2W (H,— = +6eKo(Pnw—v)Ct%EY. — (g-3-43) 
” Py, 
and 
(6~-3-44) 


G,=¢Ko-+2eKo(Pn W —V) (a) 


and with the rest of the quantities (tpn, Qai, Pai, Anjand B,y;) remaining as 
before, The roots pn obey characteristic equation (6-3-38). If dimension- 
less parameters Wand Vare zero, then the solutions (6-3-32) and (6-3-33) 


for constant initial conditions are obtained. 
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6-4, Unsteady Fields of Heat-Transfer and Mass-Transfer 
Potential. Mass Flux at Surface of Body 
a Function of Time 


In this section we will consider several solutions of the system of heat- 
transfer and mass-transfer equations for an infinite plate (T=0); various 
types of boundary conditions of the third kind will be assumed. In all the 
problems the dimensionless mass flux at the surface of the body will be an 
implicit function of time. The initial conditions will be functions of the 
spatial coordinates: 7 (X, 0) =F,(X) and 6(X, 0)=F,(X). As a result, the dimen- 
sionless transfer potentials must be written as 


T (X, Fo) =">"* and a=" 
Contrary to the preceding sections (especially §§ 5-2 and 5-3), in order 
to abbreviate the transformations involved, the heat-transfer and mass- 


transfer potentials will be denoted as @, (J=1. 2), where @,=7 and @.=®. 


a) Solution for a symmetrical infinite plate 


Let us first solve system of heat-transfer and mass-transfer equations 
(5-1-2) and (5-1-3) for the boundary conditions 


(°F) Bi, [1 —@, (1, Fo)] +-(1 —¢) Lu Ko Kim (Fo) = 0; (6-4-1) 
’ 0, (1, F F 
— EF Pp PHF) + Kim (Fo) =0, (6-4-2) 
the initial conditions 
0,(X,0)=F;,(X), (0<X<1), 1=1.2, (6-4-3) 
and the symmetry conditions 
00, (0, Fo) _ ie 
oi (C.Fo) 0, (6-4-4) 


Following Prudnikov /7/, let us consider an auxiliary problem. We 
are given the unknown functions @,(1, Fo) =9,(Fo) and @2(1, Fo) =q2(Fo), also 
written as 

@, (1, Fo) =q, (Fo). (k= 1.2), (6-4-5) 


which will be defined later. The solution of the auxiliary problem reduces 

to a determination of the dimensionless potentials @,(X, Fo) which will satisfy 
system of equations (4-1-2) and (4-1-3), initial conditions (6-4-3), symmetry 
conditions (6-4-4), and boundary conditions (6-4-5). The latter will be 
solved by means of a combined application of Fourier and Laplace integral 
transformations. First, with respect to the variable X, we apply the finite 
Fourier cosine transformation 


{9: (p, Fo)}e = [01(X, Fo) cos (n+ —5-) aX dX. (6-4-6) 
0 


The inverse transform of the transfer potential is determined using the 
formula 


0; (X, Fo) = 2 Vr (p, Fo)}, cos (n+) nX,. (6-4-7) 
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In order to transform the second derivative, we use the formula 


(Aer TOY = — (nt) x*{81(p, Fo)}eb 
+(—0" (n+) 20; (1, Fo) — SiO Fo) (6-4-8) 


The Laplace transformation is applied with respect to the variable 
Fourier number: 


ine] 


{0,(X, s)}, = {@ (X, Fo) exp (— s Fo) d Fo, (6-4-9) 


and also 
{mre}, 8401 (X, 8)},— 01 (% 0). (6-4-10) 


By successive applications of integral transformations (6-4-6) and 
(6-4-9) (just as was done in Chapter V), and by taking into account form- 
ulas (6-4-8) and (6-4-10), initial conditions (6-4-3), and boundary condi- 
tions (6-4-5), we reduce the original problem to the system of algebraic 
equations 


[s-+(1-+8KoPn Lu) A” } {@,},, —* KoLu A? {0,}., = 
= {F Je (— 1)” An (1 +8 Ko Pn Lu) {9,}, —(— 1)” Ant Ko Lu {9,},; 
— Lu Pn A* {0,},, +:(8 + Lu A?) {6}, = {File —(— 1)" An Lu Pn {9,}, + 
+(— 1)" An Lu {9a}, 


(6-4-11) 


where 


{Pa}, = (ve (Fo) exp (— s Fo) d Fo; 
0 
{F }o== {Fi (p)}o= | Fi (X) cos AnX AX, 
4 


An=(nt—>)™ 


When system (6-4-11) is solved for the dimensionless potentials 
and inverse Laplace transformations are applied to the latter, then we 
obtain 


{8; (2, Fo)}e= y y [As {Pasko + By, {Quihe] (6-4-12) 

“d=. 9, 
WHEEE {Poke = {Fs (p)}o exp [— A? v? Lu Fo}; (6-4-13) 
(Qsi}e=(— 1)" Ap fe. (Fo*) exp [— A* v’Lu (Fo — Fo*) dFo*; (6-4-14) 


i [(1 +sKoPn +ig)HR 1) (1 +eKo Pati) —te | 
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The constant coefficients Al, and Bi, (f, s, i=1, 2) are defined as 


lea 1—v?4e¢KoPnLuy? 
A’. =(—1) as Bi —(— 1yi —_ ; =o 
Te ae a aa a ae 
2 
1 . eKo to . eKoLuy; 
aA aera ee nl Saag 
2 
A =(—-li—5; B=(-— 1)'+—:; 
pa SI 
1/Lu—v? + e¢KoPn _Lu t/Lu—v?) 
ee ea ay 


Ay, =(— 1) 


2 


2 
¥— Yo 


2i 


¥, — Yo 


These expressions for coefficients A’, and Bi, are, with the exception of 
coefficients B. identical tothe corresponding expressions for A,; and &,; in 


Chapter V (equations (5-2-11)), Thus, the values of these constants as 
functions of «Ko Pn and Lu (with Ko* = sKo) may be found listed in Tables 
5-1 and 5-2 and plotted in Figures 5-1 through 5-6, 


Bi, are given in Table 6-41. 


pa Oe 


TABLE 6-41 


] 
Values of coefficients Bi, and 5— Bi; 


s Ko Pn=0.1 
! 1 9 
By; pn 33; 
0.0106 0.0470 
—0,.0188 | —0. 2471 
0.0569 0.2185 
—0.0268 | —0.6184 
0.1678] 0.5351 
0.0008 | —1.1351 
0.3679 0.9005 
0.1879 | —1.7005 
0.5360 1.1398 
0.2080 | —2.1398 


s Ko Pn=0.4 
1 1 9 
Bij; Pn 3}; 
0.0354 0.0398 
—0.0764 | —0. 2398 
0.1405 0.1417 
—0.1329 | —0.5417 
0. 2801 0. 2560 
—0. 1647 | —0. 8560 
0.4097 0.3454 
—0. 1867 | —1.1454 
0.7479 0.4046 
—0.2126 | —1. 4047 


e Ko Pn=0.7 
1 1 9 
Bij Pn 31; 
0.0529} 0.0343 
—0. 1351 | —0. 2342 
0.1748 0.1039 
—0. 2506 | —0.5039 
0.3009} 0.1675 
—0.3535 | —0. 7674 
0.4024 0.2133 
—0Q.4561 | —1.0132 
0.4781 0.2444 
—0.5641 | —1, 2444 


e Ko Pn=1.0 
1 2 
By; Pn 431i 
0.0658} 0.0300 
—0.1942 | —0. 2300 
0.1907 0.0811 
—0.3716 | —0.4812 
0.3024] 0.1225 
—0.5426 | —0. 7225 
0.3862 0.1512 
—0.7162| —0.9512 
0.4472 0.1708 
—0. 8944} —0.1708 


Values of coefficients 


The application of inversion formula (6-4-7) to equation (6-4-12) next 


gives 


where 
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0; (X, Fo)= y y [Al Pai + Bi Qa.) (i — 1, 2); 


s=l i=l 


es 1 
Pu=2 ¥. exp [— A’ v'Lu Fo] fF. (E) cos An bd cos A,X; 
n=0 0 


Q4=2 y exp [— A viLu Fo]=° (— 1)" An@, (Fo) cos A,X. 


rn=0 
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(6-4-15) 


(6-4-16) 


(6-4-17) 


Here tne symbol Fo before a function denotes the convolution operation: 
F Fo 
f (Fo)*°g (Fo) = { f (Fo*) g (Fo —Fo*) d Fo* = 
0 


Fo 
= {3 (Fo — Fo*) g (Fo*) d Fo* = g (Fo)*’F (Fo). 


Equations (6-4-16) and (6-4-17) can be simplified by introducing the theta 
function /21/. Then, after the necessary transformations we obtain 


] 
l ae 2 
= ffe[* v LuFo|+ 
+3, wes ¥ LuFo |} F, @) dt (6-4-18') 
04= eo 9, [- , v' Lu (Fo — Fo*)| 9, (Fo*) d Fo*; (6-4-18) 
0 
9, (X, Fo)= y= y (— 1)" exp [~“"*1. (6-4-19) 


In order to solve the problem at hand, we have to determine the unknown 
functions gax(Fo) (&=1, 2) from boundary conditions (6-4-1) and (6-4-2). If 
we differentiate (6-4-15) with respect to X and then replace the second 
derivative of 0 with respect to X[in (6-4-18') and (6-4-18)] by its derivative 
with respect to Fo, we obtain 


2 2 
a anand > (Ai My +B Ne) (t=1, 2), (6-4-20) 


where sah i= 


Mai(X, pot (2 {°, [= vj LuFo|-+ 


0 


+8, [- Ev LuFo]}F, (t) dt; 
Nui (X, Fo) = 

ere 1—X ite: 

cre 5) v. Lu (Fo — Fo*) | 9. (Fo*) d Fo*. (6-4-21) 

From (6-4-19) it is clear that the derivative FES a 3,, which exists 


for all X41, goes to infinity as Fo? when Fo+0 (provided that Fo + Fo* 
for X=1). To avoid this difficulty, let us replace boundary conditions 
(6-4-1) and (6-4-2) by certain conditions which can be obtained from the 
latter by integrating them with respect to Fo. The integral conditions are 


Fo Fo 
oe ciaailiiees Le —@,(1, Fo*)}dFo* + 


0 


Fo 
+(1—s)KoLu 5 Ki,, (Fo*) dFo* = 0; (6-4-22) 
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Fo Fo Fo 
| dFo* + Pn emer ae dFo* + { Kin (Fo*) dFo* =0. (6-4-23) 
0 0 
Also, by integrating (6-4-20) with respect to Fo, we obtain 


(sare 001 (X, Fo*) ny * =P aia, +N) (6-4-24) 


0 s=z} 


me 


(i= 1, 2), 
where 


Fo Fo 
M,,(X, Fo) = ( Mai(X, Fo*)dFo*, |N),(X, Fo)= J Nas (X Fo*) dFo*. 
0 


In the integration of (6-4-21) with respect to Fo the order of integration has 
to be changed using Dirichlet's formula, and then we obtain 


Ni (X% = Dy a [are role (Fo*) X 
0 
Vv 


0 1—X 
X aoa | am ‘Lu Fo —Fo")] dFot = 


o 0 1— 
~, (Fo*) d Fo* | oRoFoH [=* ’ viLu (Fo — Fo*) | dFo = 
Fo 
1 1—X = 
=> {v. (Fo*)d Fot {8 [—=, viLu (Fo—Fo*)|—9, [ 5%, o}}. 
0 
From this equation it follows that for all X<1 


(?. (Fo*) 8, ['S*, viLu(o—Fot)|dFo*. (64-25) 


Calculations show that (6-4-25) 1s also valid for X=1, that is, 


N*,i(1; @) == —y— Sia 


\re(Fo*) 8, [0, v? Lu (@ —Fo*)] d Fo". (6-4-26) 
0 

The last integral converges, since according to (6-4-19) for Fo*+o the 
function @ goes to infinity as w'”, provided o+0, Equations (6-4-24) 
through (6-4-26) may be used to obtain the respective terms in modified 
boundary conditions (6-4-22) and (6-4-23). Then, taking into account (6-4-5), 
we obtain a system of Volterra integral equations of the first kind: 

2 Fo 


y Raho Fo*) 9, (Fo*) d Fo* = g, (Fo) (6-4-27) 
(a=='],.2), 

where functions K,,(Fo—Fo*) and g,(Fo) have a form which makes it possible 
to reduce system (6-4-27) to a system of generalized Abel integral equa- 
tions and to reduce the latter to a system of Volterra integral equations of 
the second kind. The method used for this transformation will be illustrated 
later in a problem (see subsection 6-4, b following). Once these integral 
equations are solved it will be possible to determine the desired functions 
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gx(Fo), whose substitution into equations (6-4-15) through (6-4-17) represents 
a final answer to the problem at hand. 

For the particular case of no thermal-gradient mass transfer in the 
material (Pn = 0) and a constant initial distribution of the transfer potentials, 
Smirnov /14/ obtained the following solution: 


Fo 
—? ={ Lu Ki, (Fo*)d Fo* — Kim (Fo) (1 —3X*)+ 
0 
+) (= 1)"+? a cosnnX exp (— nin? Lu Fo) x 
n=l 


Fo 
X {Kin (0) {exp te LuFo*) in lo") a Fo ort. (6-4-28) 
0 


where Ki,(0)is the Kirpichev mass-exchange number at the moment Fo=0. 
After a certain amount of time has elapsed, that is, for Fo>Fo., it is pos- 
sible to neglect the infinite series in (6-4-28), leaving only the first two 
terms. 

The temperature field for an infinite plate may thus be written as 


T (X, Fo) =1 —Kim (Fo) Ko Lu 7" [0.5e(1 —X)-+Er|- 


= [ 1 — Ki, (0) (1 — 2) Kote a. ay ue COS p_X exp (— p. Fo) + 
n=! 


-t- Kim (0) ¢ Ko ~~ Any 608 aX exp (—p Fo) + 


“+e Ko Lu =} An ae 608 haX exp (— 1, Fo) X 


in (F P 1 te 
xf eee fia Eo) exp (n? Fo") dFo* + (1 —#) Ko Lugi-27X 


xy An COS Hn X exp (— p- Fo (ARE exp For aren (6-4-29') 


aml 


If Fo is high enough, the following approximate solution for the temperature 
at any point on the plate may be used: 


T (X, Fo)=7—s -=1 — Kip (Fo) Ko Lu 7- 


1 
—— | —, - - 
=, [0.5 (1—X )+ar |: (6-4-29) 
The average values of the transfer potentials are 
Fo 
9 (Fo)= { Lu Ki,, (Fo*) d Fo*; 
0 
r—~ ° te 1 1 
T (Fo) =1—Ko Lu Kim (Fo) +7 | -3-¢ +i |- 
From the latter formulas it is possible to obtain the following rate of varia- 


tion of mass-transfer potential (for example, during a drying process this 
is the drying rate): 


ere (6-4-30) 
dF 1 1 
: pyeae (3+ mr) 
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Expression (6-4-30) is useful in practice, since it makes it possible to 
determine, from the average temperature of the body and from the coef- 
ficients of heat and mass transfer, the rate of variation of mass-transfer 
potential. In other words, the calculation of the mass-exchange rate is 
reduced to a calculation of the heat exchange. From the above relations 
it is also possible to derive a formula for the Kirpichev mass-exchange 
number: 


oe a 


Kin =F 
Ko Lu f, (3 e+ Bi) 


> 


which indicates that the vaporization rate is a function of the phase-transi- 
tion ratios (the Kossovich and Biot numbers) and the inertia number Lu. 


b) Solution for a symmetrical infinite plate, with 
generalized boundary conditions of the third kind 


System of heat-transfer and mass-transfer equations (4-1-2) and (4-1-3) 
will now be solved with the generalized boundary conditions 


201 (, Fo) + Bi, (1, Fo) — (1 —e) Lu Ko Bi,,9, (1, Fo) = x, (Fo); (6-4-31) 


@,(1, F i(1, ° 
— 202th FO) tpn Olt Fo) _ Bi,,0, (1, Fo) =x, (Fo). (6-4-32) 


The initial conditions and symmetry conditions are given by (6-4-3) and 
(6-4-4). The functions F;(X)and y(Fo)are arbitrary bounded integrable func- 
tions of their arguments. 

The first part of the solution is exactly the same as for the solution of the 
the previous problem. As before, we assume that the dimensionless po- 
tentials at the surface are unknown functions of time: 


@,(1, Fo) =q, (Fo) (k=1,2). (6-4-5) 


This auxiliary problem is solved by applying Fourier and Laplace integral 
transformations. As a result, we obtain expressions (6-4-15) through 
(6-4-17) or, provided the theta function is introduced, expressions (6-4-15), 
(6-4-18'), and (6-4-18), 

The purpose of the second part of the solution is to determine the un- 
known functions gax(Fo) from the boundary conditions (in the present case 
from (6-4-31) and 6-4-32)), For the reasons given in the foregoing sub- 
section (6-4, a), it is necessary to consider, instead of boundary conditions 
(6-4-31) and (6-4-32), certain conditions which are obtained from these by 
integration with respect to the Fourier number, namely 


Fo Fo Fo 
(Gear? aoe ) dFo*+ Bi, fe. (Fo*) d Fo* — (1 —e)Lu Ko Bi,, {es (Fo*) d Fo*= 
0 6 ° 


Fo 
=| (Fo*) d Fo*; (6-4-33) 


Fo Fo Fo 
00, (1, Fo* 00, (1, Fo* eo : 
ge en ag ae eee 
0 
Fo 


=— ( x, (Fo*)d Fo*. (6-4-34) 
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We may now determine the individual terms in modified boundary condi- 
tions (6-4-33) and (6-4-34) by taking into account (6-4-5). Thus we obtain 
a system of Volterra integral equations of the first kind: 


2 Fo 
y; | K,, (Fo —Fo*) 9, (Fo*) d Fo* = g, (Fo) (6-4-35) 
p=) 0 
(a== 1,2); 
where 


8,[0, v) Lu (Fo — Fo*)} + 


B 
K,, (Fo — Fo*) = 2 = 
t 


B! 
+—*. , (0, vj Lu (Fo — Fo*)] + Bi,; 
VoLu 


Ki(Fo— Po") = Biz 7 (0, v; Lu (Fo — Fo*)} + 


Fo*)] —(1 —e) LuKo Bim: 


2 —p B! 
ai"! 9,10, v? Lu (Fo — Fo*)] -+ 


B 
— *) — u 
K,, (Fo — Fo*) lu 


B2 


— Pn 8B! 
+27 8,0, v3 Lu(Fo — Fo*)]; 


Vo 


K,,(Fo—Fo*) = 22 F832 9 10: 9? Lu (Fo —Fo*)] ++ 


v? Lu 
B?, — Pn B}, ‘ 
¥ Lu 


2[0, v; Lu (Fo — Fo*)} + Bi,,; 


g, (Fo) = i X: (Fo*) dFo* -¥ yA. M*,(1, Fo); 


s=1 /=1 


g, (Fo) = — [xs(Fot)dFo* — 9 (A, — Pn A*,) M*,;(1, Fo): 


s=Hi= 


In these equations the notation 


G, (Fo — Fo*) __ Eat G, (Fo — Fo*) Soe. 
K,, (Fo — Fo*) = = Fo Fo* and K,,(Fo— Fo*) = = Wen pa (6-4-36) 


is used, where 


B' 3 
eueeiee ais ass OY pie ae 
a vat ttuV vlan, y " li ’ Fagen | 


By : n 
a ey — |})"*exo (= ———_______.. 
7 v2 Lup v2 Lux ye Poe | v3 Lu (Fo =m |t 
+ Bi, / Fo — Fo*; 


— Fo* — 1)" 
G, (Fo Pot et yi ) exo | Tinto Fo | + 


B’, — Pn B} r 2 
a iene eae se ) (— 1)" exp | ---_*_ |— 
Lu 2Lur ¥o Lu (Fo — Fo*) 


a=— 


— (1 —e)Lu Ko Bin, / Fo — Fo’; 


1 
rn Bi, Bo ; 
—— yan or 
; id oe viuy vLu 


X= fe S 
vy vs Lu VLuy Lu 


The summation 2’ in the above equations extends over all integral values 
of n except n=0. The substitution of (6-4-36) into (6-4-35) gives a system 
of generalized Abel integral equations, which can be reduced to a system 
of Volterra integral equations of the second kind: 


2 Fo 
9, (Fo) +) \ Pag (Fo, Fo*) 9, (Fo*) d Fo* = 1, (Fo) (6-4-37) 
p=1 
(a== 1,2), 
where 
Pas (Fo, Fo* == == — L..(Fo, Fo*); 
ta FO) = 75 Su (FO) 


Fo 
Bios G, (wo —Fo*) — 
Lis (Fo, Fo ) | gee deo (a = B); 
0 


Fo 
Kap (@ — Fo*) 
L,, (Fo, Fo*) = | —~VYra= 4 «(a B). 
Fo* 


Fo 


8, (“) 
Y Fo—o 
0 


(21, Zz B=, 2). 


S, (Fo) = dw 


A final solution is obtained once functions 9,(Fo) are determined from 
system (6-4-37) and substituted into (6-4-15) through (6-4-17). A more 
detailed account of the solution method is given by Datsev /22/. 


c) Solution for an unsymmetrical infinite plate, with 
generalized boundary conditions of the third kind 


In principle the methods for solving this problem, as was shown by 
Prudnikov /8/, are no different from those for the previous problems. 
The initial conditions are given by (6-4-3), 

Let us assume that the boundary conditions may be written as 


K,,8, (0, Fo) + K,,8, (0, Fo) Ky, @©OFo) 4 x, %20-F0) _y (Fo); (6-4-38) 
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K,,8, (0, Fo)+ K,,0, (0, Fo)-+ Ky, “0-79 + x, O-Fo) _y, (Fo); (6-4-39) 
K 8, (1, Fo)-+Ky.0,(1, Fo) + Ky, Fo) 4 x, Mall Fo) _y, (Fo); (6-4-40) 


K 4.9, (1, Fo) +-K,.0,(1, Fo) + Ky CF) 4 x, Oat Fo) (Fo), (6-4-41) 


where K,,, are combinations of ieerieaces numbers which remain constant 
during the entire process of heat and mass transfer, and where F;(X)and 
Xn(Fo) ((=1, 2; k, m=—1, 2, 3, 4) are arbitrary bounded integrable functions of 
their arguments. 

Let us assume that functions 


@, (0, Fo) = 9, (Fo) and (1, Fo) = $; (Fo) (6- 4-42) 


are given, Then, by a combined application of Fourier and Laplace integral transformations, a solution of 
system of heat- transfer and mass- transfer equations (4-1-2) and (4-1-3) with boundary conditions (6- 4-42) 
and initial conditions (6-4-3) can be obtained in the form 


@, (X, Fo) = y ) (Ab, Pet + Bi;Qe1)s (6-4- 43) 


s=l i=] 


where A!, and Bi; are constant coefficients, and where 


Fo 
Pa=— J — Q, [+ v Lu (Fo — Fo*) |p, (Fo*) d Fo® +- 


+1 see [E*, fino rors roreron 
1 
1 — 
Quam lit em ve LuFo|—o, em v LuFo |} F.(@) ds 


8,(X, Fo) = poe y exp | ~E** |. 


ArA=—0O 


In addition, functions g,(Fo) and %p:(Fo) may be determined from boundary conditions (6-4- 38) through 
(6-4-41), When (6-4- 43) is differentiated with respect to X and the second derivative with respect to X 
of the theta function 0s is replaced by its derivative with respect to Fo, we obtain 


2 2 
ote 0@, (X, Fo) “di AlMui -+ BE Nah (6-4-44) 


where 
Fo 


I 0 Xx 
Maz — ia j (Fo — Fo*) $, [+ ve Lu (Fo—Fot) |p, (Fo*) d Fo + 
é 
0 


l 0 1—X 
oy val (Fo —Fo*) °° | 2° vj Lu (Fo—Fot) |t, (Fo*) d Fo*, (6- 4-45) 
] 


I 
1 ¢ 0 X— X—E 
Naz (ox {| 5 E vi LuFo | —0, [> vw LuFo | F(t). (6- 4-46) 
0 
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0 : P 
As in the previous problems, it can be shown that the derivative 9(Fo — Fo") 8,, which exists for all 


X #0in the first integral and. for all X #1 in the second integral on the right sides of (6-4-45) and (6- 4-46), 
goes to infinity as Fo—%/? when Fo -> 0 (provided that Fo — Fo* for X =0 in the first integral and for X = | 
in the second integral), Thus, boundary conditions (6- 4-38) through (6-4-41) may be replaced by conditions 
derived from them by integration with respect to Fo, The integration of (6-4-44) with respect to Fo gives 


Fo 2 2 
d @, (X, Fo") 
ey a Fot = y) (AucM*es + ByN* 0s (6-4-47) 


s=1 i=l 


where 
Fo 


Fo 
Mra f M,i(X, Fo*)d Fo* and N*.= { Noi (X, Fo*) d Fo*. 
0 


When (6-4-45) is integrated with respect to Fo, the order of integration being reversed according to the 
Dirichlet formula, we obtain, for all values 0< X < land in particular for X =Oand X =1, 


1 
we le {r (Fo*)d, [> ¥ Lu (o—Fot) |d Fo* + 
: 0 


1 oe 1—X 
ae or J ¥.(Fo*) 8, |" v? Lu (o — Fo) d Fo*, (6- 4-48) 


When equations (6-4-47) are written for these values of X and the corresponding expressions substituted into 
the equations obtained by integrating (6-4-38) through (6-4-41) with respect to Fo, we obtain a system of 
Volterra integral equations of the first kind: 


4 Fo 


y ) Kap (Fo, Fo*) 9, (Fo*) d Fo* = g, (Fo) 
p=10 
(a == 1, 2, 3, 4) 


This system may in turn be reduced to a system of generalized Abel integral equations and finally to a 
system of Volterra integral equations of the second kind, Functions @;(Fo) and (Fo) may be found from 
this system, 


6-5, Some Particular Cases of Heat and 
Mass Transfer 


Unsteady fields of heat-transfer and mass-transfer potentials correspond- 
ing to particular transfer cases are best obtained from solutions of the com- 
plete system of equations (4-1-2) and (4-1-3) by taking limits. When pass- 
ing in this way from the general solution of the system of equations to a 
particular solution, the form of the characteristic equation after taking the 
limits and the "form" of the roots thus obtained are quite important. Thus, 
for an infinite plate characteristic equation (6-3-10) becomes, as a result 
of taking limits as Pn->0, 


I ; l F 
(cosm — gic #sine) (cos FR — gE sin frz = (6-5-1) 


so that the previous single form of the root p,, which obeys the complete 
system of equations must now be written in the dual form 


= and —L-=— yn»... 
» bn Y Lu Pm 
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Therefore, in order to pass to a particular system of heat-transfer and 
mass-transfer equations by taking limits, the original infinite sum in the 
general solution should be repeated term by term as many times as there 
are ''forms" of the roots of the transformed characteristic equation. For 
example, the infinite sum of (6-3-1) must be repeated twice. In the first 


sum p—p,and in the second sum vate are substituted for »p,,, since we 
u 


have two "forms" of the roots for characteristic equation (6-5-1). After 
this, the limits may be taken and the particular solution obtained in the 
usual manner. 

The taking of limits makes it possible to verify the correctness of solu- 
tions of the complete system of equations. Also, various solutions of in- 
complete systems are obtained easily and rapidly on the basis of one general 
solution, and new interesting features and properties of a process become 
evident. For example, the development of methods involving the taking of 
limits in the system of heat-transfer and mass-transfer equations has led 
us to discover the new physical significance of the dimensionless number 
Lu, aS a measure of the coupling between heat transfer and mass transfer. 
In relation to this, it has become possible, from the formal mathematical 
point of view, to calculate the heat and mass transfer in an incomplete sys- 
tem (Pn=0, Ko=0, e=0) in terms of mass-exchange quantities only or heat 
heat-exchange quantities only. It is interesting to note that for certain heat- 
transfer and mass-transfer processes, the quantity / Luis to a certain ex- 
tent analogous to the quantity c? in Finstein's relation E=c%m determining the 
correspondence between energy and mass. 


In the following subsections (6-5, a and 6-5, b) several particular solutions will be obtained by means of 
the above method of taking limits. 


a) No thermal mass transfer in the material 


The generalized solution for the dimensionless transfer potentials, with constant initial conditions, has 
the form 


T(X, Fo) = 1 -ya (1 +-F2) (eX) exp(— wf Fo)— 


=), Am Ko fe= Th Pr (mX) +E or (YLu itm X)] exp (— pz, Lu Fo); (6-5-2) 
m=! Ps 
8(X, Fo) =1— DY) An Bp (im X) exp (— wy, Lu Fo) (6-5-3) 


m=! 
For an infinite plate, 


D, (nX) = COS PrX, Dy (temX) = COS PmX; &, (VW Lu pmX) = cos Wiup,X 


Bin 6 — e Lu Bi,, oe i 
m= Kol Br (te pgtay WE stn Ft TEE co 03 = | 


« Bi, 
Pm = Lu aries Ym Sin im + 4 ¥ c08 Bm | 


bn Mn 


==} tm = Bi, cosY Lup, — YLupm sin V Lup; 


where p,, and y,,are the roots of the characteristic equation 


a, (ff? 7. 
cot hy = Bi, a = ns > (6-5-4) 
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and coefficients A, and A,, are defined by the expressions 


2 sin wy 2Bi, / Bi? + p? 


Es Be Fe a 6-5-5 
B, + sin p; Cos B, oe) ye, (Bi? + Bi, +7 ) : 


A, = 
Values of characteristic-equation roots #,are given in Table 6-42 and values of coefficients A;are given in 
Table 6-43, 
TABLE 6-42 


] 
Roots of characteristic equation Cot *; = Bi, # 


oe £2 OE Re oe oe 
0 0.0000 3.1416 6.2832 9.4248 12.5664 15.7080 
0.001 0.0316 3.1419 6. 2833 9.4249 12.5665 15.7080 
0.002 | 0.0447 | 3 1490 6. 2835 9 4250 12.5665 15.708) 
0.004 | 0.0632 } 3 4499 6.2838 9.4252 12.5667 15.7082 
0.006 0.0774 3. 1435 6. 2841 9.4254 12.5668 15.7083 
0.008 0.0893 3.144] 6. 2845 9.4256 12.5670 15.7085 
0.01 0.0998 3.1448 6. 2848 9.4258 12.5672 15.7086 
0.02 0.1410 3.1479 6. 2864 9.4269 12.5680 15.7092 
0.04 0. 1987 3.1543 6. 2895 9.4290 12.5696 15.7105 
0.06 0.2425 | 3 1606 6.2927 9.4311 12.5711 15.7118 
0.08 0.2791 3.1668 6.2959 9.4333 12.5727 15.7131 
0.1 0.3111 3.1731 6.2991 9.4354 12.5743 15.7143 
0.2 0.4328 3.2039 6.3148 9.4459 12.5823 15.7207 
0.3 0.5218 3.2341 6.3305 9.4565 12.5902 15.7270 
0.4 0.5932 3. 2636 6.3461 9.4670 12.5981 15.7334 
0.5 0.6533 |- 3.2993 6.3616 9.4775 12.6060 15.7397 
0.6 0.7051 3. 3204 6.3770 9.4879 12.6139 15.7460 
0.7 0.7506 3.3477 6.3923 9.4983 12.6218 15.7524 
0.8 0.7910 3.3744 6.4074 9. 5087 12.6296 15.7587 
0.9 0.8274 3.4003 6.4224 9.5190 12.6375 15.7650 
1.0 0.8603 3.4256 6.4373 9.5293 12.6453 15.7713 
1.5 0, 9882 3.5422 6.5097 9.5801 12.6841 15.8026 
2.0 1.0769 3.6436 6.5783 9.6296 12.7223 15.8336 
3.0 1, 1925 3.8088 6.7040 9.7240 12.7966 15.8945 
4.0 1.2646 3.9352 6.8140 9 8119 12.8678 15.9536 
5.0 1.3138 4.0336 6. 9096 9.8928 12.9352 16.0107 
6.0 1.3496 4.1116 6.9924 9.9667 12.9988 16.0654 
7.0 1.3766 4,1746 7.0640 10.0339 13.0584 16,1177 
8.0 1.3978 4.2264 7.1263 10.0949 13.1141 16.1675 
9,0 1.4149 4.2694 7.1806 10.1502 13.1660 16.2147 
10.0 1.4289 4.3058 7.2281 10.2003 13.2142 16.2594 
15.0 1.4729 4.4255 7.3959 10.3898 13.4078 16.4474 
20.0 1.4961 4.4915 7.4954 10.5117 13.5420 16.5864 
30.0 1.5202 4.5615 7.6057 10.6543 13.7085 16.7691 
40.0 1.6325 4.5979 7.6647 10.7334 13.8048 16. 8794 
50.0 1.5400 4.6202 7.7012 10.7832 11.8666 16.9519 
60.0 1.5451 4.6353 7.7259 10.8172 13.9094 17.0026 
80.0 1.5514 4.6543 7.7573 10.8606 13.9644 17.0686 
100.0 1.5552 4.6658 7.7764 10.8871 13.9981 17.1093 
ore) 1.5708 4.7124 7.8540 10.9956 14.1372 17.2788 
TABLE 6-43 
Values of coefficients A: for an infinite plate 
Bi, A, Ag | Ay Ag | As | Ag 
a he se 
0 1.0000 | —0.0000 0.0000 —0.0000 0.0000 —0.0000 
0.001 1.0002 | --0.0002 0.0000 —0.0000 0.0000 —-0.0000 
0.002 1.0004 | —0.0004 | 0.0001 —0.0000 0.0000 —0.0000 
0.004 1.0008 | —0.0008 0.0002 —0.0001 0.0000 —0.0000 
0.006 1.0012 | —0.0012 0.0003 —0.0001 0.0001 —.0.0000 
0.008 1.0015 | —0.0016 0.0004 —0.0002 0.0001 —0.0001 
0.01 1.0020 | —0.0020 0.0005 —0.0002 0.0001 —0.000! 
0.02 1.0030 | —0.0040 0.0010 —0.0004 0.0003 —0.0002 
0.04 1.0065 | —0.0080 0.0020 —0.0009 0.0005 —0.0003 
0.06 1.0099 | —0.0119 0.0030 —0.0013 0.0007 —0.0004 


TABLE 6-43 (continued) 


Bi, | A, | Ay | A; Ae | As | A 
0.08 11,0130 0.0040 —0.0018 0.0010 —0.0006 
0.10 1. 0.0050 —0.0022 0.0013 —0.0008 
0.20 1. 0.0100 —0.0045 0.0025 —0.0016 
0.30 1. 0.0148 —0.0067 0.0038 —0.0024 
0.40 Is 0.0196 —0.0089 0.0050 —0.0032 
0.50 1. 0.0243 —0.0110 0.0063 —0 0040 
0.60 lL. 0.0289 —0.0132 0.0075 —0.0048 
0.70 1. 0.0335 —0.0153 0.0087 —0.0056 
0.80 1. 0.0379 —0.0175 0.0100 —0.0064 
0.90 1. 0.0423 —0.0196 0.0112 —0.0072 
1.00 1. 0.0466 —0.0217 0.0124 —0.0080 
1.5 1. 0.0667 —0.0318 0.0184 —0,0119 
2.0 1. 0.0848 —0.0414 0.0241 —0.0157 
3.0 1. 0.1154 —0.0589 0.0351 —0.0231 
4.0 I. 0.1396 —0.0750 0.0451 —0.0300 
5.0 t. 0.1588 —0.0876 0.0543 —0.0366 
6.0 1. 0.1740 —0.099! 0.0626 —0.0427 
7.0 l. 0.186! —0. 1089 0.0701 —0 .0483 
8.0 l. 0.1959 —0.1174 0.0763 —0.0535 
9.0 1. 0.2039 —0. 1246 0.0828 —0.0583 
10.0 As 0.2104 —0. 1309 0.0881 —0.0676 
15.0 1. 0. 2320 —0.1514 0.1072 —0.0795 

20.0 1. 0. 2394 —Q. 1621 0.1182 —0.0901 
30.0 l 0.2472 —0,1718 0.1291 —0.1015 
40.0 1. 0.2502 —0,1759 0.1340 —0. 1069 
50.0 1. 0.2517 —0.1779 0.1365 — 0.1098 
60.0 1. 0.2526 —0,1791 0.1379 —O.1115 
80.0 l. 0. 2535 —0. 1803 0.1394 —0.1132 
100.0 1. 0. 2539 —0, 1808 0.1405 —0.1141 

foe) 1; 0. 2546 —0.1819 0.1415 —0.1157 


TABLE 6-44 


er Jolt) it 
Roots of characteristic equation The) Bi, 

Bi, | Ps | a) | Bs | be | Hs | se 
0.0 0.0000 3. 8317 7.0156 10,1735 13.3237 16.4706 
0.01 0.1412 3.8343 7.0170 10.1745 13.3244 16.4712 
0.02 0.1995 3.8369 7.0184 10.1754 13.3252 16.4718 
0.04 0.2814 3,8421 7.0213 10.1774 13. 3267 16.4731 
0.06 0.3438 3.8473 7.0241 10.1794 13.3282 16.4743 
0.08 0.3960 3.8525 7.0270 10.1813 13.3297 16.4755 
0.10 0.4417 3.8577 7.0298 10. 1833 13.3312 16.4767 
0.15 0.5376 3.8706 7.0369 10. 1882 13,3349 16 4797 
0.20 0.6170 3.8835 7.0440 10.1931 13.3387 16.4828 
0.30 0.7465 3.9091 7.0682 10.2029 13.3462 16.4888 
0.40 0,8516 3.9344 7.0723 10.2127 13.3537 16.4949 
0.50 0. 9408 3.9594 7.0864 10.2225 13.3611 16.5010 
0.60 1.0184 3.9841 7.1004 10.2322 13.3686 16.5070 
0,70 1.0873 4.0085 7.1143 10.2419 13.3761 16.5131 
0.80 1.1490 4,0325 7.1282 10.2519 13.3835 16.5191 
0.90 1. 2048 4.0562 7.1421 10.2613 13.3910 16,5251 
1,0 1.2558 4.0795 7. 1558 10.2710 13.3984 16.5312 
1,5 1.4569 4.1902 7.2233 10.3188 13.4353 16.5612 
2.0 1.6994 4.2910 7.2884 10.3658 13.4719 16.5910 
3.0 1.7887 4.4634 7.4103 10.4566 13.5434 16,6499 
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TABLE 6-44 (continued) 


| By | Hs | lar) | ta | Hs | Hs, 
eee ee a 
1.9081 4.6018 7.5201 10,5423 13.6125 16.7073 
1.9898 4.7131 7.6177 10.6223 13.6786 16.7630 
2.0490 4.8033 7.7039 10,6964 13.7414 16.8168 
2.0937 4.8772 7.7797 10.7646 13.8008 16.8684 
2.1286 4.9384 7.8464 10.8271 13.8566 16.9179 
2.1566 4.9897 7.9051 10.8842 13.9090 16. 9650 
2.1795 5.0332 7.9569 10.9363 13.9580 17.0099 
2.2509 5.1773 8.1422 11.1367 14.1576 17.2008 
2.2880 5.2568 8.2534 11.2677 14,2983 17.3442 
2.3261 5.3410 8.3771 11.4221 14.4748 17.5348 
2.3455 5.3846 8.4432 11.5081 14.5774 17.6508 
2.3572 5.4112 8.4840 11.5621 14.6433 17.7272 
2.3651 5.4291 8.5116 11.5990 14.6889 17.7807 
2.3750 5.4516 8.5466 11.6461 14.7475 17.8502 
2.3809 5.4652 8.5678 11.6747 14.7834 17.8931 


2.4048 5.5201 8.6537 11.7915 14.9309 18.0711 


TABLE 6-45 


Values of coefficients A; for an infinite cylinder 


+A, | —As | +Asz Ay | By Pi | =A, 

1. 0.0000 0.0000 0.0000 0.0000 
1. 0.0013 0.0008 0.0005 0.0004 
L. 0.0027 0.0015 0.0010 0.0007 
l. 0.0052 0.0031 0.0021 0.0015 
1. 0.0081 0.0046 0.0031 0.0023 
1. 0.0110 0.0062 0.0041 0.0030 
hs 0.0135 0.0077 0.0051 0.0037 
Ls 0.0202 0 O116 0.0077 0.0056 
1. 0.0269 0.0154 0.0103 0.0075 
1. 0.0401 0.0231 0.0155 0.0112 
1. 0.0582 0.0307 0.0205 0.0150 
1. 0.0662 0.0383 0.0256 0.0187 
1. 0.0790 0.0458 0.0307 0.0224 
l. 0.0917 0.0539 0.0358 0.0261 
x 1043 0.0608 0.0408 0.0298 
1. 1167 0.0682 0.0459 0.0335 
1. 1289 0.0756 0.0509 0.0372 
l. 1877 0.1117 0.0756 0.0554 
1. 2422 0.1404 0.0998 0.0732 
1. 3384 0.2114 0.1463 0.1084 
1. 4184 0.2699 0.1898 0.1420 
1 4842 0.3220 0.2301 0.1735 
l. 5382 0.3679 0.2672 0.2038 
ie 5825 0.4080 0.3010 0 2317 
Me 6189 0.4430 0.3316 0.2579 
1. 6491 0.4735 0.3593 0.2826 
1. 6784 0.5000 0.3843 0.3042 
1. 7519 0.5901 0.4760 0.3913 
1. 7889 0.6382 0.5303 0.4461 
1. 8195 0.6827 0.5853 0.5062 
1. 0.8335 0.7018 0.6133 0.5390 
1p 0.8396 0.7112 0.6227 0.5544 
1. 0.8428 0.7165 0.6301 0.5642 
kL; 0.8463 0.7212 0.6398 0.5770 
1. 0.8505 0.7245 0.6415 0.5850 
1. 0.8558 0.7296 0.6485 0.5896 
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TABLE 6-46 


eta l 
Roots of characteristic equations tan p, = — Bi, —1 et (t = 4; m) 

Br | ms | bs | Hs / | He | Ms | Hy 
0.0 0.0000 4.4934 7.7253 10.9041 14.0662 17. 2208 
0.005 0.1221 4.4945 7.7259 10.9046 14.0666 17.2210 
0.01 0.1730 4.4956 7.7265 10, 9050 14,0669 17.2213 
0 02 0.2445 4.4979 7.7278 10.9060 14.0676 17.2219 
0.03 0.2991 4.5001 7.7291 10.9069 14.0683 17.2225 
0.04 0.3450 4.5023 7.7304 10. 9078 14.0690 17.2231 
0,05 0 3854 4.5045 7.7317 10.9087 14.0697 17. 2237 
0.06 0.4217 4.5068 7.7330 10.9096 14.0705 17.2242 
0.07 0.4551 4.5090 7.7343 10.9105 14.0712 17.2248 
0.08 0.4860 4.5112 7.7356 10.9115 14.0719 17.2254 
0.09 0.5150 4.5134 7.7369 10.9124 14.0726 17.2260 
0.10 0.5423 4.5157 7.7382 10.9133 14.0733 17.2266 
0.15 0.6609 4.5268 7.7447 10.9179 14.0769 17.2295 
0.20 0.7593 4.5379 7.7511 10.9225 14.0804 17.2324 
0.30 0.9208 4.5601 7.7641 10.9316 14.0875 17.2382 
0.40 1.0528 4.5822 7.7770 10.9408 14.0946 17.2440 
0.50 1.1656 4.6042 7.7899 10.9499 14.1017 17.2498 
0.60 1.2644 4.6261 7.8028 10.9591 14 1088 17.2556 
0.70 1.3525 4.6479 7.8156 10. 9682 14.1159 17.2614 
0.80 1. 4320 4.6696 7.8284 10.9774 14.1230 17. 2672 
0.90 1.5044 4.6911 7.8412 10.9865 14.1301 17.2730 
1.0 1.5708 4.7124 7.8540 10.9956 14.1372 17.2788 
1.1 1.6320 4.7335 7.8667 11.0047 14.1443 17.2845 
1.2 1.6887 4.7544 7.8794 11.0137 14.1513 17.2903 
1.3 1.7414 4.7751 7.8920 11.0228 14.1584 17.2961 
1.4 1.7906 4.7956 7.9046 11.0318 14.1654 17.3019 
1.5 1.8366 4.8158 7.9171 11.0409 14.1724 17.3076 
1.6 1.8738 4.8358 7.9295 11.0498 14.1795 17.3134 
1.7 1.9203 4.8556 7.9419 11.0588 14. 1865 17,3192 
1.8 1.9586 4.8751 7.9542 11.0677 14.1935 17.3249 
1.9 1.9947 4.8943 7.9665 11.0767 14. 2005 17 .3306 
2.0 2.0288 4.9132 7.9787 11.0856 14.2075 17.3364 
2.5 2 1746 5.0037 8.0385 11.1296 14,2421 17.3649 
3.0 2.2889 5.0870 8.0962 11.1727 14.2764 17.3932 
4.0 2, 4557 5.2329 8.2045 11.2560 14.3434 17.4490 
5.0 2.5704 5.3540 8.3029 11.3349 14.4080 17.5034 
6.0 2.6537 5.4544 8.3914 11.4086 14.4699 17.5562 
7.0 2.7165 5.5378 8.4703 11.4773 14.5288 17.6072 
8.0 2.7654 5.6078 8 5406 11.5408 14.5847 17.6567 
9.0 2.8044 5.6669 8.6031 11.5994 14.6374 17.7032 

10.0 2.8363 5.7172 8.6587 11.6532 14.6870 17.7481 
11.0 2.8628 5.7606 8.7083 11.7027 14.7335 17.7908 
16.0 2.9476 5.9080 9.8898 11.8959 14.9251 17,9742 
21.0 2.9930 5.9921 9.0019 12.0250 15.0625 18.1136 
31.0 3.0406 6.0831 9.1294 12.1807 15. 2380 18.3018 
41.0 3.0651 6.1311 9.1987 12. 2688 15.3417 18.4180 
51.0 3.0801 6.1606 9.2420 12.3247 15.4090 18.4953 
61.0 3.0901 6. 1805 9.2715 12.3632 15.4559 18.5497 
81.0 3.1028 6.2058 9.3089 12.4124 15.5164 18.6209 
101.0 3.1105 6.2211 9.3317 12.4426 15.5537 18.6650 

fo) 3.1416 6. 2832 9.4248 12.5664 15.7080 18,8496 
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Values of coefficients A; for a sphere 


ts 


1.0000 —0.0000 
1.0025 —0.0023 
1.0035 —0.0046 
1.0055 —0.0091 
1.0089 —0.0137 
1.0121 —0.0182 
1.0147 —0.0227 
1.0181 —0.0273 
1.0206 —0.0318 
1.0239 —0.0363 
1.0266 —0.0409 
1.0297 —0.0454 
1.0443 —0.0679 
1.0592 —0.0894 
1.0880 —0.1345 
1.1164 —Q.1781 
1.1440 —0.2216 
1.1713 —0. 2633 
1.1978 —0.3048 
1.2237 —0.3455 
1.2488 —0 3854 
1.2732 —0.4244 
1.2970 —0.4626 
1.3200 —0.4999 
1.3424 —0.5364 
1.3640 —0.5720 
1.3843 —0.6067 
1.4051 —0,6405 
1.4247 —0.6735 
1.4436 —0.7063 
1.4618 —0.7368 
1.4793 —0.7673 
1.5579 —0. 9073 
1.6223 — 1.0288 
1.7201 — 1.2253 
1.7870 —1,3733 
1.8338 —1!.4860 
1.8673 —1.5731 
L.8920 —1.6403 
1.9106 —1.6949 
1.9249 —1.7381 
1.9364 —1.7732 
1.9663 — 1.8766 
1.9801 —1.9235 
1.9905 —1,9626 
1.9948 —1.9780 
1.9964 —1].9856 
1.9974 —1.9901 
1.9985 — 1.9942 
1.9993 —1,9962 
2.0000 —2.0000 


TABLE 6-47 


0.0000 —0.0000 0.0000 
0.0013 —0.0009 0.0007 
0.0026 —0.0018 0.0014 
0.0052 —0.0037 0.0029 
0 0078 —0.0055 0.0043 
0.0104 —0.0074 0.0057 
0.0130 —0.0092 0.0071 
0 0156 —0.0110 0.0085 
0.0183 —0.0129 0.0100 
0.0209 —0.0147 0.0114 
0.0235 —0.0166 0.0128 
0.0260 —0.0184 0.0142 
0.0390 —0.0276 0.0214 
0.0520 —0.0368 0.0285 
0.0779 —0.0551 0.0427 
0. 1036 —0.0734 0.0569 
0.1292 —0.0916 0.0710 
0.1546 —0.1098 0.0852 
0.1799 —0.1270 0.0998 
0.2050 —0.1460 0.1134 
0.2299 —0.1640 0.1275 
0.2546 —0.1819 0.1415 
0.2792 —0.1997 0.1555 
0.3035 —0.2175 0. 1694 
0.3276 —O.2352 0.1823 
0.3515 —0. 2528 0.1972 
0.3752 —0.2703 0.2110 
0.3986 —0. 2878 0.2243 
0.4218 —0.3051 0. 2385 
0.4447 —0.3228 0.2522 
0.4674 —0.3395 0.2659 
0.4899 —0.3565 0.2795 
0.5980 —0.4365 0.3449 
0.6993 —0.5205 0.4122 
0.8811 —0.6719 0.5384 
1.0363 —0.8095 0.6570 
1.1673 —0.9333 0.7702 
1.2776 —1.0437 0.8695 
1.3703 —1.1415 0.9633 
1.4482 —1.2280 1.0489 
1.5141 —1.3042 1.1269 
1.5698 —!.3713 1.1977 
1.7489 —1.6058 1.4633 
1.8385 —1.7360 1.6256 
1.9186 —1.8616 1.7950 
1.9515 —1.9161 1.8732 
1.9680 —1.9441 1.9145 
1.9773 —1,9601 1.9387 
1.9869 —1.9769 1.9644 
1.9915 —1.9850 1.9767 
2.0000 —2.0000 2.0000 
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For an infinite cylinder, 


D, (2X) = Je (VnXh Bi (emX)=Je(umX), Di(V Lu enX) = J,(V Lu pmX); 


7” Hr eLu Bi, Bn : 
t= Ko| Br (| —-po i) Vind (iz)+ face 4(2=))5 


Bi 
om = Lu [(: —e ian) tm Ja (ttm) -F Ey Yo (mn) 


dn = Bin J, Caan eran J; (= ) Ym = Blg Jo (WLU em) — WLU pm Jy (WLU bm); 


where w, and jmare the roots of the characteristic equation 


Jo (4) 
3 a) Br, ae 
and coefficients A, and Amare given by the expressions 
2 2Bi 
a Jz (41) = J (t= n, m) (6-5-7) 


hr [52 (1) + J? (ead) Jo (es) (47 + BIZ)" 


The roots of characteristic equation (6-5-6) are given in Table 6-44 and the values of coefficients A; are 
given in Table 6-45, 
For a sphere, 


sinp,»X . sin pnX . sin VLupy,X. 
®, Xia © ®, (4m X) = —— Sok Pa(V La tn X) sin Viv eX; 


en oy = m {it — e+ pay (Bly mye —[1-«-pa|x 


tn : 
x Vix cos viz ay 


pmo Lu {fl — ef pgp (Bly — NM) sine — (16 — a) te c08 


= = Mn Ben Mn. 
tn = (Bim Shae ay Tir Ta 


$m = (Big —1)sin WLU pm + VLu pncos YLu pm; 


where #, and »,,are the roots of the characteristic equation 


tan py =— pp 7) (6-5-8) 


and coefficients A,and Amare defined by the relations 
Sim p24; — 1 COS By 


9 ee et yt 
A,=2 pe; — Sin p; COS ph; = 1) 


2Bi, Vw? + (Bl: — 1)? 


: (6-5-9) 
(u? + Bi? — Bi) 


(=n, m) 


Values of the roots of characteristic equation (6-5-8) are given in Table 6-46 and values of coefficients 
A, are given in Table 6-47, 


b) No thermal mass transfer or phase transitions 
in the material 


The generalized solution for this case has the form of (6-5-2) and (6-5-3), but instead of @n and Owe 
must substitute @*, and @*m, functions which are expressed as follows: 
for an infinite plate 


= Ko Vin a to, Sin vis and 9*, =KoLu pp sin pm; 
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for an infinite cylinder 


——_ Bi,, pan 
g*, = KoY Lu Bi, tend, (5) and 9%m = KoLu pm J, (vm); 
for a sphere 


Hn ten pee Bn 
Vlu YlLu VLu 
The characteristic-equation roots and coefficients are defined as previously, 

In the absence of mass exchange (Ko= 0), the above solutions become the ordinary classical solutions 


for the temperature distribution in a plate, cylinder, or sphere: 


Bln 
g*n = KoLu Fy ( sin and 9%m = Ko Lu Bip sin pm. 
q 


oo 
T (X,Fo)=1— 1 An®e (H4nX) exp (— Hy Fo). (6-5- 10) 
n=! 

For approximate calculations it is possible to use the following formula to calculate the first root of the 

corresponding characteristic equation 
a (6-5-11) 
I+ Bi, 6 

where #1,, is the value of py for BL, ==oo, This quantity is a constant; for a plate p,,, = 2/2, for a cylinder 
Mien = 2.405, and for a sphere »,,, =. Constants & and 6 are respectively: for a plate 2.24 and 1,02, for 
a cylinder 2,45 and 1,04, and for a sphere 2,70 and 1.07, 

These considerations related to equation (6-5-10) also apply to the analogous solution for mass conduction, 
provided we set LuFo=Fom. Equation (6-5-3) then becomes identical to equation (6-5-10). 

In order to facilitate the determination of the dimensionless transfer potentials using equation (6-95-10) 
or the analogous expression for mass transfer, several authors (Budrin, Bakhman, Heisler, Labuntsov, and 
others) have proposed nomograms. The widest range of Biot numbers (from 0,01 to oo) and Fourier numbers 
(from 0 to 600) is that given by Heisler /23/, whose curves are reproduced in Figure 6-43, Figure 6-43, a 
gives the temperature at the center as a function of the Fourier number and the reciprocal of the Biot number. 
Figure 6-43,b provides an auxiliary nomogram in which the dimensionless temperature at a given point of the 
body is represented as a function of 1/Bi for various values of the dimensionless coordinate. 

To determine the temperature at any point of the body the value (¢ce—te)(t,-—te) read off on the nomogram 
of Figure 6-43, a must be multiplied by the value of (fz —te)/(tce—te) for the corresponding values of 1/Bi 


and X = on the nomogram of Figure 6-43,b [as previously, f is the temperature of the surroundings]. 


It is evident from the figure that the temperature distribution for a plate or a cylinder is approximately uni- 
form for 1/Bi > 10 (for BL<0.1). Therefore, for B1< 0.1it is possible to use the formula 

nat = exp (— Bi Fo). 
A study of Figure 6-43, a and b, indicates that for low values of 1/Bi and Fo the nomograms are unsuitable, 
Therefore, Heisler constructed additional nomograms for values of 1/Bi from 0.05 to oo and for low values 
of Fo (from 0 to 0,2). The complete nomograms for the temperatures at the center and surface of an infinite 
plate or cylinder are given in Figure 6-43, c. These graphs are useful for reference calculations of heat ex- 
change in the case of unsteady heat conduction, Once the temperature values for an infinite plate or cylinder 
are given, it is easy to obtain the values for a parallelepiped or a finite cylinder. 

Solution (6-5-10) is very widely applied in the various fields of science and industry, and so it will be 
convenient to analyze it in more detail. If the Biot number is small (Big<0.1), then all the other terms of 
the series are negligible in comparison with the first. The first characteristic-equation root may in this case 
be expressed approximately as 


ei = (I + 1) Bly. 
Consequently, solution (6-5-10) has the form 


T (X, Fo) = 1 — @,(V(T + 1) Big X) exp [— (I 4 1) Bi, Fo}, 
where 
sin V3Bi,X, 


®, = cos VBI,X; ?, = JV 2B1,X); = V 3Bi,X 
q 
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FIGURE 6-43, Heisler’s nomograms 
a) Variation of temperature at center of infinite plate or cylinder; b) graph for determining temperature at 


any point on infinite plate or cylinder 
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FIGURE 6-43, Heisler's nomograins (continued) 


C) graphs for an infinite plate or cylinder, with low values of the Fourier number 


In this case the rate of heating of the material 
Pes = Big®, (VFI) BI,X) exp [—(F + 1) Bi, Fo} 

is directly proportional to the Biot heat-exchange number Bi, = 3, that is, it is directly proportional to 
the heat-exchange coefficient and inversely proportional to the characteristic dimension of the body. Conse- 
quently, the rate of heating is determined by the rate of heat transfer from the surroundings to the surface of 
the body (external problem). 

If the Biot number approaches infinity, then we obtain solutions identical to those considered in Chapter IV, 
and the boundary conditions of the third kind are transformed into boundary conditions of the first kind. 

Solution (6-5-10) is suitable when the Fourier number is high enough that, with sufficient accuracy, only 
one or twoseries terms need be retained. For low Fo, when several terms must be kept, certain difficulties are 
introduced into the calculations, In this case it is more convenient to use a different form of the solution. 
The corresponding transformations, which were carried out in Chapter IV, lead to the following solutions in 
terms of inverse transforms: 

for an infinite plate 


7 (X, Pej weie OEE x _ exp [Big (1 — X)+(Bl, WFo)'] erfc (Se +Bi, VFo|+ 
+ erte rrr — exp (Bly (1+ X)-+ (Bly W Foy] erte ( a + Bl, VF; (6-5- 12) 
for an infinite cylinder 
T (X, Fo) = 2Bi, Fo hele ——_=— + 4B1, Ss xe (ax + — Bi ‘Je Pie ne (6-5- 13) 
yx >is VX \ 8X 3 2V Fo 
(for X #0} 
T (0, Fo) = 1 — 4Bi, Foexp (as) (6- 5-14) 
(for X = 0). 


Solutions (6-5-13) and (6-5-14) are valid only for low values of Bi,. For high Bi, it is necessary to use the 


solution 
Bi 1 \t/2 1 is 
TU, Fos a 775 — exp [Fo (a, -+) |erte (BI, —z viel: 


for a sphere 
T(X, FOS (+) ¥pBtH (ete See he — exp [(Blg — 1)" Fo ++ 


+ (Bt, — (1 F yerte [ FE + (Bt, —1) VFo]}s 


(6-5-15) 
here we introduced the notation 
(+) A(F 2)] = + A(— 2) —A(+ 2), 
for X == 0 instead of (6-5-15) it is necessary to use the relation 
T (0, Fo) = 2Bi, exp [(Bi, — 1)? Fo + (Bi, — !) erfc (“ V¥o -+- (Bi, — 1) Vio): (6-5- 16) 


Posch) /24/ calculated the temperature 7(1, Fo)at the surfaces of the given bodies, for low values of 
Fo (from 0,0003 to 0,1) and for various values of Big(from 0.1 to 2000). Equation (6-5-10) was used for the 
calculations and, as noted by Péschl, for Fo= 0,0003 it was necessary to use 36 series terms, A similar situa- 
tion was noted by Stasikov /25/, who, in order to determine accurately the third-significant figure for Big= 2 
and Fo= 0,0001, had to use the first 40 terms of the series, As Bi, increases, the number of summed terms 
required increases sharply. A comparison of the calculations according to the approximate formulas (6-5- 12) 
through (6-5-16) with the calculations according to the classical formula (6-5-10) shows quite satisfactory 
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agreement even for the low values of Fo considered by Pdschl and Stasikov, This indicates the great advantage 
of the operational method over the ordinary method, since the operational method leads to severa! approximate 
solutions for different values of Fo and Big. 


TABLE 6-48 


f ff 2B, 
Values of coefficients D, = =>. ———- 
Bal, + Biz +Bi,) 

Bl, | dD, Ds Ds | De | Ds | De 
co 0.8106 0.0901 0.0324 0.0165 0.0100 0.0067 
50.0 0.8260 0.0899 0.0323 0.0161 0.0095 0.0061 
30.0 0.8354 0.0893 0.0315 0.0152 0.0086 0.0053 
15.0 0.8565 0.0885 0.0279 0.0120 0.0060 0.0033 
10.0 0.8743 0.0839 0.0236 0.0090 0.0040 0.0020 
9.0 0.8796 0 0821 0.0222 .0081 0.0035 0.0017 
8.0 0.8859 0.0797 0.0205 0.0072 0.0030 0.0015 
7.0 0.8932 0.0766 0.0185 0.0062 0.0025 0.0012 
6.0 0.9021 0.0723 0.0162 0.0051 0.0020 0.0009 
5.0 0.9130 0.0664 0.0135 0.0040 0.0015 0.0007 
4.0 0.9264 0.0582 0.0104 0.0029 0.0010 0.0005 
3.0 0.9430 0.0468 0.0070 0 0019 0.0006 0.0003 
2.0 0.9635 0.0313 0.0037 0.0009 0.0003 0.0001 
1.5 0.9749 0.0220 0.0023 0.0005 0.0002 0.000! 
1.0 0.9862 0.0124 0.0011 0.0002 0.0001 

0.9 0.9882 0.0105 0.0009 0.0002 0.0001 

0.8 0.9903 0.0088 0.0007 0.0001 

0.7 0.9920 0.0070 0.0006 0.0001 

0.6 0.9939 0.0054 0.0004 0.0001 

0.5 0.9955 0.0040 0.0003 

0.4 0.9973 0.0027 0.0002 

0.3 0.9982 0.0016 0.0001 

0.2 0.9995 0.0007 

0.1 1.0000 0.0002 


Solution (6-5-10) corresponds to a constant initial distribution of the dimensionless temperature. In the 
general case, when 7T(X, 0)=F(X), the solution becomes more complicated. For example, if F(X) is an even 
function the solutions have the following form: 


[=<] 
t—ft 
T (X, Fo) = 7 7) By, Bp (4a X) exp (—B? Fo), (6-5-17) 
t t — 
where 7, = — 7 +. @,. has the same forms as for (6-5-10); and B, and Ww, are defined as follows: 
for a plate . 
; 1 
al ° 
T=0 B= pa cesin kocee ne W,— | F(x) cos aX dX: (6-5-18) 
0 
for a cylinder 
1 
r=1 B= : 5 Wr | XFL (X) Ip (eX) dX (6-5-19 
Sp (Hn) + 52 (an) =| sce ane) ; =e 
for a sphere 
2.3 
T=2 bs an gacoras * P= | XP (xX)sin nx aX; (6-5-20) 
0 


with 


F,(X)=T. — F(X). 
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TABLE 6-49 
2 
4Bi, 


Values of coefficients D, = —7 
"wu? + BI) 


D, Ds | De | D. | Ds 


oooooo°ooeoo 


TABLE 6-50 


2 
6BiG 


Values of coefficients D, = —>—3—— 5 - 
pe (we + BIZ — Big) 


ik ee 
fo) 0.6079 0.1520 0.0675 0.0380 0.0243 0.0169 
51.0 0.6427 0.1518 0.0671 0.0380 0.0236 0.0158 
21.0 0.6886 0.1510 0.0652 0.0363 0.0180 0.0108 
10.0 0.7667 0.1496 0.0485 0.0196 0.0091 0.0047 
9.0 0.7737 0.1453 0.0455 0.0175 0.0079 0.0040 
8.0 0.7889 0.1396 0.0408 0.0152 0.0067 0.0033 
7.0 0.8068 0.1319 0.0360 0.0128 0.0055 0.0027 
6.0 0.8280 0.1215 0.0305 0.0104 0.0044 0.0021 
5.0 0.8533 0.1075 0.0245 0.0079 0.0032 0.0015 
4.0 0.8829 0.0890 0.0180 0.0055 0.0021 0.0010 
3.0 0.9171 0.0655 0.0115 0.0034 0.0013 0.0006 
2.5 0.9353 0.0520 0.0085 0.0024 0.0009 0.0004 
2.0 0.9534 0.0380 0.0057 0.0016 0.0006 0.0003 
1.9 0.9569 0.0352 0.0052 0.0014 0.0005 0.0002 
1.8 0.9605 0.0325 0.0047 0.0013 0.0005 0.0002 
Lif 0.9641 0.0297 0.0043 0.0011 0.0004 0.0002 
1.6 0.9678 0.0270 0.0038 0.0010 0.0004 0.0002 
1.5 0.9707 0.0243 0.0034 0.0009 0.0003 0.0001 
L.4 0.9739 0.0217 0.0030 0.0008 0.0003 0.0001 
1.3 0.9770 0.0192 0.0026 0.0007 0.0003 0.0001 
1:52 0.9800 0.0167 0.0022 0.0006 0.0002 0.0001 
1.1 0.9828 0.0144 0.0019 0.0005 0.0002 0.0001 
1.0 0.9855 0.0122 0.0016 0.0004 0.0001 0.0001 
0.90 0.9881 0.0101 0.0013 0.0003 0.0001 

0.80 0.9905 0.0081 90-0010 0.0003 0.0001 

0.70 0.9926 0.0064 0.0008 0.0002 0,0001 

0.60 0.9944 0.0048 0.0005 0.0001 

0.50 0.9959 0.0034 0.0004 0.0001 

0.40 0.9974 0.0022 0.0003 0.0001 

0.30 0.9985 0 0013 0.0001 

0 20 0.9994 0.0006 0.0001 

0.15 0.9996 0.0003 

0.10 0.9997 0.0001 

0.09 1.0000 0.0001 

0.08 1.0000 0.0001 
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If we integrate the obtained solutions according to the formula 
1 
9 (Fo) = (T + 1) { X" 9 (X, Fo) dX, 
0 


then it is easy to find expressions for the dimensionless transfer potentials averaged over the coordinate, In 
particular, for equation (6-5-10) we obtain 


co 
T (Fo) = 1 — y D, exp(— 2 Fo), 


a=! 


AIS : . 
0 6.0 80 20 0 20 0 40 8&0 12.0 60 200 


FIGURE 6-44, Coefficient D; as a function FIGURE 6-45. Coefficient D, as a function 
of the Biot number, for an infinite plate of the Biot number, for an infinite cylinder 


FIGURE 6-46. Coefficient D, as a function 
of the Biot number, for a sphere 


where the coefficients D, for a plate, cylinder, and sphere are, respectively, 


LT ea! ae 6-5-5) 
Bn pn (wn + Bi2 + Bi.) (6-5-5) 


T=0, Da=An 
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4Bi2 


Js (+n) q 
T=1, D,=2A.—~ =a 7a? 6-5-7)" 
Bn pe (us, + BZ) ( ) 
2 
sin bon —— Hen COS oy, 6 Bi, 
P=2;. DeStAg 6-5-9)" 
. w we + BIBI) ia 


The first six coefficients D, are listed in Tables (6-48) through (6-50), for various values of the Fourier number, 
During calculations it is usually only necessary to use the first coefficient; therefore, the graphs D,=f(Bi,) have 
been plotted in Figures (6-44) through (6-46), 


c) Heat and mass transfer with nonsymmetrical conditions of the third kind, 
No thermal mass transfer 


Unsteady heat and mass transfer, for the case when the exchange of heat and matter with the surroundings 
(at temperatures ¢t.; and f,2) takes place at different rates at two surfaces (ends) (the coefficients of heat and 
mass exchange being different, namely a1, Gg2 and Gms, @m2), is represented by boundary conditions with the 
following form: 


for X=0 
OT (0, Fo 
rer) Big, (Te: — 7 (0, Fo)] + (1 — «) Ko Lu Bi», [9,, — 9 (0, Fo)] =0; (6- 5-21) 
08 (0, Fo 
ee — Bim: {@p1— 9 (0,Fo)] «= 0; (6-5-22) 
for X =] 
OT (1, Fo 
0@(1, Fo) 
5 — Bima [@p2 — @(1, Fo)] = 0, (6-5- 24) 
where 
(—{, 0, —-0 x a, jl Smt 
= ; @= ; X=} =; =>} 
r te 0. XxX l Bi,; Ag Bin Am 
togy—le. 6, — 6 
To5 = a7 =: 8,5 = — pj (j= 1, 2). 


The solution of system of equations (4-1-2) and (4-1-3) with boundary conditions (6-5-21) through (6-5- 24) 
may be accomplished by using Laplace integral transformations, For an infinite plate (or an infinite bar with 
insulated lateral surfaces) the solution, for constant initial conditions 7(X, 0)=0 and @(X, 0)=0, has the fol- 
lowing form: 


t—t, Jes Bigs — 7c, Blas + (Tc2 — 71) Blg Bigs (1 — X) 
T (X, Fo) = t, Bios — Big: + 


+ (I—e) Ko LuX 


Bim: (Bim:® pp—Bim 185 1—Bin:Bime®%51)+Bin Bl ms (95,—8 52) [2 +(1 —XYBig it+Bi,,)} + 
(Bigs — Big,)(Bimz — Bin, — Bim: Blms) 


oa 
2 »¥ Cr [SanBigy Sin pnX — Sgn (1 + Bigs) Pn COS pnX] Exp (—p2 Fo) + 


nal 


oo 
eZ 
—) C1 fear (23, COS 2X — U;Biyy, sin ,X) + 
i=l 
+ (9,,Big, sin YLupsX — 04; (1 + Bigs) VLuy, cos YLuy,X)| exp (— “f Lu Fo); 
oo” 0 jars Bim29p2 Zs Bim: 9p1 = Bim:Blme (85, 1 (85, al 851) 4) + 


6 
@ (X, Fo) = a a Bim: — Bim: — Bim, Bime 


[eo] 
Zz 
+ y Cr Lu re [2,, COS #,X — U2, Bim, sin 1X] exp (—n? Lu Fo), 
i=l 
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where 


LuKo , Lu Ko , 
Cn arte BabuZn : = wii Zy : 


2 
Mr en 
Le = (Bla — Bla) cos via —( StasBlaa-+ Fe Jat Vie ? 


$1 = (Bling — Bly — BlmiBdmg — #7 ) COS tr — (Bling — Bri + 2) m1 Sin ps 
i =(1 + Big.) Y Lupe: (V Lup.) — Btw: (YL); 


A, Lie 
— — qo a. %n (Bn) +T,, | a — Bln onl on — [4-#i Bi,, *" (tn) links Ko > 
Bin Wn (ton 
n= — TPB, erly D4 Fin| Uin — Bim ianl an — 
et A, Wn (Un) Zn i. 
[a— 1+ Bio, pn |x : 


Z; 
oy = [« ajo - ~~ x,(Y Lup.) + Pes: — Binet + = "Bi,,V Lu Bimi221: 
qi 


Bins w1(V Lup 
Sy: = { =") 5 Bt, Sa ! o- P| Uy: — Bay eT er + 


ea ents in oles 2 
1—Lu (1 + Big;) V Lup, 


bry 


ln =ToLo Xn Ga — Xp (Un) + (1 —e) Bin, cos raat 


. Yn 7 
Peto | (pos) Ta - wt (tn) | + (1 —«) Bly, sin art 


P= ope be ) — 4 VL) + 1 — 2) Ble cO8 wi 


€ i 
l= in [ w (y2) — Via == w an) + (1 — ¢) Bing sin ps); 


Mn A 
Usn = Bin.9 52 qin — Bin, 19 1W, Gan Yi FE 


—_ Pn ; 
Uon = Bima pa — BriXn ( Vilu ) ry 


ay = Bi me pai = Bim 19 p11 (141); 
Us: = Bin28p2 — O5.%1 (1). 


Here %n (En) = Big, cos En — §, Sin €n; 
Xn (Fs } = Bin, cos Pn Pe gi ? 
YLu Yiu YlLu Viu 


x1 (1) = Big, cos n, — y sin y; 
%1 (141) = Bh ng cos br — py Sin py; 
Wn (En) = Big, sin En : En cos . 
®. (V)= Bima sin ype opp C08 
1 (H) = Bigg sin H + Hr cus Hr 
1 (qr) = Ble sin m + m COS 11; 
A; =TeiBlgi +(— 1)' (1 —e) KoLu Bin,@,; (i= 1, 2). 
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The quantity & has the form tha/V Lu and t+, and % have the forms w; and WV Liys,;. 
Roots p,and pt; are determined by solving the following characteristic equations: 


Bi, Bigg +(1 + Bigs), 
Ben COU Bn = "Bis (1 + Big,)— Big, 
Bim :Bima + 4; 
wrcot fr Bl Bl” 


The above solution makes it possible to obtain several particular solutions. For example, for mass trans- 
fer which is not complicated by heat transfer we obtain the solution given by Alyavin /26/: 


(O52 — 9p1)(1 + Bim X) 


0 = Bim + 85; + 
1— Bi '. + Bim 

- X + Bl, sin p)X 

cos $ 
$2) ex 8 La Fo) nee ey Pleo 
i= (u? + BI2,,)+ (Bln1 — Blms) — a 
by — Bir, 
where 
e..-—e Bi? , Bi? , 
inp — Opp onn__{ 7 COS jay — sin p; — Bin, sin p, — sing, } + 

gata 


Bliny : 
Be — sin pe }> 


and gw are the roots of the characteristic equation 


al (Bim: — Bins) 
tan p, = —,———__ 
ey + Bim Bima 

An analysis of the last solution shows that this distribution of the transfer potentials differs considerably 
from that for the symmetrical problem, If we assume that the mass exchange at the left side of the plate 
(X=0) is less intensive than that at the right side (X=1), then the total mass transfer through the plate during 
the first stage of the process is determined both by the mass exchange at the left and by that at the right. It 
is evident that the minima on the curves describing the dimensionless mass-transfer potential will, as time 
goes by, move more and more from the right to the left. In other words, the region of influence of the right 
side will continually increase, while that of the left side decreases accordingly. The moment when the mini- 
mum on the curve reaches the left boundary plane is the moment when the first stage of the process terminates, 
After this, a process determined by mass exchange from the right is observed. Up to this moment the shape of 
the curves has approached more and more the straight line which is characteristic of the steady state. 

If the heat transfer is not complicated by mass transfer and if the phase transitions with various rates take 
place only at the surfaces of the plate, then boundary conditions (6-5-21) and (6-5-23) may be rewritten as 


—o + Bl, [Te —T (1, Fo)] — KoLu Kin, =05 


oT (— I, Fo) 
OX 


The solution of the heat- transfer equation with these boundary conditions has the form 


+ Bi, [7 — 7 (—1, Fol] — Ko Lu Kims = 0. 


t—t Ko Lu 
T= t, =T,. — 3h {tn + Kins t+ 7p, i (Kim; — Kims) X + 


2 Bi, rs 
+ | Ko L — (Kini + Kina) y Ay, COS nX exp (—p? Fo) + 


n=1 


le 2) 
+ (Kins — Kim) ¥ A- sin ,X exp (— p? Fo), (6-5-25) 
i=! 
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where 


2 sin p, : 
An = iG, + sinp, cosp, (7 '"* 
2 cos 
A, = a == (— 1)}f+? 


p1 — sin p, COS py 


and p,and »; are the rocts of the characteristic equations 
| 
CO Py = “Big Mn; 


1 
tan By = — By Be 


The first six values of roots p,»and coefficients An are listed in Tables 6-42 and 6-43; the corresponding values 


2 Bi, (BI? + pp)? 
Hn (BIg + Bly +H_) ” 
2 Bly (Biz + py)? 
(BiG + Bia te7) 


of roots p; of equation (6-5-27) and coefficients Aj in (6-5-26) are listed in Tables 6-51 and 6-52, 


TABLE 6-51 


Roots of characteristic equation tan », = — ae 


q 
0 1.5708 4.7124 7.8540 10.9956 14.1372 17.2788 
0.1 1.6320 4.7335 7.8667 11.0047 14.1443 17.2845 
0.2 1.6887 4.7544 7.8794 11.0137 14.1513 17.2903 
0.3 1.7414 4.7751 7.8920 11.0228 14.1584 17.2961 
0.4 1.7906 4.7956 7.9046 11,0318 14.1654 17.3019 
0.5 1.8366 4.8158 7.9171 11.0409 14.1724 17.3076 
0.6 1.8798 4.8358 7.9295 11,0498 14.1795 17.3134 
0.7 1.9203 4.8556 7.9419 11.0588 14. 1865 17.3192 
0.8 1.9586 4.8751 7.9542 11.0677 14.1935 17.3249 
0.9 1.9947 4.8943 7.9665 11.0767 14.2005 17.3306 
1.0 2.0288 4,9132 7. 9787 11.0856 14.2075 17.3364 
1.5 2.1746 5.0037 8.0385 11.1296 14.2421 17,3649 
2.0 2.2889 5.0870 8.0962 11.1727 14.2764 17.3932 
3.0 2.4557 5.2329 8. 2045 11.2560 14.3434 17.4490 
4.0 2.5704 5.3540 8.3029 11.3349 14.4080 17.5034 
5.0 2.6537 5.4544 8.3914 11.4086 14.4699 17.5562 
6.0 2.7165 5.5378 8.4703 11.4773 14.5288 17.6072 
7.0 2.7654 5.6078 8.5406 11.5408 14.5847 17.6562 
8.0 2.8044 5.6669 8.6031 11.5994 14.6374 17.7032 
9.0 2.8363 5.7172 8.6587 11.6532 14.6870 17.7481 
10.0 2. 8628 5.7606 8.7083 11.7027 14.7335 17.7908 
15.0 2.9476 5. 9080 8.8898 11.8959 14.9251 17.9742 
20.0 2.9930 5.9921 9.0019 12.0250 15.0625 18.1136 
30.0 3.0406 6.0831 9.1294 12. 1807 15. 2380 18.3018 
40.0 3.0651 6.1311 9.1986 12.2688 15.3417 18.4180 
50.0 3.0801 6.1606 9.2420 12.3247 15.4090 18.4953 
60.0 3.0901 6.1805 9.2715 12.3632 15.4559 18.5497 
80.0 3.1028 6.2058 9.3089 12.4124 15.5164 18.6209 
100.0 ee 6.2211 9.3317 12.4426 15.5537 18.6650 
©O ‘ 


12.5664 


For the steady state (Fomoo) equation (6-5-25) becomes 


KoLu 


T=To— OB, 


that is, the temperature is distributed linearly over the thickness of the plate, 


relation simplifies to 


Ko Lu Ki,, 
Bi, 
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15.7080 


| Kim, + Kitna + js BL ; 4c (Kimi — Kims) x], 


18.8496 


If Kimi=Kime=Kim, then this 


that is, the temperature at any point of the body is equal to the wet-thermometer temperature ¢(x)= 


ox f{, — 


Pl 


—— = ty, which is constant, 


Values of coefficients A; = (— 1)'+! 


TABLE 6-52 


2Bi, (Bi? + ? i 
Hs (Bi? ++ Bi + p? ) 


BI, A; | As | Ay | A | As | Ae 

0 0.0000 —0.0000 0.0000 —0.0000 0.0000 —0.0000 
0.1 0.0721 —0.0089 0.0032 —0.0017 0.0010 —0.0007 
0.2 0.1303 —0.0175 0.0064 —0 .0033 0.0020 —0.0013 
0.3 0.1779 —0.0259 0.0096 —0.0049 0.0030 —0.0020 
0.4 0.2172 —0.0341 0.0127 —0.0065 0.0040 —0.0027 
0.5 0.2514 —0.0420 0.0158 —0.0082 0.0050 —0.0033 
0.6 0.2803 —0.0497 0.0189 —0.0098 0.0059 —0.0040 
0.7 0.3055 —0.0571 0.0219 —0.0114 0.0069 —0.0047 
0.8 0.3156 —0.0643 0.0249 —0.0129 0.0079 —0.0053 
0.9 0.3471 —0.0713 0.0278 —0.0145 0.0089 —0.0060 
1.0 0.3646 —0.0781 0.0305 —0.0160 0.0098 —0.0066 
1.5 0.4298 —Q. 1088 0.0446 —0.0237 0.0146 —0.0099 
2.0 0.4726 —0. 1348 0.0576 —0.0311 0.0193 —0.0129 
3.0 0.5254 —0.1756 0.0805 — 0.0448 0.0281 —0.0192 
4.0 0.5562 —0. 2052 0.0957 0.0571 0.0365 —0.0251 
5.0 0.5759 —Q.2270 0.1159 —0 0682 0.0442 —0.0310 
6.0 0.5892 —0. 2435 0.1293 —0.0779 0.0513 —0.0360 
7.0 0.5987 —0. 2561 0.1404 —0.0865 0.0578 —0.0409 
8.0 0.6056 —0. 2659 0.1496 —0.0941 0.0638 —0.0455 
9.0 0.6108 —0. 2736 0.1574 —0. 1007 0.0691 —0.0498 
10.0 0.6148 —0Q.2789 0.1639 —0. 1065 0.0739 —0.0538 
15.0 0.6255 —0.2978 0.1844 —0.1265 0.0920 —0.0694 
20.0 0.6300 —0. 3056 0.1945 —0. 1375 0.1028 —0.0797 
30.0 0.6336 —0.3122 0.2034 —0.1479 0.1140 —0.091! 
40.0 0.6348 —0.3147 0.2068 —0.1524 0.1191 —0.0966 
50,0 0.6354 —0. 3160 0, 2088 —0. 1546 0.1218 —0.0995 
60.0 0.6358 —0.3167 0.2098 —Q0. 1559 0.1234 —0.1015 
80.0 0.6361 —0.3174 0.2105 —0.1573 0.1250 —0.1034 
100.0 0.6363 —0.3177 0.2113 —0.1579 0.1258 —0. 1043 
foo) 0.6366 —0.3183 0.2122 —0.1591 0.1273 —0. 1060 


As another example of the use of nonsymmetrical boundary conditions of the third kind, let us consider 


the distribution of dimensionless temperature when heat sources are present in a hollow cylinder, 
ential equation is 


ar or 1 
Soa tS + POX, Fo) (1X <y, 


with boundary conditions 


@T (1, Fo) 
ay + BlaiT (1, Fo) = ¢, (Fo); 


OT (x, F 
Trl + Bi,,7 (x, Fo) = 9; (Fo) 


and initial conditions 
T (X, 0) = F(X). 


This problem was solved by Shimko /27/ using the finite Hankel integral transformation 


Ty (p. Fo) = | XT (X, Fo) Ve (tmnX)dX, 
| 
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The differ- 


(6- 5-28) 


(6- 5-29) 


(6-5- 30) 


(6-5-31) 


where V,(tnX) is determined by the formula 
Vo (tn X) = [Bg iV (bn) — Bn Ys (Mend) Jo (Hen) + [pends (Hn) — Big ido (Hn)} Ya (nx), 


and roots p, obey the characteristic equation 


[Big Se () — HJ (»)) (Bigs Yo (x2) — BY 1 (x4)] — 
— (Bh gs J, (xe) — Ws (x4)] [Bi gil, (4) — BY (+)] = 0. 


The inversion formula for integral transformation (6-5-31) is 


127, [BH gaJo (x14n) — Bends (Pn)? Vo (Hn X) Ty (4, Fo) 


(a2 + Bi.) Bi. .J,(a.) a. J, (w,)?—(e2 + BIZ WB .J,(xu,)—pnJ (xe)? -5-32 
dad (7, + BUG) [Bl grdo (b4n) Hn (On)? ih + Bl NBL adele) Hd een 


T (X, Fo) = 


The solution of equation (6-5-28), with boundary conditions (6-5-29) and (6-5-30), is, in terms of transforms, 


T 1 (t+n» Fo) = exp(— p2 Fo) {SIX (Yn. Fo) + Po, (tn» Fo)} exp(u2 Fo) d Fo + C}, (6- 5-33) 
where 
2 Bi Jo n})— nJy 7” 
K (veny Fo) = al Se STRAT ¢2 (Fo}— 9, (Fo)] 
and 


C= 5 XF(X)Vq in X)— | [K (ns 0)+ Poy (ns 0}] d Fo. 


Then, the substitution of (6-5-33) into (6-5-32) gives the final solution of the problem at hand, 
Some particular cases of this solution have been given by Sneddon /28/, Carslaw and Jaeger /29/, 
Danilova /31/, and others. For example, if, 


T (1, Fo) =0, T (0, Fo) = 
oT Fo) a Po (X, Fo) = Po, exp (— Pd’ Fo), 


then solution (6-5-32) becomes 


Ji (%. ba) 
es hay (Jo (en X) Ve (thn) — n Velen 
p> Fuad etapa) Cee deta) = ellen Malte SN 6 


Po, 
x {exe (— Hy Fo) + 2 Pa 


[exp (— p?2 Fo) — exp(— Pd’ Fol 


where py, are the roots of the charcteristic equation 


Jy (x44) Yo (4) — Jo (v4) Ys (x14) = 0. 


d) Unsteady potential fields for uncoupled 
heat and mass transfer 


Since the system of differential heat-transfer and mass-transfer equations 
can be reduced to a system of two uncoupled parabolic-type equations, it will 
be convenient to consider some typical problems of this kind in which a con- 
tinuously acting heat or mass source (sink) is present. The differential 
equation and boundary conditions are 


Z : 3 
0 (PO) oa SAIN Fo} eto Yr fade Fo) +Po (Xx, Fo); (6-5-34) 
Z(X, ota (6-5-35) 
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0Z(0,F 
ee = 0; (6-5-36) 


CAL Fo) + Bi[Z,—Z(1. Fo)]=0. (6-5-37) 


In equations (6-5-34) through (6-5-37) the notation is that of §5-5, and the 
potential [in the surroundings] is 


Zo=Z 
Zo==——. 
24 


The problems given below have been solved by means of Fourier integral 
transformations. The solution of differential equation (6-5-34), with limit- 
ing conditions (6-5-35) through (6-5-37), can be written in the generalized 
form: 


Z(X, Fo)=Ze+Y) By, (vnX) exp(—, Fo) X 


n=l 


Fo 
X| [ R-exp (4; Fo*)d Fo* — ¥,, (6-5-38) 
0 


where B,, and W are defined (for a plate, cylinder, and sphere) by equations 
(6-5-18), (6-5-19), and (6-5-20). The functions ®, (42X) and R, for the given 
body shapes are 


j 
r=0 $,=cosp,X; R,= [Po (X, Fo) cosp,X dX; 
0 


1 
Po=1 ®,=Jy(tnX); Ry= JX Po(X, Fo) J, (aX) 4X; 
0 


t 
_ __ Sinpanx , a sinh nX 
Poa2 @, = SRbM R= [XPo(X, Fo) =ate% gx, 
0 
If the initial distributions of the transfer potentials are uniform, then 
F(X, 0)=Oand F,(X)=Z,, so that (6-5-38) becomes 


Z(X, Fo) =2,—Ze y A,B, (nX) exp (— B. Fo) + 
a=! 

oo Fo 
+S) B,, Py (nX) exp (— ». Fo) i} R, exp (¥, Fo*) d Fo*, (6-5-39) 
asl 
where A,, and », for the plate, cylinder, andsphere are defined, respectively, 
by the pairs of equations: (6-5-5) and (6-5-4), (6-5-7) and (6-5-6), (6-5-9) 
and (6-5-8). For Po(X, Fo)=0, we obtain the solution (6-5-17). 

Let us now consider some particular cases of solution (6-5-39), 
1. Po(X, Fo) = Po, is constant: 


Z— 2, 1 2 
pam i+ gargry Po (1-44 gr) 
- p 
=), (' + a } Ap, Pry (en X) exp (— 2 Fo). (6-5- 394) 
n=! ‘ 


If we set Po,=0 (no source), then (6-5-394) simplifies to solution (6-5-10), For the steady state (Fo = oo) we 


have 
zZ—Z, 


! 2 
=1+ QP +1) Pe (1—4*+ gr): 
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The average value of the dimensionless potential given by (6-5- 394) is 


ore) 

es | Po 

7 =1+ Po, ore: 1) a|-)) ( + Pm exp(— Th Fo), 
} 


where n,='/, for P=0; ny= "Is for P=1;andn,="/;, for! =2, The formulas and tabulated values for 
coefficients Dp, were given in subsection 6-5, b. 
2, For Po(X, Fo) = Po, exp(— Pd’ Fo), the dimensionless potential is 


Po = 
sl — py Il — Gp (V Pa’X)] exp (— Pd’ Fo) — 


ao 
Po, 
“ee 3 ( 1— Pan w ten (4nX) exp (—p2 Fo), 
where for an infinite plate 


cos V Pd’X . 
G, = ___ 1 ___ Cas, » 
cos Y Pd’ — = Y Pd’ sin Y Pd’ 


for an infinite cylinder 


a Jo(VPd’X) ; 
i“ a 1 ae Aare 
J(V Pd) — pV Pd’ ,(V Pd’) 
and for a sphere a 
sin Y Pd’X 
ee! ae 
Ge 


~~ (Bi — 1) sin Y Pd’ + Y Pd’ cosy Pd’ 


Together with the above, let us give the solution for a semi-infinite body. The limiting conditions may 
be written as 


aZ (1, F 
UFO) + Bilt —2(1, Fo)}4+-Ko Lu Kim (Fo) = 0. 


_ OZ (co, Fo) 
02 (0, Fo) ait Z(0, Foy] =0 
Palate tac Maia = , Fo)] =0, 
where ox 
z— 220 
- Ze 2q 


In this case ; 
| 
Z = erfe —-—= — exp [Biz + BY? ie Fos 
erfc 2V Fo. exp (Bi, +- Bi’. Fo;] erfe (5 V Fo. + Bi, VFor) ie 
1/2n 
v Pos, x 
+ PosFos* Tt ijq + (Bir za lore P(1 + Jan) X 
2 
a 


X {exp {Bi, + Bi? Fo,] erfc G 77 + Bi, VF, )— 


— 7 —_ Fo. cm fee 
xX 2 Bi, VY Fo,)i erte ah 


m=0 


where I is the gamma function, and where 


wx? 


a ar, 
Bi, = 4%; For =a? Pos = Dat’ 
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3. Let us now generalize the solution given in problem 2, Once again it is assumed that equation 
(6-5-34) is valid, that a continuously acting exponential source term (Po=Po,exp(—Pd’Fo) is present, and 
that constant initial conditions Z(X, 0)=Qand symmetry conditions (6- 5-36) are observed. However, in 
contrast to the solutions given in problem 2, we assume here that the exponential source term also enters 
into boundary condition (6-5-37), so that we have 


er Bi (l — Z(1, Fo)] + Ko Lu Ki,, (Fo) = 0, 
where 
Z—2,, 
2 ~ 2g — Zz 


K1,, (Fo) = (Kim — Kims) exp(— Pd Fo) + Kins: 


Kina = jos (k = 1,2; Jma == Constant); 


RR 


Pde =a 


the quantity & in the last equation being the variation rate of the exponential source term in the boundary 
conditions, For these limiting conditions, the solutions for a plate, cylinder, and sphere have the following 
form /34/; 


— Ze 
Zc — Ze 


=1—8m3 —p ros [! — G,(Y Pd’X)] exp(— Pd’ Fo) — 


— (81 — 8mo) Gr (WV PdmX) exp(— Pd aFo) — 


Om: — 2m) Ba — Pua) ye Po, 2 
-y [ —9uo— car eer Ca ee rant A,,, Pr, (unX) exp(—p,, Fo), 


n=l 


where the coefficients G.were defined in problem 2 preceding, and where 


Lu Ko Kima 


ome = Bi (k = 1, 2). 


Generalized solutions (6-5-12) and (6-5-17) describing the propagation of transfer potential were obtained 
by comparing particular solutions for bodies with plane, cylindrical, and spherical symmetry, 


The method by which a general solution of the differential transfer 
equation 
0Z(X.Fo) __ 09Z(X,Fo) , TI Zdee OZ (X Fo) set 
Sa) Gani CE +< (6-5-40) 
may be obtained is of great interest, since with such a solution it will no 
longer be necessary to solve problems for each body shape separately. 
Such methods have been proposed by several authors, and here we will con- 
sider that of Gol'dfarb /32/. 


Following Gol'dfarb, we set l=2v+l1, so that for a plate pics fora 


cylinder v=0, and for a sphere v='/2, The initial distribution over the sys- 
tem cross section will be assumed constant and equal to 


Z(X, 0) =0. 
Whena Laplace transformation is applied to equation (6-5-40), we obtain 
zn Pt 2, —sZ,=0. (6-5-41) 


The general solution of equation (6-5-41) may be written as 


Z, =A, (V'sX)l, (VsX)-+ A, (V sX)"K, (fs), (6-5-42) 
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where A; (i=1, 2)are constants; I,and K, are vth-order Bessel functions of 
the first and second kinds, having purely imaginary arguments: 


=} — tate 
k-0 


K, (4) = sam HI (4) — 1, ))- 


Nis the Gauss or gamma function. 

Specific solutions may be obtained simply by determining constants A; 
from the boundary conditions and then finding the inverse transform of 
formula (6-5-42). 

1. For boundary conditions of the first kind, 

Z(0,F a 
Z(1,Fo)=Ze; “Se —0; Zo 2a, (6-5-43) 
solution (6-5-42) has the form 
I LW sx) 
: =2e(x erat sl(¥'s) 


By means of the expansion theorem we can obtain a solution of the problem 
in the following final form: 


my 2 1 Jy (Hn X) 
oe 20 — a vody m -_ 2 a ; 
= 1 irs (+) Toya) exp(—» Fo), (6-5-43') 
where p, are the roots of the characteristic equation 


J, (+n) — 0; 


and a is a vth-order Bessel function of the first kind, with a real argument: 


feo] 
_ (—1)* u \%+2k 
J, =) rarer & 
=0 
2. For boundary conditions of the second kind: 


ANE Et) 02 (1.Fo) 4 Kj 9, 92(0,Fo) _¢ 


y (6-5-44) 


solution (6-5-42) has the form 


»  1,(WVsX) 
Pog Sg ) ew 


The inverse transform is found, by means of the expansion theorem for 
multiple roots, to be 


Z(X, Fo) == Ki E (2¥-4-2) Fo x#— 243 _ 


+4 
Yet (e) Ves ew -etPo 
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where p, are the roots of the characteristic equation 
Jy41 (Pn) =0. 
3. For boundary conditions of the third kind: 


— EPO) 4 Bi (2, —Z (1, Fo)]=0; 27 0 Fo) =0, (6-5-45) 


solution (6-5-42) becomes 
1 \y ™ 
(x) 1,(VsX) 


2.7% a —, 
s [ I, (Vs)+ 5 Vai, (V5)| 


L 


The corresponding inverse transform is 


ao. - 1 \y J, (4nX 
ae! a YP (Hn) (x) ay exp (— 12 Fo) (6-5-45') 
n=! 


where 


2Bi 
P, (tn) = (Bi —2v) Bi+ 2’ 


and #, are the roots of the characteristic equation 
J, (un) ] 
Jv (Un) "Bi Bn: 

The particular solutions for an infinite plate, cylinder, and sphere may 
be obtained in their familiar form from the above solutions, provided we 
substitute the values v=—'/:; 0; +'/, respectively. When this is done, it is 
important to recall the following relations between Bessel functions of frac- 
tional order and the trigonometric functions: 


V 2 2. 
Jii2g(Q=Y ~ 0084s Ji (#2) =V = Sin u; 
y 2 fsinu 


6-6. The Effects of the Dimensionless Numbers on 
Heat and Mass Transfer 


The solution of the system of equations describing heat and mass trans- 
fer indicates in what way the process depends on a large group of heat-ex- 
change and mass-~exchange similarity criteria [dimensionless numbers]. 
For example, the dimensionless temperature function can be written as 


T=T(X, Fo, Big, Bim (Or Kim), Lu, e, Ko, Pn, Pd, Po, W, V, PI’). 


However, all the criteria do not affect the development of the process to the 
Same degree, Some of them have their main influence on the heat exchange, 
while others have their main influence on the mass exchange. A variation 
in the conditions of interaction between the system material and the sur- 
roundings (that is, a variation in the form of the boundary conditions) leads 
to a variation in the effects which the similarity criteria have onthe process. 
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The aggregate of similarity criteria may be classified into several 
groups, depending on their role in the heat and mass transfer, They may 
be criteria of the surface heat and mass exchange (the Biot or Kirpichev 
numbers), criteria of the heat and mass transfer (the phase-transition ratio; 
the Kossovich and Posnov numbers), criteria of the coupling between heat 
and mass transfer (the [Lukomskii] number Lu), criteria of the unsteadiness 
(the Fourier and Predvoditelev numbers), and the dimensionless parameters 
describing the initial nonuniformity of the distribution, 
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FIGURE 6-47, Unsteady dimensionless- temperature 
field, for constant mass-exchange rate (Lu= 0,3; 
e= 0,4; Ko=4; Pn= 0,25; Kim = 0.5; Big= 10) 


Let us first consider the effects of individual similarity criteria on heat 
and mass transfer when the mass-exchange rate is constant. Studies of un- 
steady potential fields have shown that, in contrast to the apparent simplicity 
of this process, it is actually controlled by a very complicated mechanism, 
which is no less varied in its effects than the mechanism behind a mass-ex- 
change process whose rate is a function of the surface mass-transfer poten- 
tial. 

Analytical investigations of unsteady potential fields have indicated that 
for a constant mass-exchange rate two stages of process development must 
be distinguished. The first stage is characterized by heating of the system 
material and by an extremely unstable mass-transfer-potential distribution. 
At the end of this first stage (Fo = 0.5 to 0.7) the distribution of mass-trans- 
fer potential becomes parabolic. The unsteady fields for this stage must be 
calculated using the complete solution (6-2-40) and (6-2-41); as usual, the 
smaller the value of Fo, the greater are the number of terms of the infinite 
sum which must be used in the calculation. The second stage of the process 
is characterized by a further development of the potential fields. This stage 
proceeds in an ordered or quasisteady way, so that it is permissible to use 
the simplified solutions (6-2-42) and (6-2-43) in the calculations. 

The temperature of the surface layer of the material rises very rapidly 
from the very beginning of the process, so that appreciable temperature 
gradients appear in the interior of the material (Figure 6-47). The lower 
the value of Lu, the criterion for coupling between the heat and mass trans- 
fer, the more intensive is the heating of the material and the more rapid is 
the establishment of the quasisteady temperature distribution. Each layer 
has its own constant temperature, so that the distribution of temperature 
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over the thickness of the material becomes parabolic. The experimental 
studies of Kazanskii and Lutsik /33/, Polonskaya /12/, Lebedev /20/, and 
others have confirmed these theoretical conclusions (see Figures 6-48, a 
and 6-49), 
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FIGURE 6-48, Experimental curves for the time variation of; a) the mass content 
U=Cm 4; b) the temperature; and c) the rate of variation of mass content, at vari- 
ous depths in cellulose (according to the experiments of Kazanskii and Lutsik). 


1) distance from surface, 5mm; 2) 15 mm; 3) 25 mm; 4) 35 mm; 5) 45 mm; 
air temperature 78°C 


An increase in the Kirpichev mass-exchange number reduces the aver- 
age and local temperatures in the material according to a linear law 
(Figure 6-50). On the other hand, an increase in the Biot number raises 
the temperature of the material (however, for Bi,>10 this effect is very 
slight (Figure 6-51)). Increases in the phase-transition ratio, the Kos- 
sovich number, and the Posnov number intensify the first stage of the heat- 
ing only. After the heating front reaches the center of the material, these 
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quantities reverse, so that the quasisteady state with respect to tempera- 
ture is first attained by a material with lower values of these dimension- 
less numbers. 


FIGURE 6-49, Verification of the FIGURE 6-50, Effect of the Kirpichev mass-exchange number 
parabolic temperature distribution on T and @, for a constant mass- exchange rate 
(according to the data of Polonskaya) 


Along with the heating of the material, a removal of mass to the sur- 
roundings begins. From the very beginning of the process, the mass trans- 
fer affects the total thickness of the material. However, depending on the 
value of the compound Fedorov number (or the numbers e, Ko, and Pn), as 
well as on the value of Lu, this effect may have different forms (see Figures 
6-52 and 6-53). The evolution of the distribution of mass-transfer potential 
for a typical example is shown in Figures 6-52 and 6-53, c. 


FIGURE 6-51, Effect of the Biot heat-exchange number 
on 7 and @, for a constant mass-exchange rate 


Due to the rapid rise in temperature in the surface layer of the material, 
vaporization of the bound matter occurs, at arate which decreases with in- 
creasing distance from the surface, On the other hand, due to thermal- 
gradient transfer, some of the moisture moves into the body interior and 
increases the mass content, and thus the mass-transfer potential § as well 


(but it reduces the value of the dimensionless mass-transfer potential 


o="5—), of the layers adjacent to the surface, in comparison with the 
0 


initial values. As aresult, a complicated distribution of mass-transfer 
potential, which may have one or several points of maximum or minimum 

@, is formed in the body. Later, under the influence of the transfer -poten- 
tial gradients these extrema undergo relaxation. Then, the wave of reduced 


24 G4 
a 0025 050075 000 02S OOS 10 
a b Cc 


FIGURE 6-52, Distribution of dimensionless mass- transfer potential in the material (Lu= 0,3) 


a) Fe=eKoPn=0.3; b) eKoPn=0.4; Cc) eKoPn=0.5. 


dimensionless potential 6 shifts gradually toward the center of the material 
and decreases in amplitude. The relaxation of the extremum is terminated 
at values of Fo from 0.4 to 0.7. The distribution of 8 then becomes para- 

bolic and it becomes a linear function of Fo, that is, a quasisteady state is 
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FIGURE 6-53, Variation with time of the dimensionless mass- transfer potential 


a) Feme Ko Pn=03; b) 2 Ko Pn=0.4,; c) e Ko Pn=05. 


established. Thus, the rate of mass transfer in the layers also becomes 
constant, but is different for different layers. The constant rates of mass 
exchange in the individual layers are established more or less simultane- 
ously, although for different conditions and for materials with different 
combinations of similarity criteria there may be a slight tendency for the 
constant rate to be established earlier in deeper layers and later in surface 
layers or vice versa. 


283 


The compound dimensionless number Fe (or its components e, Ko, and 
Pn) and the dimensionless numbers Lu and Ki, have the greatest effects on 
the mass-content distribution or the distribution of the dimensionless po- 
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FIGURE 6-54, Distribution of 
mass content u(%) in the interior 
of cellulose (R is the distance of 
the layer centers from the outer 
surface of the body, in mm) for 


various times of drying 


tential 6. A virtual variation of the individual 
similarity criteria shows (Figure 6-52) that for 
lower Fedorov numbers the distribution of 9 at 
the initial stage of the process is more nonuni- 
form and that at the same time the wave of the 
reduced dimensionless mass-transfer potential 

is formed closer to the surface of the material 
and has a larger amplitude. Also, the ''dehydra- 
tion'' which the central layers of the material 
undergo during the initial moments will be greater 
(Figure 6-53). As the Fedorov number increases, 
the amplitude of the 'moistening'' wave decreases 
and for sufficiently large Fe this wave disappears. 

As the criterion Lu of the coupling between the 
heat and mass transfer increases, the develop- 
ment of the mass fields becomes more intensive; 
the absolute value of the extremum first increases, 
then for Lu>0O.3 it begins to decrease, and finally 
it degenerates. Consequently, a wave of increased 
mass content need not be observed in all materials. 
For materials with high Lu this wave may be ab- 
sent. It is important tonotethat, fromthe thermo- 
dynamic point of view, heat and mass transfer are 
not equally probable for all values of Lu and « KoPn. 
For low Lu, values of eKoPn <0.3 are more prob- 
able, while for Lu >=0.3, we have Fe =eKoPn>0.4, 
Under quasisteady conditions 9 is a linear func- 
tion of Lu and eKoPn. 

The above-described properties of the distribu- 
tions of mass-transfer potentials for constant 
mass-~-exchange rates have been confirmed experi- 
mentally by the interesting studies made by co- 
workers of Kazanskii (Lutsik and Oleinikov) /33, 
34/, These investigators used gamma-ray spectro- 
scopy to observe the unsteady hydrothermal field 
in a typical porous colloidal body (see Figure 6-48, 
b and c, and Figure 6-594), 


The mass fields are affected only by one of the dimensionless numbers 
characterizing the surface heat and mass exchange (that is, by Kin and not 


by Big). 


As the Kirpichev mass-exchange number increases, the dimen- 
sionless mass-transfer potential increases linearly. 


If Fo is increased, 


then the rapidity of increase of @ as a function of Kin increases too (Figure 


6-50). 


The average dimensionless mass-transfer potential is self-similar 


with respect to the quantity Bi, (Figure 6-51), whereas the local potential is 


self-similar only for Fo >1.0. 


The latter fact is also evident from equa- 


tion (6-2-43); under quasisteady conditions ® is independent of Big. 
When the mass-exchange rate is-a function of the surface mass-trans- 
fer potential, unsteady fields of transfer potential do not show extrema. 
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Therefore, let us analyze the process under these conditions from the point 
of view of the effects of individual similarity criteria on the transfer. 
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FIGURE 6-55, Distributions of heat- transfer and mass-transfer potentials inside a plate, 
for different values of Lu 


The most important effect which a dimensionless number has én the heat 
and mass transfer is that of Lu. Figure 6-55 indicates that for low values 
of Lu the heat-transfer potential (temperature) spreads considerably more 


TABLE 6-53 


Effects of Lu on the average heat-tansfer and mass-transfer potentials and on their 
variation rates 


dT/dFo 


~! for Lu values of 
d@/dFo 


T/8 for Lu values of 
Fo 


1.0 2.0 


rapidly than the mass-transfer potential. For Lu=1 heat and mass are 
transported at the same rate, while for Lu>1 the propagation of the poten- 
tial @ leads the development of the temperature field. However, perfect 
symmetry in the transfer properties at Lu=1.0 is not observed. 

In order to compare the transfer characteristics let us consider what 
happens when Lu is equal to 0.5 and to 2.0, that is, when the temperature 
conductivity {thermal diffusivity] is, respectively, twice as great and half 


285 


as great as the mass-transfer potential conductivity. Table 6-53 and Figure 
6-56 show that the difference amounts to 12% for the average potentials 
and as much as 200% for the ratio of their variation rates. Perfect equality 
of the heat-transfer and mass-transfer potentials is not observed at exactly 
Lu=1.0, but occurs at Lu<1.0. If Lu in- 
creases for a given value of Fo, the average 
temperature of the body drops and the rate 

of variation of @ and 7 increases; the process 
of heat and mass transfer then takes place 
more uniformly (Figure 6-57). 

Heat and mass transfer are influenced 
considerably by the surface heat-exchange 
and mass-exchange numbers (Bi, and Bin). 

For low values of Bi, the rates of variation 
of potentials T and 9 are negligible, and the 
potential gradients are small. As Bi, and Bi», 
increase, the heat and mass transfer intensi- 
FIGURE 6-56. Symmetry of potentials fies, while the potential gradients increase. As 
pean at Respect tobi 4.0 a result, considerable stresses may appear in 
the material, sothat conditions are created in 
which buckling may appear, leading to the appearance of cracks and pores. 
The calculation results plotted in Figures 6-58 and 6-59 show that after 
stabilization of the process (Fo >0.2) the Biot heat-exchange number begins 
to have an effect only on the time development of the heat transfer (7, dT/dFo) 
and no longer affects the mass transfer (@, d@/dFo), whereas the Biot mass- 
exchange number begins to affect only the time development of the mass 
transfer. Consequently, a particular result is that the rate of variation of 
the average dimensionless potential is independent of the Biot heat-exchange 


LL 
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number (Figure 6-60). At the same time the heating rate © is a function of 
T and Big. 

Under actual conditions the Biot heat-exchange and mass-exchange num- 
bers are functions of one another. This interrelation is determined by the 
formulas describing the heat and mass balances. It is found that Bi, varies 
with Bi,, and that their numerical values are of approximately the same 
order. As Bin and Bi, increase, the temperature rises considerably, the 
heating rate increases, and for lower ® steady-state conditions are estab- 
lished. The experimental data of Lebedev and also Chizhskii confirm quite 
well the results of these analytical investigations. 

The heat-transfer and mass-transfer criteria also include the Kossovich 
and Posnov numbers, as well as the phase-transition ratio e. The properties 
of the first two are similar to those of the Biot number, but in contrast to 
the latter they describe internal processes of heat and mass transfer. The 
quantity Pn practically affects just the field of mass-transfer potential, 
while the Kossovich number practically affects just the temperature field 
(Figure 6-61). As the figure shows, increases in Ko and Pn are accom- 
panied by decreases in the average and local heat-transfer and mass-trans- 
fer potentials, according to linear laws. This linearity is observed for all 
values of Fo. When Pn decreases, the intensification of the mass transfer 
is accompanied by an improvement in the temperature conditions, since the 
process takes place at lower temperatures of the material. Calculations 
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show that as the mass content decreases a sharp drop in Pn occurs, a 
result which has been confirmed experimentally. 


FIGURE 6-57, Coupling between the heat-transfer and 
mass-transfer potentials and between their rates of vari- 
ation, for various values of Lu 


The above analysis implies that the surface mass exchange is governed 
by Bi,, and the internal mass exchange is governed by Pn. Consequently, 
the two dimensionless numbers Bi,, and Pn (or their ratio) determine com- 
pletely the mass exchange ina body, and the ratio between d0/dFu and @ is 
uniquely determined by the single compound dimensionless number Bi,,/Pn. 


FIGURE 6-58. The heat-tansfer and mass- transfer 
potentials as functions of Bly 


Actually, values of 6 may be fitted quite well to a consecutive series of 
Bi,,/Pn values, as is evident from Table 6-54, Such a functional relationship 
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must apply equally well to different modes of evaporation of liquid from a 
material, since the mechanisms of heat and mass transfer are the same 

in all cases. The relation obtained between the dimensionless numbers has 
been completely confirmed by the experiments of Lebedev and Lisenkov /20/, 


ae 


FIGURE 6-59, Heat-transfer and mass- transfer potentials as 
functions of Bim 


whose results are plotted in Figure 6-62. It is a very interesting fact that 
this relation between the dimensionless quantities is valid both for a con- 
stant mass-exchange rate and for a rate which is a function of the surface 
mass-transfer potential. Analogously, the rate of heating of a dispersed 
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FIGURE 6-60, Rate of variation of dimensionless mass-transfer potential, for 
various values of Bi, 


medium is also governed by Bi, and Ko, and the relation between d7/dFo and 
T is uniquely determined by the compound dimensionless number Bi,/Ko 
(Table 6-55), 

The phase-transition ratio e has the same effect on the heat and mass 
transfer as the Kossovich number, The only difference lies in the intensity 
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of the influence exerted on the heat transfer: that of e is less than that of Ko. 


The curves describing the effect of e on potentials 8 and 7 are similar to 
thos for Ko. 


FIGURE 6-61. Heat-transfer and mass- transfer potentials as functions 
of the Posnov and Kossovich numbers 


Let us now estimate what effect the phase-transition term in differential 
heat-transfer equation (4-1-2) has on the distributions of heat-transfer and 
mass-transfer potentials and on their variation rates. Analytically, this 


TABLE 6-54 


Values of 6 for various values of Bin/Pn 


Po Separate values 
BI, {Pa | —_——-—__________- } 
os | os | o6 | o7 | o8 | 10 [| 15 | 20 | By | pn 
10 0.225 | 0.254 | 0.283 | 0.312 | 0.340 | 0.395 | 0.518 | 0.618 5 0.5 
12 0.250 | 0.277 | 0.305 | 0.333 | 0.361 | 0.417 | 0,544 | 0.646 10 0.8333 
14 0.253 | 0.283 | 0.314 | 0.344 | 0.374 | 0.431 | 0.556 | 0.656 7 0.5 
15 0.262 | 0.292 | 0.322 | 0.351 | 0.381 | 0.438 | 0.564 | 0.664 10 0.6667 
20 | 0.275 | 0.307 | 0 339 | 0.370 | 0.401 | 0.459 | 0.584 | 0.683 10 0.5 
30 0.291 | 0.326 | 0.358 ] 0.391 | 0.422 | 0.480 | 0.607 | 0.704 10 0.3333 
15 0.5 
40 0.304 | 0.338 | 0.371 | 0.404 | 0.435 | 0.494 | 0.620 | 0.717 20 0.5 
60 0.305 | 0.341 | 0.377 | 0.412 | 0.444 | 0.505 | 0.630 | 0.724 10 0.1667 


this can be done by comparing solutions of system of equations (4-1-2) and 


(4-1-3) with negative and positive e— p La The difference between the 
g 


results for the two cases will be twice the quantity ein O The calculation 
gq 


results are given in Table 6-56, which indicates that the heat source has 
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its greatest effect on the temperature field and has almost no effect on the 
field of mass-transfer potential or on the rate of heating of the body. The 
effect of the heat-source strength on the rate of variation of mass-transfer 
potential is also small, amounting to about 5%, 
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FIGURE 6-62, The function >—- = f (®) for various values of the compound dimensionless 
number Bi»,/Pn: for sand (A), clay (B), and pine wood (C) 


1) drying in a high-frequency field; 2) drying by infrared radiation; 3) drying by hot air; 
4) contact drying 


The dimensionless parameters describing the nonuniformity of the initial 


distribution of transfer potentials (w = sae nase and V=sae affect the transfer of 


TABLE 6-55 
Values of T for various values of Bi,/Ko 


Fo Separate values 


BI, /Ko 


0.7 Bly Ko 
0.599 152 
0.633 2.0 
0.653 1.2 
0.664 1.6 
0.695 1.2 
0.727 0.8 
0.744 1.2 
0.761 0.4 


heat and matter only at the beginning of the process. Subsequently, during 
the stage of the ordered process, the rates of heat and mass transfer are 
independent of these parameters, To the accuracy usually necessary in 
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practice it is possible to neglect the effect of W on the mass character- 
istics for all values of Fo =1.0, whereas the effect of parameter Von the 
distribution of T and ® should still be taken into account up to values of 


_— 


8=0.7 and Fo= 2.5. 
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FIGURE 6-63, Effect of form factor [ on heat and mass transfer 


In conclusion, let us consider the effect which the shape of the body (as 
expressed by the form factor If) has on the process of heat and mass transfer. 


TABLE 6-56 


Percent effect of heat source due to phase transitions on heat-transfer and mass- transfer 
potentials and on the rates of potential variation, as functions of various dimensionless 
quantities (mean arithmetic values) 


Dimensionless = Ay 5 ¥ 
number | : 8 dT /dFo | d@jdFo 
Lu 20 9 10 
Bi, 15 5 9 
Blin 20 2 ae : 
Pn a1 ae ee) a ea ae eas 
Ko Ee ee ee ee ee en 
Average 19.4 5.4 10 2 


Figure 6-63 indicates that, as the form factor I increases, the average 
temperature of the body drops, for a given value of the dimensionless 
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mass-transfer potential. The rate of variation of mass-transfer potential 
throughout the whole process is considerably higher for a sphere than for 
a cylinder or for an infinite plate. The drop in heating rate with an in- 
crease in @is also more marked for bodies with larger values of f. Thus, 
we may Say that an increase in fF accelerates considerably the mass ex- 
change and reduces the average temperature of the material. 

On the basis of the above analysis, it is possible to neglect some of the 
dimensionless parameters during calculations of unsteady potential fields, 
and in this way to simplify considerably the analytical model describing 
molecular heat and mass transfer. Thus, the simplified equations for the 
average transfer characteristics can be represented by the following func- 
tions of dimensionless numbers: 


T =T (Fo, Lu, Bi,/Ko, ¢, V, W); 
@ —0 (Fo, Lu, Bi,,/Pn, V). 
For constant initial potential distributions, or in the ordered-process re- 
gime for V=W=0, these functions simplify to 
T —T (Fo, Lu, Bi,/Ko, e); (6-6-1) 
@ = 0 (Fo, Lu, Bi,,/Pn). (6-6-2) 


Graphoanalytical processings of the many calculations made for unsteady 
fields of temperature and mass-transfer potential have made it possible to 
obtain the analytical functional equations (6-6-1) and (6-6-2) in explicit 
forms. Thus, for an infinite plate these functions are 


T = 0.559 Fo®-* Lu~°-°"8 (Bi,/Ko)°-°6-9-7*; 
0 = 0.462 Fo*-*" Lu®-* (Bi,,/Pn)?-”. 

For 8 this relation is valid for the following range of the dimensionless 
numbers entering into it: 0.4<Fo<2.0; 10< B= <40; and 0.15 <-Lu <1.0. 


The maximum deviation from the exact analytical results amounts to 7%, 
with a mean deviation of 2.9%. The minimum deviation of the calculations 
is in the range of Lu from 0.2 to 0.65 and for Bi,,/Pn from 11 to 35 (with a 
maximum error less than 4%), The greatest deviation occurs for Bi,,/Pn = 
=10 and Lu>0.7, For 7 the relation is valid in the following ranges: 


0.5<Fo <2.0; 0.15 <Lu <1.0; 5<z%<17; and 0.16 <e<1.0, The maximum 


deviation is 9%, with an average deviation of 2.8%. The greatest error 
here is obtained for Lu=1.0 (5.81%) and for Fo=0.5. 
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Chapter VII 


HEAT AND MASS TRANSFER IN A MEDIUM 
WITH VARIABLE POTENTIALS 


7-1. Unsteady Fields of Transfer Potential in a 
Medium Whose Temperature Varies Linearly 
or Exponentially 


In the foregoing we have considered heat and mass transfer in a medium 
with constant potentials. In most cases, however, real processes take place 
in a system whose temperatures and mass concentrations vary continuously 
with time. Thus, a body in contact with a heat carrier becomes heated, 
while the heat carrier, which has supplied heat to the body, cools off. This 
variation in the situation of the system and surroundings is particularly im- 
portant during calculations of the kinetics of diffusive extraction (fractional 
distillation, flotation, etc.) and diffusive electrical processes in electrolytes, 
as well as during calculations of dissolution, semicoking, drying, etc. In 
recent years particularly, engineers have often been involved with problems 
in which the temperature of the external medium varies appreciably with 
time. A mathematical model of actual heat and mass transfer must thus 
represent the variation in the potentials of the external medium; this is done 
in the boundary conditions. Such a generalization of the conditions can at 
the same time make it possible, to some extent, to apply the system of dif- 
ferential heat-transfer and mass-transfer equations to transfer phenomena 
in a stationary or even a moving layer of matter. 

Let us now consider solutions of system of equations (4-1-2) and (4-1-3): 

ay Y of 0@ 
aro [axe tx ax |—*Ke ore) 
a 2 
geo Le [serty Gx |—LuPa [syste Sr] 

for cases when the temperature of the medium varies linearly or exponenti- 
ally. The linear case is introduced because of its simplicity, and the ex- 
ponential case is treated because it is a good representation of the actual 
kinetics of the process. 

The boundary conditions for a one-dimensional body, when the tempera- 
ture of the medium drops linearly with time and when the mass exchange at 
the surface of the body is a function of the mass-transfer potential, are 
written as follows: 


TU Fo) —Bi, [1 —T (1, Fo) — Pd Fo] -+(1 —#) Lu Ko Bim [1 — 8 (1, Fo)] =0; 
(7-1-1) 


— 20 Fo) 4 py TUF) + Bi, [1 — 8 (1, Fo)] =0, (7-1-2) 
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bR? 
Ag (tog — bo) 
the variation rate of the temperature of the surroundings (6 is the constant 
rate of the linear variation of the temperature of the surroundings and fg, 
is the temperature at the initial moment). This definition for the Predvo- 


ditelev number is only a particular case of the general definition Pd=| Fi 


where Pd= is the Predvoditelev number, a quantity characterizing 


max 
It should be noted that heat-exchange boundary condition (7-1-1) was derived 
for the case when the temperature of the surroundings drops linearly with 
time, namely for ¢;¢ (*)=tce, —6t (which in dimensionless form is T,==1— PdFo). 
If the temperature rises with time, so that ¢,=/,,+ d¢=—t,-+ bt, then in all the 
solutions the sign of Pd must be reversed, 

The heat-exchange boundary condition when the temperature of the sur- 
roundings varies exponentially with time, namely when f,—?¢,,exp(— xt), is 


OT (1, Fo) 


 —Bi, [1 — 9 (1 — exp [— Pd’ Fo]) — 7 (1, Fo)] + 


+(1—e)KoLuBi,, [1 —@(1, Fo)] =0. (7-1-3) 


Here Pa = 2 is the Predvoditelev number for the given case of temperature 
q 
variation, and $= fe reo is the dimensionless temperature parameter. 
co 0 


Solutions of system of heat-transfer and mass-transfer equations (4-1-2) 
and (4-1-3) with boundary conditions (7-1-1) and (7-1-2) or (7-1-3) and 
(7-1-2), for constant or parabolic initial conditions, may be found by means 
of Laplace integral transformations. The methods used to solve this type of 
problem are no different from those considered in Chapters V and VI. There- 
fore, we will give here only the final results in generalized form, a particu- 
lar case of which is represented by the solutions already considered in §6-3. 
The solutions are 


wo 2 
T (X, Fo)=1—H, — $Y C,,9, (vitaX) exp (—p? Fo); (7-1-4) 
n=li=]) 
co 2 
| 
8(X, Fo)=1-+ Hy + a5 \) J) Cus (l — ¥;) & (vitinX) exp (—p? Fo); (7-1-5) 
and a=li=) 
co 2 
T=1—,— Dni €xp(— w. Fo); (7-1-6) 
= 1 a 2 
6—1+0,+ Dai (1 — v’) exp (— p? Fo) (7-1-7) 
eK nt i n ’ 
dp) 
where 


C,., —9 GyPre + G2Qns ° 


nbn : bran 


Di = (I ++ 1) C,O,; 
Pn = VA ons + V2BnQni 7 VAP ai — ¥, Bn iQanai 


vim (1 + eKoPn-+ iy)! / (i +ekoPnt ty — Es 


C,,.s=—2 GiPritG.Qni e 


’ 
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q B, 


+2(P+1)eKo(Pnw—v) U+AdU 1 yy. 
» 


"a 


G,==e Ko-+ 2e Ko (Pn W — V) E: cept, 
¢ m p 


n 


and #, are the roots of the characteristic equation 


Pr Qn2— PaQn, =0. (7-1-8) 


For an infinite plate: 


r=0; ®, (VittnX) =cosvip,X; O,= aie 


l : 
Ani= [1 FB tk (1 =y) sin Vittn +5r COS Vip; 


fo (1—v?)4+eKoPn. 
Bai (1 — v,) sin vittn + _ (SiN Vgun + Vifen COS Vyisn)3 


Qni= [1+ K, (1 — v3] COs Vita — Bi, Velen SiN Vin; 


neta 
Pag=(1 —¥)) C08 Vittn — ——57 —— Viten Sit Vittn- 


For an infinite cylinder: 


P13 ®,(vieaX)=J,(vipX); 0, = hes); 


Vithn 
Ans=[1+K,(1—v)] J, (vita) + a - Vithn Je (Vien); 
Byi=(1—v ods (Vithn) a iil = — Vittn Jo (Viten)s 
Qni = [1 + K, (1 — ¥)] Jo (Viten) — Br, Vien Js (Vittn): 
Pri=(1~ ¥2)Jo(Vitn) — nae vitin Js (Ven) 


For a sphere: 


sin v4, Qo. = SIN Velen — Vibn COS Veta , 
_=--eoaoor—a 


r=2; 8, (vy,X)=— —;—; 
a( ibn ) X ven , 
l ° 
Ani=[1 + K, (1 — ¥))] C08 Vittn — Br, Vibe Sin Vitra’ 
(1 — v3) + eKoPn 
Byi=(1 — V4) COS Vitn — ——p7 ——— Vit'n Sift Vitti 


] , l 
Qni= [ — ar, +A: (1 — v1)] sin Vittn TP Bye Vin COS Vittns 


. (1.—vjteKoPn 
Pri (1 — Vi) sin Vita — — (SiN Vittn — Vitin COS ViPn)- 
The law describing the temperature variation in the surroundings is: 


for t,==const 
O,=0; T,=0; It. =O; Tt, =0; M=0O; 
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for to = Lis wad a bs 


! 2 \}. 
H,=Pd|Fo— sepa (1—X*+57) js 


| F 
Uy =-sqrpay Pd Pa(l — X%); 
_ r+3 
1, = Pd [Fo— wrnrey (1+ Ble “Br ) | 
—~ | ° aah ay, 
1 ceyeeo ee Bn 


for to =te, exp (— xt) 


1.9 [1 + y Ci®,, (Viy/ Pd’'X) exp (— PaFo) |; 


i, 


—~'s =e (l—v ‘) 2, (viV Pd’X) exp (— Pd’ Fo); 


where 


The quantities Q,, Pi, ®.(vi;VPd’'X), and QO. for the respective body shapes have 
the same definitions as Q;, P;, ®,(vitnX), and O,except that p, is replaced by 
V Pd. 
For constant initial conditions ¥W=—V=0, and 
Tato. g— be —6. tag 


—— 


tog — ty’ 8) — beq? ee RT 


An analysis of solutions (7-1-4) through (7-1-7). shows that when the 
temperature variation in the environment is linear, the values of Fo above 
which the calculations may be simplified (since only two terms of the in- 
finite series need beretained) remain approximately the same (up to Pd 
= 0.25) as those when the temperature of the surroundings is constant (see 
Table 7-1). As Pd is raised above 0.25, the "initial'' values of Fo drop 
gradually. If greater values of the dimensionless time are taken, the effect 
of the infinite series on the values of the dimensionless potentials also de- 
creases. For example, in the equation involving the dimensionless temper - 
ature (for Pd =0.25; Big= 10; Bin= 10, e=0.5, Ko=1.2; Pn=0.5; X=0O) the 
infinite sum compares with the free term as follows: 

for Fo=5.0, it is 23.7% of it; for Fo=7.0, it is 1.31% of it; for Fo=10, 
it is 0.11% of it. 

Beginning with the value Fo = FoOgnasis, the dimensionless potentials are 
determined exclusively by the free term. The temperature at any point on 
a plate then becomes a linear function of the time and the distribution of 
temperature over the thickness of the material becomes parabolic. Conse- 
quently, above Fo = Foguasis: the same spatial temperature distribution is al- 
ways observed, and so this range is called quasisteady. By this time all 
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redistribution of mass-transfer potential within the body has stopped and a 
steady-state parabolic distribution of the potential @ has been established. 
For higher Pd, quasisteady conditions of the heating (or cooling) of a body 
are established at lower values of Fo. A similar situation is observed for 
other body shapes. 


TABLE 7-1 


Values of Fo above which the calculations of heat and mass transfer may be simplified; 
infinite plate and fo = teo — bt 


Parameter [41.% 
1.0 0.5 
x/R=0 0.73 0.88 
1—T 
x/R == 1 0.93 1.09 
x/R=0 0.79 0.95 
1—®@ 
x/R=1 1.04 
ey 0.12 0.17 
1—@ 0.14 0.30 
dT /dFo 0.26 0.35 


d®/dFo 


For the exponential case, a quasisteady transfer potential distribution is 
also established above some value of the Fourier number, However, in con- 
trast to the linear problem, this distribution is more complicated and ap- 
proaches some exponential curve asymptotically. 

Thus, for Fo>Foquasis equations (7-1-4) through (7-1-7) simplify to 


T (X, Fo)=1—T1L,; 
6(X, Fo)=1+4 ,; 
T (Fo) = 1 —IL; 
@(Fo) =1-+ I. 


To facilitate calculations of heat and mass transfer in a medium in which 
the temperature drop is linear, fg=t,,—6t, Tables 7-2 through 7-95 give the 
numerical values of coefficients C,;, D,,, and D,,as functions of the Predvo- 
ditelev number. Values ofthe characteristic-equation roots for the respective 
body shapes are given in the tables and graphs of Chapter VI. 

On the basis of the above generalized solutions it is possible to derive 
several solutions for particular cases of heat and mass transfer. 

Let us first give the solution for the case when the temperature of the medium varies linearly, 

1. Uncoupled transfer of heat and mass (Pn= 0; Ko=0; e= 0): 


papa [tom aeipy (t+ de) |-Yy (1+ BE 


n=l 


X An Pr (i4nX) exp (—w? Fo); (7-1-9) 
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TABLE 7-2 


oR? paces 
Coefficients Cai, Dr,, and Dz, as functions of Pd = Galea 4)" for an infinite plate 


(Lu = 0.3; ¢ = 0.5; Ko = 1.2; Pn = 0.5; Bi,, = 10; Bi, = 10) 


n=l n=2 n=l n= n=! a=2 n=! n=2 


0.04880 | 0.9378 | 0.3080 | 0.01452 | 0.2570 | 0.6500 |—0.9616| 0.1197 
0.1 0.04976 | 0.9903 | 0.3152 | 0.01532 | 0.2628 | 0.6867 |—0.9842| 0.1202 
0.2 0.05073 | 1.044 0.3225 | 0.01612 | 0.2687 | 0.7235 |—1.007 | 0.1265 
0.25 | 0.05125} 1.070 0.3261 | 0.01652 | 0.2716 | 0.7416 |—1.018 | 0.1297 
0.3 0.05169 | 1.097 0.3297 | 0.01692 | 0.2745 | 0.7603 |—1.029 | 0.1330 
0.4 0.05266 | 1.150 0.3369 | 0.01772 | 0.2804 | 0.7971 |—1.052 | 0.1394 
0.5 0.05362 | 1.203 0.3441 | 0.01852 | 0.2862 | 0.8338 |—1.075 | 0.1458 
0.6 0.05458 | 1.256 0.3514 | 0.01932 | 0.2921 | 0.8706 |—1.098 ; 0.1523 
0.7 0.05555 | 1.309: 0.3586 | 0.02012 | 0.2980 | 0.9072 |—1.120 } 0.1587 
0.75 | 0.05603 | 1.355 0.3622 | 0.02052 | 0.3009 | 0.9252 |—1.132 | 0.1618 
0.8 0.05651 | 1.362 0.3658 | 0.02092 | 0.3039 | 0.9440 |—1.143 | 0.1650 
0.9 0.05748 | 1.414 0.3730 | 0.02172 | 0.3097 | 0.9800 |—1.165 | 0.1714 
1.0 0.05844 | 1.467 0.3803 | 0.02252 |} 0.3156 | 1.031 {—1.88 0.1778 

TABLE 7-3 


Coefficients Cai, Dry, and Dg, as functions of Pd, for an infinite plate (Lu= 1.0; e = 0.5; 
Ko = 1.2; Pn=0.5; Bim = 10; Bi, = 10) 


Cri Cro Drn Don 
Pd i) ee 
n=1 | n=2 n=l | n==2 n=1 | n=2 a=1 n=2 
0 0.1399 | 0.03438 1.135 |0.003402| 0.9009 | 0.02439 | —0.8436/ 0.01538 
0.25 0.1498 | 0.08778 1.222 |0.007787! 0.9692 | 0.06206 | —0.909 | 0.03962 
0.50 0.1596 | 0.1412 1.309 |0.01217 1.037 0.09975 | —0.974 | 0.06386 
0.75 0.1695 | 0.1946 1.396 |0.01656 1.106 0.1374 |—1.039 | 0.08806 
1.00 0.1793 | 0.2480 1.483 |0.02094 1.174 0.1751 j}—1.104 | 0.1123 : 


TABLE 7-4 


Coefficients Cai, Dr,, and Dp, as functions of Pd, for an infinite plate (Lu=0.3, e = 0.5; 
Ko = 1,2; Pn = 0.1667; BI,, = 10; Big = 10) 


Cr Cro DTp Don 
Pd ee a 
a=1 | na=2 n=! | n=2 n=! | n=2 a=! | n=2 
0 0.04618 | 0.9158 0.3188 |0.005276| 0.2620 0.6353 {| —0.9045} 0.03952 
0.25 0.04536 | 1.062 0.3258 |0.006395| 0,2662 0.7368 | —0.9248| 0.04563 
0,50 0.04455 | 1.207 0.3327 |0.006914| 0.2702 0.8372 | —0.9446} 0.05209 
0.75 | 0.04373 | 1.353 0.3397 {0.007733} 0.2743 0.9386 | —0.9645)] 0.05839 
1.00 0.04292 | 1.499 0.3466 | 0.008552] 0.2783 1.040 —0. 9843 | 0.06471 


TABLE 7-5 


Coefficients Gri, Dr,, and D,, as functions of the Biot number; temperature of medium 
drops linearly (infinite plate) 


CrI Cn2 DTn Don 


n=! | n=2 n=! | n=? n=l | n=2 n=! | a= 


5 0.1643 1,010 0.3295 | 0.00990 | 0.3789 0.1278 
7 0.09726 1.054 | 0.3274 | 0.01266 | 0.3152 0.1303 
10 0.05125 1.070 0.3261 | 0.01652 | 0.2716 0.1297 


15 0.01597 1.079 | 0.3251 | 0.01773 
20 | —0.003319| 1.088 | 0.3243 | 0.01860 
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oo 
1 T+3 Pd 
7T=1—Pd [Fe—waenese (1 +75 )|-¥ ( +b) Paexp(—ws Fo) (7-1-1 0) 


n=! i 
where for an infinite plate, an infinite cylinder, and a sphere, respectively, we have: 


Sin pnX , 
@, = cos enX; Dy = Jo(bnX), Dy = aX ’ 


and where coefficients A, and D, are defined by equations (6-5-5) and (6-5-5'), (6-5-7) and(6-5-7'), (6-5-9) and 
(6-5-9'), and the characteristic roots obey equations (6-5-4), (6-5-6), and (6-5-8). 

2. If the temperature of the external medium increases linearly withtime, ¢¢(t)=t+6t, equations 
(7- 1-9) and (7-1-10) can be rewritten as 


ps} 1 2 
T= Ft, ~!— TIFF) Fo (1x14 5) + 
my A 
+ Yi er Or len X) exp( — 2 Fo); (7-1-11) 
wre 
= t—t, 1 r+3 
Pm ele eeeors (it) t 
00 D, 
+y “Tg exP (— wa Fo) (1-1-12) 
a=l a 


It is important to note that the quantity 7* defined by (7-1-12) is at the same time the relative heat content 
of the body. This is evident if we recall that the specific heat consumption may be defined as 


Q= egy [¢(s)— te), 


while the possible heat intake is 


Qe = Ca¥ [fo (t) — fo], 


Q —!()—t Fe 


Q ft&()—-% ° 


so that 


In order to determine the dimensionless temperatures at the surface (7*.) and at the center (7%e) of a 
plate, cylinder, or sphere, as well as the relative heat contents 7T* for these bodies, Kutateladze and 
Vinnikov /1/ constructed nomograms, These graphs, calculated according to (7-1-11) and (7-1-12), are 
given in Figures 7-1 through 7-9, 

3. If we set Big=oo in the above solutions, then the temperature at the body surface instantaneously be- 
comes equal to the temperature of the surroundings but then varies according to the linear lawT7 (I, Fo)= 
=!] F- PdFo, that is, we obtain boundary conditions of the first kind. For Big=oo equations (7-1-9) and 
(7-1-10) become 


oo 
] Pd 9 aes 

r=1—Pa[ Fo— apap —¥9|— (14 iF ) Abe eak) ex (— Hh Fok (7-1-1838) 
n=l 
toe) 

T =1—Pd| F Eee araad 14P2\ p 2 F (7- 1-14) 

mt —Pal Fo— ena |— (1 +e) Pace Fo) 
a=l 
Here, for a plate 4 3 


ren 5S Ama aye! Oo Ga 


2 4 
for a cylinder, #,are the roots of the equation J,(4)= 0 and the coefficients are An ==, (pa) and Da =~ 7 
n 


for a sphere, 
Bn =n; A, = 2(— 1)*+1, D, =>. 
Bp 
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Dimensionless temperature T*sat surface of plate, for linear variation of temperature of surroundings 


FIGURE 7-1. 
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Dimensionless temperature T*¢eat center of plate, for linear variation of temperature of surroundings 
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FIGURE 7- 2. 
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Relative heat content 7* of infinite plate, for linear variation of temperature of surroundings 


FIGURE 7-3, 
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Dimensionless temperature 7*, at surface of cylinder, for linear variation of temperature of surroundings 


FIGURE 7- 4, 
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Dimensionless temperature 7*ceon axis of cylinder. for linear variation of temperature of surroundings 


FIGURE 7- 5, 
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Relative heat content F* of infinite cylinder, for linear variation of temperature of surroundings 


FIGURE 7-6. 
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Dimensionless temperature 7s* at surface of sphere, for linear variation of temperature of surroundings 
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Dimensionless temperature T*ceat center of sphere, for linear variation of temperature of surroundings 


FIGURE 7-8. 
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7-9, Relative heat content 7* of sphere, for linear variation of temperature of surroundings 


FIGURE 


It should be noted that the above solutions were derived for “pure” heat conduction, However, they 
may also be used for calculations of mass conduction which is not complicated by heat transfer (in particular, 
to calculate the kinetics of a diffusion process). In this case, instead of the Biot heat-exchange number the 
Biot mass-exchange number Bim is introduced, and instead of Fo the dimensionless number Fom=LuFo is 
introduced. 

Let us now consider some particular problems in which the temperature of the surroundings varies ex- 
ponentially. 

1. Uncoupled transfer of hear and mass (Pn= 0; Ko= 0; e= 0): 


—(1—8 
T =1—8{1 —G,(Y Pd’X) exp (— PdFo)} — ) ee Pr (40%) exp(—w? Fo} (7-1-15) 


n=!| 


ce 9 j 
E os w? —(1 aos | 

y *, 

n=) 


where jsn, An, Da, and &,(p,X) are defined by the corresponding relations for the analogous linear problem, 
considered above. In addition, for an infinite plate 


cos VY Pd’X jee 1 ‘ 
CO ee We es et 
cos VY Pd’ — Bi, V Pd’ sin Y Pd’ y Pd’ (corV Pd’ — Br V Pd’) 
qg 
for an infinite cylinder 
Jo(V Pd’ X) _ 23, (Y Pd’) 
ie eee Nh ee pee I ae 
Jo(V Pd’) — gr VY Pd’ J, (V Pd’) V Pd’ 5,(V Pd’) — Br, Pa‘ (VY Pd’) 
and for a sphere 
sin VY Pd’‘X = one 
a a = 3 Bie (tanV Pd’ — V Pd) 


e 6, = 


Os (Bi, — 1)sin Pd’ + YPd’ cos Y Pd’ ’ 


Pd’ (Bl, — I)tanY Pd’ — V Pd] | 


2. If the temperature of the surroundings rises according to the law to = tm — (tm — ft.) exp(— xt), where 
tis the maximum temperature, at too, then (7-1-15) and (7-1-16) become 


ciel ee — 2 ss 
aE A 1 — G,(V Pd’X) exp(— neto-Y) tw? Pd’ Dy (unX) exp(—p;, Foy ( ) 


t— 


bin 


—s- = 1 — G, (VY Pa’) exp(— Pd’ Fo) -y i_ t T—p? /Pa’ exp (— pe Fo). (7-1-18) 
3. If we set Big =o in (7-1-17) and (7-1-18), then we obtain solutions for the case when the surface 

temperature is an exponential function of time, The form of the solution is the same as solutions (7- 1-17) 

and (7-1-18), but px», Aw and D, are here defined by the corresponding relations for the analogous linear 


problem, while Gpand Gp are: 
for a plate 


__ cos VPd'x, — ” tanV Pd’ , 
° cosyPd” ° V Pd’ 


for a cylinder 


Jo(VPa’'x) . — 2(¥Pd’, 
em  I(V Pa) ” a= Y Pd’ J, Y Pd’) ’ 
and for a sphere 
Gg, — Sn YPUX . G _ 3 (tan Pd’ — V Pd’) 
*" XsinYPd’ * Pd'tanV Pa 
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: =~ t—t, 
The variation with time of the average dimensionless temperature of the body, 7 = mae Fi for various 
m ~~ *e 


values of Pd' and for Big = 00, is shown in Figures 7-10 through 7-12. 


7 ——— 
Piet a 
0 10 20 J0 4.0 £0 
FIGURE 7-10. Time variation of average dimensionless 


plate temperature, for various values of Pd'. At the plate 


— tS exp (—Pd’ Fo) 


t 
surface Ty = oh ; 
m ft) 


FIGURE 7-11. Time variation of average dimensionless 
cylinder termperature, for various values of Pd'. At the 


ee 
cylinder surface 7, = sal exp (— Pd’ Fo) 


39 JD 4.0 4D 


FIGURE 7-12. Time variation of average dimensionless 
sphere temperature, for various values of Pd', At sphere 


—ts 
surface Ty= ne 7. &xP(— Pd’Fo) 
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7-2, Heat and Mass Transfer in a Medium 
with Variable Temperature 


If the temperature of the medium surrounding a body varies with time, 
then the Predvoditelev number (Pd), characterizing the rate of this varia- 
tion, appears in the analytical solution. Let us now evaluate the effect of 
the dimensionless number Pd on the heat and mass transfer when the tem- 
perature of the heat carrier drops linearly with time: t.=teo—br. 

As Fo increases, the dimensionless temperature first rises, then 
reaches a maximum (Tmax), and finally begins to fall (Figure 7-13). The 


bu=03;Pn=05 6 —-— — 
* Lu=10;Pn2Q5 @ 


~ 


Q 10 


FIGURE 7-13, Dimensionless temperature 7 and dimensionless mass- 
transfer potential @ as functions of Fourier number, for various values 
of Pd and for Pn= 0.8 


greater the value of Pd, the earlier (for low Fo and @) the temperature of 
the material will attain a maximum. For all Pd<0O.7 the absolute value of 
the temperature maximum decreases with increasing Pd. Thus for 


Pd=0, Fomax=2.8 and T maxy—1.0; 
Pd=0.25, Fomay=1.3 and T mya, =0.64; 
Pd=0.50, Fomax-=0.8 and T,,,, =0.59 


{where Fomax is the value of Fo at maximum temperature], For increasing 
Lu and decreasing Pn, the value of the dimensionless mass-transfer poten- 
tial to which the temperature maximum corresponds increases. Beyond 
Tmay a Sharper temperature drop is observed for higher values of Pd 
(Figure 7-14). 

It is interesting to consider the nature of the temperature variations at 
the center and surface of the body. Up toT=T ax, the temperature at the 
surface rises considerably more rapidly than that at the center of the material. 
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= === Ly= 05: Pn= 01667 


Q2 a4 Qs 


FIGURE 7-14, Development of the 7 =f (@) curves as Pd varies, 
for different values of Lu and Pn 


FIGURE 7-15. Rates of variation of dimensionless transfer 
potentials as functions of Pd 
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Once Tmax has been reached, however, the surface layer of the body begins 
to become cooled, since the temperature of the surroundings is then lower 
than the temperature of the body. On the other hand, heating continues at 
the center, sincets>fce. AS 800n aS ffs, all the layers of the body begin 
to cool off. The moment at which the maximum temperature occurs, as 
well as its absolute value, must be known for the proper control of various 
technological processés. In order to prevent condensation of the heat car- 
rier during certain transfer processes, it is advisable to stop the develop- 
ment of the process at the moment Fo max. 

As Pd increases, the rate of heating of the material decreases linearly 
(Figure 7-5), The variation in mass-transfer potential and in its rate as 
the Predvoditelev number varies is negligible; they both increase with the 
increases in Pd and Fo. Thus, for Fo=0.4 the increase in the rate of vari- 


ation (ao of mass-transfer potential from Pd=0.25 to Pd=1.0 is 8.5% and 


the variation in 8 is 3.5%. Accordingly, for Fo =0.8 the rises are 11.8% 
and 5.3%. As Lu increases, this same dependence of 8 on Pd is maintained, 
but is observed for higher values of 6. 


7-3, Heat and Mass Transfer with Periodic 
Variation of Temperature of Surroundings 


Periodic processes are among the most interesting of all unsteady-state 
transfer phenomena, particularly periodic heat-transfer processes. The 
latter may be observed, for example, in internal-combustion engines, in 
cyclic regenerators, and in various shielding devices. Such problems are 
important in the theory of automatic control and regulation, in meteorology 
and agrophysics, in the determination of diffusion coefficients, etc. Let 
us now consider some problems in which either the temperature of the sur- 
roundings or that of the body surface varies according to a simple harmonic 
law. 


a) Transfer of heat and matter in a semi-infinite medium 


Let us examine heat and mass transfer in soils. The experiments of 
Porkhaev /2/, Onchukov /3/, and others have shown that the transfers of 
heat and moisture in soils are coupled and that they obey basic laws which 
are the same as those considered by us for other media. Variations in the 
transfer potentials thus take place approximately as simple harmonic oscil- 
lations. The problems in this subsection will be solved in terms of dimen- 
sional quantities. 

We have the system of differential equations: 


a(t) og Slee) fm LP ee 
oe On egg re (7-3-1) 
oO (x,%)__ 0°68 (x, +) 

oe om xt (7-3-2) 


Let us assume that the heat transfer is subject to boundary conditions of 
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the first kind: 

t (0, c)=1#,, sin wt, (7-3-3) 
where ft, is the amplitude of the temperature oscillations at the surface of 
the medium, and w=2-v is the angular frequency (+ being the oscillation 


period). The boundary conditions for equation (7-3-2) may be written as 


dyn 2") + im [Bo — 8 (0, =)] =0, (1-3-4) 
where 06, is the transfer potential for vapor in the air over the soil. In addi- 
tion, we assume that 

t(x,0)==0; 6(x, 0) 6, =const; (7-3-5) 

Ot(co,t) -, 08 (00,2) a 


The transform solution of equation (7-3-2) subject to conditions (7-3-5) 
and (7-3-6) is known to be 


6 6, — 8, Ss. 
3 a Sa (f= x). (7-3-7) 
s(1 ty s 
m Ga 
If we now apply a Laplace transformation to equation (7-3-1), taking into 
account solution (7-3-7) and conditions (7-3-6) and (7-3-3), then we obtain 


=) 4to(-VE) 


Of m 
t= par ee (~Vib st A 
an\'+a.V ae 


Aexp (Vz x) 


SS (7-3-8) 


E(VEV'Z) 


_— ¢ 06m 94 — Bo 
A=e 7a ED BT 


where 


The inverse transform of the first term is found using the expansion 
theorem, while those of the last two terms are taken from transform 
tables. As aresult, the real part of the solution has the form 


t (x, t)—=tp, exp (— x Vx) sin (ws ay Vi 


Bin x Cen Om am \? 
Toa {eric - Re —exp E Ve Xx-+- (=) at | x 


X erfe (G2 Vant4 a7 \\—A {eric ; Fane om? ee x-+ (G2) ant | x 


Xue VE yn) 
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or in terms of dimensionless quantities 


4) = exp (— V Pd,/2) sin (Pd, Fo, — Y/Pd,/2) + 


+ {Rott (eric <1 — exp (Bim) VL + (Bin)? Lu Fog] X 


2Y Fo, 
, ———— 1 «Ko | — 
X erfc ( (Bin): Y Lu For +5 | er {eric Syl 
—erfc [(Bim)z + (Bip)? Lu Fog] erfc [ (Bin) / LuFo, +syuFE |}: (7-3-9) 


In this equation Fo,=“% is the Fourier number for the coordinate x, (Bim)x = 


=n is the Biot mass-exchange number for the coordinate x, and Pd, = 


= tae x* is the Predvoditelev number for the coordinate x. 


In dimensionless form, the inverse transform of (7-3-7) is 


0,—O(x,t) 1 a2 - 42 
a ay Po =erfc erianon VLuFo. exp [(Blm)2 + (Bip). Lu Fo,] X 


X erte [ Seca +Bin)s VLuFo, |. (7-3-10) 


Let us now analyze solutions (7-3-9) and (7-3-10). At the beginning of 
the process the transfer -potential fields will be affected by their initial 
distributions, the effects of which then rapidly decrease. As the argumentu 


6 10 4 18 oa é 


FIGURE 7-16, Temperature distribution throughout the soil interior at various times in a 
24-hour period 


of the [error] function erfc u increases, this function decreases rapidly 
until it becomes practically zero at u= 2.8. Consequently, it follows from 
equation (7-3-10) that a wave of dimensionless mass-transfer potential is 
rapidly attenuated as it penetrates more deeply into the soil, and as a re- 
sult the moisture transfer which may occur due to the daily temperature 
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oscillations at the surface will propagate to only a relatively small depth. 
The time variation in dimensionless mass-transfer potential at the surface 
of the medium is 


@ (0, Fo) = 1 — exp [(Bim); LuFo,] erfc [(Bim)z VLuFo,]. 


The experiments of Onchukov /3/ confirm this result. If we set (Bim); 00 
in equation (7-3-10), then the solution is simplified considerably to 
1 


6=erfc 2Y LuFo. — 


The thermal-wave equation (7-3-9) represents the overall effect of heat 
and mass transfer. The latter creates a very complicated temperature 
distribution in the surface layer (Figure 7-16). As time goes by, the tem- 
perature wave becomes attenuated and the temperature field becomes more 
and more steady-state periodical, satisfying the equation 


t(x.2)=tmexp(—xV/g2) sin(or—x V2] (7-3-11) 


7 =exp(—Y Pd,/2) sin (Pd,Fo, — VPd,/2). (7-3-11") 


or 


Equations (7-3-11) and (7-3-11') indicate that under these conditions the 
Oscillation amplitude decreases exponentially with depth: A(x)=tnX 


SX exp (—< V2). The temperature oscillations in the soil have a phase 
. 


shift, and the time lags (At1ag) of the temperature extrema, relative to the 
corresponding times at the surface, are proportional to the depth 


l 
At jag =V ws Xx. 
For a given depth the time lag is directly proportional to the square root 
of the temperature-oscillation period (> }. The penetration depth of tempera- 


ture into the soil depends on the temperature-oscillation period at the sur- 
face: the shorter this period, the smaller is the penetration depth for tem- 
perature. 

If we set (Bi,,),=-00, then solution (7-3-9) simplifies to 


(#5) — exp (—V Pd,/2) sin (Pd,Fo, —V Pd,/2) + 


sKo l J 
+a (Le erie yes — ertc wie |: 
indicating that the steady-state temperature distribution involves the dif- 
ference of two probability functions, which depend on the homochronicity 
numbers for the variations of the thermal and mass processes and also on 
the inertial properties of the medium and the rate of phase transitions. 

On the basis of known properties of the propagation of temperature oscil- 
lations through soils, and taking into account the experimental data, this 
propagation may be considered using just the heat-conduction equation alone, 
where the effects of the mass transfer and phase transitions are taken into 
account by means of a source term which varies according to some har - 


monic law. This problem has been solved by Porkhaev and Smirnov /4/. 
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Let us consider the solution of the heat-conduction equation 
ot (x, OP (x, 
GD a, PED 4 28 coms 
subject to the limiting conditions 
t (x,0) 0; 


t (0,c) == t,, COS wr; 


t (co, %) — 0; 


where »@, is the specific strength of the heat source. The solution of this 


problem is 
t (x,t) =f exp (—x y 2) cos (we—x V =-)— 
oO. QP _- 
aa rs = t exp(— xy 2 oat} sin (o2—x xV oa. Toes sin ©,7 — 


-4 ee V2 = wet st | Ais: (7-3-12) 


If we consider only real solutions, then the integral in (7-3-12) disappears. 
In the absence of a source (#,—0) the following classical solution is obtained 


[5/: 
t (x,t) =f, exp (— V3 ) cos (oe — xV ¢-)- 


plese V eatin. (7-3-13) 


For the case of asinusoidal initial temperature distribution at the surface of 
the medium, equation (7-3-13) becomes 


t (x,9)=tmexp (— xy = —) sin (oe — £V =-)+ 
+— ofersne View Sar : 


Some other particular solutions for the temperature-wave propagation are 
given by Carslaw and Jaeger /6/. 


b) Thermal waves in bodies of regular geometrical shape. 
Boundary conditions of the third and first kinds 


Let us now consider the propagation of a thermal wave in a body of regu- 
lar geometrical shape. The one-dimensional heat-conduction equation 


or I oF 
OFo = tx-or Ringe Ne 


will be solved with the following limiting conditions: 


T (X,0)=0; (7-3-15) 

OT (0,F 

TOF) 0; (7-3-16) 
— AUF) + Big [To (Fo) —T (1,Fo)] =0, (7-3-17) 
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where Tot (tm being the maximum temperature of the medium, namely 
the amplitude of oscillation of the temperature of the medium); 7¢ (Fo) = cos Pd Fo 
(that is, to(s)=t,cosw2), and Pd=-— R* is the Predvoditelev number for a 

q 


harmonic variation of the temperature of the medium. 
Let us treat in detail the solution for an infinite plate, For the other 
body shapes only the final results will be stated. 
The transform solution of equation (7-3-14), subject to conditions (7-3-15) 
and (7-3-16), is 
T, (X,s)=Bch sx. (7-3-18) 


As usual, the constant Bis determined from the boundary condition, which 
in terms of transforms is 


—T", (1,8) + Big Eesca ey «| s)| —-0, 
From this, we obtain 


B= ____>_,__——_. (7-3-19) 
(s* +- Pd?) (ch VYs+ Bi, Ys sh v5) 


Solution (7-3-18), taking into account (7-3-19), represents the ratio of two 
generalized polynomials, which satisfies the conditions for use of the ex- 
pansion theorem. The roots of the denominator in this case are: 1) s,=iPd 
and s,=—iPd; 2) s,=—p?. The latter relation gives an infinite number of 
roots, which are determined from the usual characteristic equation. After 
Carrying out the necessary calculations and transformations, we obtain the 
final solution as 


T = =-1 [N,exp ({ Pd Fo) + N_;exp(— i PdFo)] — 


™ 


oo 4 
By 2 
— Yay An 605 HX EXP (— B, Fo), 7-3-20 
yy pA + Pd? n ( ) 
where 
Nye ch V iPdX 
ch ViPd + 5;— ViPd sh ViPa 
Ni= ch Y—iPd X : 


Ce, eee ee ee 
ch Y —iPd+ 57 — V—iPd sh V —iPd 
w 


and where A, and unare the coefficients and characteristic-equation roots, 
determined from the familiar relations describing uncoupled transfer in an 
infinite plate. 

As time goes by, the sum in (7-3-20) decreases, so that above some 
value (Fo>Fo,) a quasisteady state is established, and all series terms ex- 
cept the first two can be neglected. For the quasisteady state we obtain 


f= > (N;, exp (i PdFo)-++ N_,exp (— i PdFo)] => [((Ni-++- N_+) cos PdFo + 


: ‘ Ve » Ny—N-e 
+-i(N; —N_,)sin PdFo] =(N,N_;)" cos | Pao — arctan(: WEN) |: (7-3-20!) 
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With boundary conditions of the first kind (Bi, 00), this simplifies to 


T (+ 1, Fo) =cos PdFo. 
In this case 
__ ch ViPpd Xx 


N ch Y¥—iPd X, 
.— SS 
ch YiPd 


I ase af) 


It follows from (7-3-20') that the temperature at any point of the plate 
performs a simple harmonic oscillation with the same frequency as, but 
Ni—N., 
Ni+tN.; 
tion in the medium, since 7, (Fo) (the Predvoditelev number) is directly pro- 

portional to the frequency. 

The amplitude of the temperature oscillations at any point of the plate 
decreases with depth. The maximum amplitude is therefore observed at 
the surface of the plate (X=1), but it is smaller than the amplitude of oscil- 
lation of the surrounding temperature by a factor of (N;N_,)"*. 


with a phase lag of arctan (i )relative to, the temperature oscilla- 


b 


FIGURE 7-17. Penetration of temperature waves into an infinite plate: 
a) of considerable depth; b) of average depth 


If the plate is very thick or if the temperature variations take place very 
rapidly, then the thermal waves propagating into the plate from its two sur- 
faces will be attenuated completely before they reach the center (Figure 
7-17, a). In this case each of the two symmetrical halves of the plate be- 
haves like a body of infinite thickness (half-space). This is one limiting 
case. 

In the opposite case (a very thin plate or an extremely slow temperature 
variation) it may be assumed that the entire plate thickness is subjected to 
temperature oscillations, without any decrease in amplitude or time lag with 
respect to the variations at the surface. Under these conditions the temper- 
ature throughout the whole thickness of the plate is the same (is independent 
of X). 

Intermediate to these two limiting cases, a very thick and a very thin 
plate, it is possible to consider all the real variants of the problem, especi- 
ally for shielding devices. As we gradually reduce the thickness of the plate, 
we obtain the case when the oscillations propagating from both sides meet in 
the middle of the plate and begin to interfere with one another. The instan- 
taneous temperature propagation in this case is that of Figure 7-17, b. 
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Coefficients N and N_, can be calculated using the relations 
a 1 i —— “TL P 
Vi=+Y 414i and foi=+YVFil—d 


(in the given problem the + signs may be omitted, since ch z is an even 
function, whereas the odd function sh z is preceded by the factor z, giving 
the same result) and familiar relations such as 


ch Vi Pd X =ch// Pd/2 (1 +i) X =ch // Pd/2 X cos // Pd/2 X + 
+ish / Pd/2 X-sin ,/ Pd/2X, 
that is, 
chz /Hi=A,+iB,; 'shz/+i=A,+iB,. 


To simplify calculations, some values of coefficients A,, B,, A;, and &, are 
listed in Table 7-6. 
The average dimensionless temperature over the volume is 


T= ("i exp (i Pd Fo)-+ N_; exp (— i Pd Fo)] — 
oO 4 


-y) pgs Dn exp (—, Fo), (7-3-21) 
n 


n=l 


where D,, are constant coefficients defined by (6-5-5') in § 6-5, and coeffi- 
cients N, and N_,are 
ee 
| ViPacomyiPa+ gt Pa] 
— ] 


N_.@= —_—_—_—_—-——_.. 
é jean charted | 
VY —iPdcoth V—iP — pi, Pd 


The generalized solutions (7-3-20) and (7-3-21) for a plate, cylinder, 
and sphere are 


T => [N, exp (i Pd Fo) +N, exp (— i Pd Fo)] — 


4 
» 
rad ai par Mar (HX) exp (—p, Fo); 


a=) 


T = [Nvexp (i Pd Fo) + N_,exp(—i Pd Fo)] — 
-y _*_p exp (— p, Fo); 
wd ui, + Pd? ar XP B,, 3 


where A,, and Dare the previously mentioned coefficients for a plate 
('==0), cylinder ([=1), and sphere ([—=2); and where D.(tnX) is (cosp,X) for 

a plate, [J,(4.X)] for a cylinder, and (“) for a sphere. The expressions 
defining N;, N_, N;, and N_,;for a plate have been given above, and those 
for a cylinder and sphere are: 
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TABLE 7-6 


Values of coefficients Ac, Bc, A., and B, 


- As B, A, 
0.01 1.000 0.0001 0.0071 
0.025 1.000 0.0003 0.0177 
0.05 1.000 0.001 0.035 
0.075 1.000 0.003 0.050 
0.10 1.000 0.005 0.070 
0.15 1.000 0.011 0.106 
0.20 1,000 0.020 0.140 
0.26 1.000 0.031 0.175 
0.30 1.000 0.045 0.209 
0.35 0.999 0.062 0.242 
0.40 0.999 0.080 0.275 
0.45 0.998 0.095 0.307 
0.50 0,997 0,125 0.339 
0.55 0.996 0.151 0.369 
0.60 0.994 0.180 0.398 
0.65 0.993 0.212 0.427 
0.70 0.990 0.245 0.454 
0.75 0.987 0.281 0.479 
0.80 0.983 0.320 0.505 
0.85 0.978 0.362 0.526 
0.90 0.973 0.404 0.547 
0.95 0.966 0.451 0.566 
1.00 0.958 0.499 0.583 
1.05 0.950 0.549 0.599 
1.10 0.938 0.601 0.612 
1.15 0.927 0.658 0.622 
1.20 0.916 0.705 0.629 
1.25 0.898 0.776 0.636 
1.30 0.881 0.839 0.639 
1.35 0.862 0.906 0.639 
1.40 0.834 0.970 0.636 
1.50 0.790 1.108 0.621 
1.60 0.727 1.258 0.590 
1.70 0.654 1.411 0.546 
1.80 0.566 1.571 0.484 
1.90 0.460 1.741 0,402 
2.0 0.340 1.911 0,302 
2.1 0.199 2.087 0.180 
2.2 0.038 2.261 0.036 
2.3 —0.146 2.440 —0.135 
2.4 —0.355 2.616 —0.291 
2.5 —0.587 2.787 —O, 554 
2.6 —0.851 2.953 —0.808 
2.7 —1.105 3.093 — 1.057 
2.8 —1.468 3,259 —1.413 
2.9 — 1.821 3.389 —1.761 
3.0 —2.206 3.502 —2.143 
3.2 —3.086 3.656 —3.021 
3.4 —4,129 3.695 —4.057 
3.6 —5.304 3.553 —5.239 
3.8 —6.629 3.256 — 6.567 
4.0 —8.093 2.589 —8.038 
4.2 —9.628 1.660 —9.578 
4.4 —11.227 0.353 —11.183 
4.6 —12.839 —1.393 —~12.800 
4.8 —14.437 —3.715 —14.404 
5.0 —15.851 —6.568 —15.824 
§.5 —17.939 —16.982 —17.984 
6.0 —15.794 —30.897 —15.787 
6.5 —5.796 —A49.149 —5.795 
7.0 16.616 —68.601 16.614 
7.5 55.532 —83.365 55.529 
8.0 115.788 —83.919 115.786 
8.5 196.188 —54.969 196. 186 
9.0 289 .033 23.791 289.019 
9.5 375.199 175.924 375.197 
10.0 414,391 417.288 414.525 
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Su BaeeS Bkse: 


ol 


PAW | 


for an infinite cylinder, 


N,—_———___e(WiPaxy 
© (VIPS) + g-ViP AL, (VIPS) 


° 
? 


N 1,(V —i Pd X) 
_ = 1 ie ee cae 
1, (V—i Pd) + B,V— i Pd I,(¥ — i Pd) 


ee 21, (Vi Pd) ; 

(le (VTP) + gi VIPAT Vi PA YIPT 
Noes 21,(V — i Pd) 

: (I, (V¥— £ Pd) + a V—!P al, V7 Pay YT Pa 


and for Bi,=0o 


nN, WiPaX). y I(V—i Pd X) . 
(iPad) * (WFP) 


Tv Yipdl,(ViPd’ =~" = V—iPdl,(Y—i Pd) 


for a sphere, 


Nez Bi, sh Yi Pd X/X . 
(Big — 1)sh Wi Pd + Vi Pdch Yi Pd 


Noe Bi, sh Y—1 PAX/X 
Bl, — 1) sh Y—i Pd + Y—i Pd ch Y—i Pd 


Vex 3Bi, (Vi Pd — tanh Vi Pd) : 
"ET Pd (Big — 1) tanh YiPd + PiPd) 


x _ __3BIy (W—i Pd — tanh V—i Pad) ; 
- 1" i Pd ((Big — 1) tanhY—i Pd +Y— iPd) 
and for Bi,=0©o 
ve shYiPdx/X , SAV —1PAX/X 
sh YiPd ’ Bis shY—iPd ° 
NV, — 3(Vi Pd —tanhyi Pd), Vii 3 (Y —i Pd —tanhyY—7 Pad) | 
"~" ¢PdtanhYiPd = — i Pdtanh Y¥—i Pd 


For a quasisteady state the average temperature T will be a periodic 
function of time: 


== (N;N_,) cos (Pd Fo — M), 
where 


M=arctaniMi—N-+. 
Ni+Nu1 
The specific heat consumption during any time interval Ac is 


AQ = cy} [7 (Fo,) —T (Fo,)] tm. 


322 


Thus, for quasisteady conditions 
AQ=Cy{tm(Ni N_;)'* [cos( Pd Fo, — M) — cos(Pd Fo, — M)) = 
= 2c4}tm (Ni N_+)"*sin © (Fo, — Fo, )sin [M—-> Pd (Fo, -+- Fo,) |: (7 -3-22) 
It follows from (7-3-22) that zero heat is consumed during an oscillation 
period At=—, since 
+-Pd (Fo, — Fo,) = «v(t, —+t,)—=2 and sins—0. 


The heat consumed during a time interval At equal to a half period ( A= 
is 


y|- 
~ 
Ne” 


AQ =2¢4Ytm(NiN_:) cos (Pd Fo, + M). 


Thus, the specific heat consumption is determined by the quantity (N; N_,)” 
and is a function of the initial time, since the quasisteady state is not es- 
tablished all at once but only after some definite time interval. 

In conclusion, let us note that the solutions obtained for the various body 
shapes can be derived directly from a single general solution, in a way 
similar to that demonstrated in Chapter VI. A detailed account of the method 
for generalizing the solution is given in /7/, page 398. It will not be given 
here, since more general problems will be considered in § 7-5. 


7-4, Some Generalized Problems of 
Heat and Mass Transfer in a Medium with 
Variable Temperature 


a) Heat and mass transfer when the temperature of the 
surroundings is an arbitrary function of time 


Let us now generalize the previously considered problems to include all 
conditions in which a body is situated in a medium whose temperature (or 
some other potential ofthe medium) is a function of time. In this generaliza- 
tion Duhamel's theorem may be used, a theorem which, on the basis of solu- 
tions for a constant potential of the medium (in particular, a constant tem- 
perature), enables us to obtain solutions for conditions when the medium po- 
tential is a given function of time. For this to be possible, the theorem re- 
quires that the function fulfil certain conditions: the function and its deriv- 
ative must be piecewise continuous for Fo>0. We should also mention here 
the well-known difference existing between the generalizations of solutions 
of differential equations for ''coupled'' and uncoupled transfer. Whereas for 
uncoupled transfer it is not necessary to treat further the solution which is 
obtained initially, the solutions of systems of coupled equations demand such 
an additional processing. To illustrate this method, let us first consider 
uncoupled transfer. The solution for an infinite plate will be considered in 
more detail. 

1. Let us solve the one-dimensional differential transfer equation 


ez a2, OZ = as 
SFO ant tax (7-4-1) 
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with the following limiting conditions: 


Z(X,0) <0; (7-4-2) 

OZ(0Fo) __, — 

=; (7-4-3) 
— 2 FO) + Bi[Z_—Z (1, Fo)] =0, (7-4-4) 


where 


Z (X Fo) ==—**; Z,==F (Fo). 


In § 6-5 a solution was obtained for an infinite plate ('—0), with the condi- 
tion that the potential of the surroundings Z,=1. The transform solution is 
in this case 


Z,(X,s)} —i/_  ch¥YsxX |e (s), 
z | chV 5+ q7VsshVs . 


where + is the transform of the constant Z,—1. 
If Z, =F (Fo) and its transform is some function F, (s), then the solution 
for the plate becomes 
Z,=F,G,. (7-4-5!) 


Now, if we multiply and divide (7-4-5') by s, then solution (7-4-5) can be 
represented as a product of the two transforms sF, and {Z,},: 


Z (X,8) =F, (s){Z, (X,s)}, - (7-4-5) 
The inverse of the second transform {Z, (X,s)}, is known to be 


Z,(X, Fo) = L~" [{Z, (X,s},] =1— y) An COStinX exp(—p? Fo). (7-4-6) 


n=1 


The inverse of the first transform, as is easily shown by differentiating 
the function Z,.=—F (Fo), is 


SF, (s)==L[F (Fo)] + F (0). 
If F(0)=0, then the inverse of sF,(s) is FP (Fo), so that from the theorem of 


transform multiplication it follows that 


Fo 
Z(X, Fo) = j F' (Fo— Fo*) Z, (X, Fo*) dFo®*. 
0 


If F(0) is constant, then Z, (X,s)=L[F (Fo)] {Z, (X,s)}, + F (O){Z, (X,s)},. In this 
case we obtain 


Fo 
Z (X, Fo) = j F' (Fo — Fo*) Z, (X, Fo*) dFo* + F(0)Z,(X,Fo). (7-4-7) 


Consequently, after substituting (7-4-6) into equation (7-4-7) we have 


co Fo 
Z (X, Fo) =F (0) f — y Ay COS py X exp ( — pe Fo) +) F’ (Fo—Fo*)d Fo*— 


Fmd | 
Fo 


=) Aj, COS ,X ( exp (— i Fo*) F’ (Fo— Fo*) d Fo*. (7-4-8) 
0 


a=! 
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If solution (7-4-8) is generalized to include other body shapes (see Chapter 
VI, equation (6-10)), then we obtain 


Z(K,Fo) =F) ya 


n=l 


©, (11.X)exp(—p? Fo)|+ 


+ f F' (Fo — Fot)dFot — J) A_,®,. (tnX) f exp (—p” Fo*) F(Fo—Fo*)d Fo*. 
a=! (7- 4- 9) 
By expressing Z,.=F(Fo) as different laws of variation with time, it is pos- 
sible to derive a series of particular solutions from solution (7-4-9). If 
we set Z.=1, we obtain solution (6-5-10); for Z.=1—Pd Fo, we obtain solu- 
tion (7-1-9); etc. If we set Bi=owin (7-4-9), then we obtain the correspond- 
ing solutions for boundary conditions of the first kind. 


Because of its practical importance, let us consider separately the generalized solution for a hollow 
cylinder, We assume that exchange with the surroundings, whose potentials vary according to the arbitrary 


given laws Z,, = F, (Fo) and Z~-, = F, (Fo), takes place at the internal and external surfaces of the cylinder. 
Boundary conditions (7-4-4) are in this case 


02 (1 FO) __ Bt, tF, (Fo) —Z (1, Fo)] = 0; 
(7-4-10) 
OF (FO) + Bi glFs(Fo)—Z (x, Fo)] =0. 


Taking into account (7-4-2), we obtain the transform solution of equation (7-4-1) as 


Z, = Byly(V'sX) + BK, (V 8X). (7-4-11) 


Now let us introduce the following notation: 


Pfs + Bi Xm Vs, (VsX) + BI, (V SX} 

Y*(Vs; + Bi; X)= VS Y,(VsX)+ BLY, (VY sX) (1-4-12) 
I* (V's; + Bi; X)= Ys l,(VsX) + Bil, (YsX} 

K* (Vs; + Bi, X)= V'SK,(YSX) + BIK, (VSX)}. 


When the arbitrary constants B,and B, are determined from (7-4-10) and then substituted into (7-4-11), we 
obtain, taking into account (7T- 4-12), 


P(V's) Q (V's) 
Z,(X, 8) = Bi, Me mya (s)}, + Bh 7 N(Wa)t! (8)}z> (7-4-13) 
P (V's) = 1,(V' SX) K* (VS; — Bl.) + Ky (VSX)I* (53 Bids 
Q (V's) = 1, (WX) K* (V's; Biyx) + K,(VsX) 1* (V's; — Bigxh 
N (Y's) = I* (Y's, Bi,) K* (Ys; Bix) — I* (V's; — Bi,x) K*(V's; — Bt), 


where 


Solution (7-4-13) is the sum of two transform products, Therefore, for each term we must obtain the convolu- 
tion of the functions, The inverse transform of the first factors can be obtained in either of two ways, by means 
of the expansion theorem or by using Cauchy's residue theorem (by solving the Riemann-Mellin integrals). 

After the necessary calculations, the final solution of the problem is found to be /8/: 


= w; Jn eXD(— tz Fo) 
Z(X, Fo) = Bi 
nat On (Hy + Bit + Bl) —(e, + Bi; ——* 
Fo Fo 
x Bi, 5 exp(p2 Fo*) F, (Fo*) d Fo* + Bi,o, S exp (u2 Fo*) F, (Fo*) a Fo*| : (7-4-14) 
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where 
Jn == J* (npn Big) Yq (bnX) — Iq (enX) Y* (ten Bi,); 
J* (un; Bla x) — Y* (ni Bla x) , 
Sn = J* (ni — Bis) Y* (Hn; — Bly) ’ 
and pare the roots of the equation 
J* (yu; — Bi,) Y* (pw; Ba, x) — J* (; Bi, x) Y* (yu; — Bi,) = 0. 


The solutions considered by Danilova /9, 10/, Carslaw and Jaeger /6/, Crank /11/, and others represent 
particular cases of solution (7-4-14), A similar general solution, but with a source term (depending on the 
spatial coordinate and ontime) present in equation (7-4-1), was given by Moskvitin /12/, 

Let us now go on to solve system of heat-transfer and mass-transfer 
equations (4-1-2) and (4-1-3) with constant initial conditions 7T(X, 0)= 
=@(X, 0)=0 and with an arbitrary temperature of the surroundings. The 
boundary conditions are, accordingly, 


OTM FO) _ Bi, [Te —T, (1, Fo)] +(1 —#) Ko Lu Bin [1 —@(1, Fo)}=0; (7-4-15) 
—S0 re Fo) So Pp ort ee. mo) +- Bim {1 —9(1, Fo)] =0, (7-4-16) 
where T,=F (Fo) and T=--—"*.. 


It will be convenient to analyze the difference between the new solution 
and the corresponding solution in Chapter VI. To be specific, let us con- 
sider an infinite plate. The transform solutions for this problem are easily 
obtained, using the corresponding solutions of Chapter VI. These are 


2 
T= yi ch V'sv,X; (7-4-17) 


i=) 
1 : i 
0. =—sK)) B,(1—v?) ch)/ sv,X: (7-4-18) 


Here B;= B+ BY (i=1,2), where Bi corresponds to the solutions for 7T,=1: 


(¢ Ko K,— 1) P»— eKoQ, r__ (e Ko K, — 1) P; —e KoQ, 71-4- 
B; = = S (P,Q; — P2Q)) t 8, S(P:Q, — PQ) . ( ) 


and B represents the contribution to the coefficients due to the variable 
temperature: 


li__ b__ P, = oo 
B= By + B; ~ (P,Q. — PsQ)) SF, (s) S(P1Q; — P,Q)’ 


IIs pa bi __ a PH Bat ie a ce 
B,= By + B= | a PD sa? (s) PR. Pm | : 


(7-4-20) 


The inverse transforms of solutions (7-4-17) and (7-4-18) for the first pair 
of coefficients (defined by (7-4-19)) are given by equations (6-3-1) and (6-3-2): 


co 2 
Tr’ (X,Fo)=1—Y¥ Yj C., C08 VittnX exp (— pi, Fo); (7-4-21) 
a=l (=! 
co 2 
Q(X, Fo)=1+ 45 »? Fo), (7-4-22) 
a=) is) 
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where C' are the coefficients defined by equations (6-3-3) and (6-3-4), Let 


us now find the inverse transforms for the first terms B. of the second pair 
of coefficients. These are 


a 2 
T* (X,Fo)=— 1 +¥; by C* cos Vit, X exp (— ps, Fo); (7-4-23) 


n=l i=l 


‘ 2 
62 (X, Fo) = — Dp (1 —v,) COs vin X exp (— Be Fo). (7-4-24) 


ae 


The inverse transforms for the second terms in equations (7-4-20) will be 
convolutions. Since 


{7°(X,s)}, = — sF,(s){T2(X, Fo)}, 


and 

{0°(X,s}, = — sF,(s){®2 (X,Fo)}, 
are analogous to (7-4-5), their inverse transforms may be found using 
formula (7-4-7), Consequently, 


Fo 


T(X, Fo) = -| \ F' (Fo — Fo*) T@ (X, Fo*) dFo*-++ F(0)T9(X, Fo)] ;  (7-4-25) 


@°(X, Fo)= — [\ (Fo — Fo*) 8¢(X, Fo*) dFo* -+- F (0) @@(X, Fo)}. (7-4 -26) 
0 


If at the initial moment 7, is zero, then the last terms in (7-4-25) and 
(7-4-26) drop out. 
The general solution of the problem is 


T (X, Fo)=T' (X, Fo) +T* (X, Fo)-+7(X, Fo); (7-4-27) 
Q(X, Fo)==8'(X, Fo)-+-8* (X, Fo)-+ 0°(X, Fo). (7-4 -28) 


Now, if we substitute solutions (7-4-21), (7-4-23), and (7-4-25) into 
(7-4-27), and substitute solutions (7-4-22), (7-4-24), and (7-4-26) into 
(7-4-28), then after certain simple transformations we finally obtain. 


T (X, Fo) = F (0) +P (Fo — Fo*)d Fo*— 
6 


co 2 


-y »¥ Cys COS Vit, X Exp (—», Fo) — y ¥ Cc. COS Vite XX 


az=l (=1 a=| i=! 


Fo 
x S F' (Fo — Fo*) exp (— ps, Fo*) d Fo*; (7-4-29) 


@(X, Fo) =1-++—. i») YY Cult —v) conve 0 (—e Fo) + 


a=li=l 


2 
pie (1 —v’) cos vita X ( F' (Fo — Fo*) exp (— »” Fo*) dFo*, (7-4-30) 
i=! 0 


sas 


where F a : 3 
CuCl, —C%, + FCS, =Cl, + (FO) — NCS, ; 
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Cag (lars Ko Ki) Paste KOQna, 
ni-— 


nbn 
Crys —2 (1 —e#Ko Ado Ko Qni : 
Ct =2 oe Cs at D Par 3 


nbn 


The generalization of solutions (7-4-29) and (7-4-30) to include other 
body shapes gives 


Fo 
T (X, Fo) =F (0) +{ F (Fo — Fo*) d Fo* — 
0 


=) ) C,,®, (Vit'nX) exp (—» Fo) — x x C* ® B (VittnX) KX 


nl i=) a-li=l 


Fo 
x [ F(Fo — Fo*) exp (—” Fo*) d Fo*; (7-4-31) 
0 


a 2 
@(X, Fo) = 1+ J) Y} Cas (1 — V9), (Weta) exp (— w, Fo)+ 
i=! 


R 


oc 2 Fo 
+2 Y) J) C2, (1 — 9192 (WitnnX) (F’ (Fo — Fo") exp(—y)Fot)dFo*. (7-4-32) 
0 


n=l {=] 


In solutions (7-4-31) and (7-4-32), for an infinite plate (T=0) ®,—cosvyp,X, 
for a cylinder (T=1) ®,=—J,(vir,X), and for a sphere(['=2) @, = — SI Meltar The 


quantities ($n:, Anis Bais Pnis Qni) entering into coefficients C,; and Ci, for the 
various body shapes, as well as the equations obeyed by the characteristic- 
equation roots Pn, are given in §7-1. Numerical values of p, and C,; for 
various combinations of dimensionless numbers are given in the correspond- 
ing sections of Chapter VI. Values of C’, for an infinite plate, for various 


values of Lu and Bi,, are listed in Table 7-7. By assuming that the tempera- 
ture of the surroundings obeys various laws of variation with the Fourier 
number, it is possible to obtain from solutions (7-4-31) and (7-4-32) various 
particular solutions, for example, the previously derived solutions for linear 
and exponential laws of the surrounding temperature as a function of Fo. 

In conclusion let us note that here only problems with zero initial dis- 
tribution of the dimensionless transfer potentials have been considered. 
However, it can be shown that problems with complex initial conditions may 
be solved ina similar manner. For such cases it is convenient, by means 
of an appropriate substitution, to reduce the solution to two problems: one 
problem with zero initial conditions but with complete boundary conditions 
(variable potentials in the surroundings), and one problem with arbitrary 
initial conditions but with zero boundary conditions. 

It was in this way that Gamayunov solved the system of heat-transfer and 
mass-transfer equations, subject to the limiting conditions: 


— TC Fo) + Big [Te (Fo) —T (1, Fo)] — 
— (1 —e)Ko Lu Bi,, (8, (Fo) — (1, Fo)] =0; (7-4-33) 
— OE) 4 Pn SE Fo) + Bi, [@¢ (Fo) — 0 (1, Fo)] = 0: (7-4-34) 
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O7(0,Fo)  0@(0,Fo) a, ey ee 
a) inn) aie haere) 


T (X,0)=F,(X); 0(X, 0) =F, (X). (7-4-36) 
The dimensionless transfer potentials in this case are 
T le and @=*’s—° 


i 


TABLE 17-7 


Values of coefficients C4, for an infinite plate, for various Lu and Bi, 


ny nz 

Parameter | | 7 
0.15 0.0208 
0.30 0.0224 
Lu 0.50 0.0392 
0.70 0.0490 
1.00 0.0768 
2.00 0.1200 
l —0.0191 
5 0.0117 
Bi 7 0.0144 
< 10 0.0184 
15 0.0200 
20 0.0207 


A solution of system (4-1-2) and (4-1-3) with limiting conditions (7-4-33) 

through (7-4-36) was obtained in the following form: 
T (X, Fo)=7, (X, Fo)-+-T, (X, Fo); 

@(X, Fo) =@, (X, Fo) +0, (X, Fo), (7-4-37) 


where 7, and 8; are the solutions of the system of equations with zero bound- 
ary conditions and arbitrary initial conditions (7-4-36), and T, and @ are the 
solutions with boundary conditions (7-4-33) and (7-4-34) and zero initial 
conditions. 

In solution (7-4-37) 


T ,(X, Fo}= 2 - 2 92 Em, XP (—p? v5 Lu Fo) =); Em OXp(— pv Lu Fo) 
? ; m=! m=1 
As] co 
1 2.2 2.2 
Fo) = Fn i Lu Fo)—)!F,,, exp (—p*v, Lu Fo)$; 
0, (X 0) % an v 9] 2 exp ( Yo »»; ma XD ( aed of 


oo Fo 
T,(X, Fo) =2)) {(Prasbn — Prsbna) ¢* {7 o(Fo*) exp [—1, (Fo—Fo*)] d Fo*+ 
a=! 0 
Fo 


+ €K0(Snaln — Snrbng) 4*-(8e (Fo*) exp [—#, (Fo — Fo*)] d Fo*}; 
0 
Fo 


0, (X, Fo}=29) {(Ptnaln—Pastena) Fo Ke) T, (Fo*) exp [—p; (Fo—Fo*)]X 


a= 


Fo 
X dFo* + (Staabm— S*nilns)g- ( Oo (Fo*) exp [—w, (Fo — Fo")]d For, 
0 
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where p, are the roots of the characteristic equation 


QnaP ai = 0 3P 530; 
and where 


Yn =VWAni Pret ViBnQn: —VAnsPri — V,BniQnsi 
Sniz=Qni— Ki Pai (i=1, 2); 
Pai, Qnir Ani, Bay and v; being defined by the corresponding expressions in 
§ 7-1. 
In addition, for an infinite plate 


1 
Emi = 2.008 pmX | (vj — 1) F\(X) + Ko F,(X) ] 608 mX dX; 
0 


1 
Fong = 2 COS pg X {[Pa F, (X) +(vi — jj —eKo Pn \F, (X) |eos tmX aX; 
0 


Las = Ch Vind; 
P* 4 — € Ko Pn cos vjpn-+ 


5 Ths = a Vittn SiN Vip-n; 


I | 1 1 eKoPnK : 
¥ — . —- —_—enee GE eee ——— loses See ee ee ry e 
n= (! _ # La ie Vilbn Br 7? Lu (a, Bi, ) Vit, SIN Vittn} 


where are the roots of equation cosp,_,—=0. 
For an infinite cylinder 


Emi =a ape | [(v} — 1) F, (X) + Ko F, (X)] XJ, (#mX) dX; 


2 olmX) 
Foxy = 2nd) 
™ Ji (bm) . 


[Poe (X) + (vi —i —eKo Pn)F, (X)]XJ, (umX)dX: 


Lai= 1p (ViPnX); 


Ko P 
P*ni==— & Ko Pa J, (vittn) a . = 7 Vittn Ja(Vitn); 


= 1 1 1 1 «Ko Pn K 
Spi ¢ a Tia (Vit*n) — Br ia (a Bs) [Pedra 


where fm are the roots of the equation J, (p,,)=0. 
For a sphere 


_2 sin bok 


Ke (vi — 1) F, (X)-++# Ko F, (X)| sin p,, XdX; 


ie sin spe 


={ [ Par, (X) +(% —.—«Ko Pn) F, (X) |sin tmX AX: 
0 


« ____eKoPn l 
™ 
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! 1/1 _ eKoPnk; \]| 
ee ee ee Yn + 
a E Fal Bt; Bir, )I pena 


1 1 € a 1 
+15 Fi 2 (1 —a,t+ Ac x Bin) [ha c08 ¥en 


vs Lu 


where pmare the roots of the equation sinp,,=—0. 


b) Unsteady fields of transfer potential for a variable 
exchange coefficient and variable potentials 
in the surroundings 


In a real process a variation of the potentials in the surroundings leads 
to a variation in the heat-exchange coefficient (ag) and the mass-exchange 
coefficient (am). It is therefore interesting to consider how unsteady-state 
transport processes may be calculated when both of these factors vary 
simultaneously. As an example let us determine an unsteady potential field 
for an infinite plate, assuming that the basic transfer is not coupled with the 
transfer of other potentials. A method for solving this problem has been 
given by Kiselev and Lazarev /13/. 

We will solve the equation 

0Z(X ,Fo 0?Z (X ,Fo 
ae aR eee 
with the following symmetrical limiting conditions: 


Z(X,0)= F(X); (7-4-39) 
— 2 -F°) 4 Bi (Fo) [Z» (Fo) — Z (1, Fo)] =0; (7-4-40) 
(7 Fo) + Bi (Fo) [Ze (Fo) — Z (— 1, Fo)] =0, (7-4-41) 


a(Fo)R 
A 


where Bi(Fo) = is the Biot number, F(X)is a continuous even function 


of X, and Bi(Fo) and Z,(Fo)are arbitrary differentiable functions. 
The solution may be expressed as the sum of a Poisson integral plus the 
integrals of two thermal potentials /14/: 


l | xX — X*F 
Z (X, rae V¥o7P & Fo [e (X*)ax*+ 
(_9(For) (X — 1) 
te =) VFo—For ee o*? | — ako Fon |e Fo* + 
__#2(Fo*) _ eC. Saal) . _4- 
oh 5 exp[ Fo —Fo") |aFo : (7-4-42) 


Here the function g(X)is equal to F(X) in the interval —1<X<1 and equal to 
F (1)= F(—1) outside this interval. The densities 9, (Fo) and 9, (Fo) of the 
thermal potentials are differentiable functions which are still unknown. 

Because of the properties of the Poisson integral and the integrals of 
the thermal potentials, equation (7-4-42) for Z(X, Fo) satisfies equation 
(7-4-38) and initial condition (7-4-39), In addition, 


Fo 
@ _! (_ 9(Fo*) (xX —X,)" —— 7-4-43 
xaniao OX Vx J Vio — For exe[—zpo= Fer [FPO eer o). 


331 


The substitution of (7-4-42) into conditions (7-4-40) and (7-4-41), at the 
same time taking into account (7-4-43), shows that the boundary conditions 
will be satisfied if the thermal-potential densities g, and ge satisfy the fol- 
lowing system of two Volterra-type integral equations: 


Fo 
d #x(Fo*) ea ee 
— 5x1 (1, Fo) — #, (Fo) + = fe er| rare 4 Fo* -+- 


) (Fo Fo*)?/? 
Fo 
+ Bi(Fo)[ Z. (Fo) ~I(1, Fo) — >= | vio 4Fo— 
1 © 9 (Fo*) : oo 
Va) Vere OM Fox Fos) 4 Fo |=o (7-4-44) 


i) . 9:(Fo*) _ I 
—3x 1(—1, Fo) — #2(Fo) + = = | (Fon Fone? ( FoxFor) ¢ Fo* + 


Fo 
-L Bi (Fo) [ 2 (Fo) —1(—1, Fo) — “A; ciel 


Fo 
1 91 (Fo*) = 1 * 1 -4- 
va ) Vio Fe? (— Fo— Fe) Fo" =O. — 


where I(X, Fo) is the Poisson integral 


[--) 
es See eka —(X—4"*) * 
1(X, Fo)= a= | Ti exp| mee |e (xr) axe. 
—OO 


It should be noted that because of the evenness of g(X) the function I(X, Fo) is 
also an even function of X while, consequently, A(X, Fo) is an odd function 


of X. If we subtract (7-4-45) from (7-4-44), then we find that the difference 
9, —9, satisfies a homogeneous Volterra-type integral equation, so that be- 
cause of certain well-known properties of this equation, this difference is 
identically zero. Thus, denoting 9,=9,— 9, we find that 9 satisfies the in- 
tegral equation 


Fo 
9 (Fo) = \x (Fo, Fo*) ¢ (Fo*) d Fo* + ¥ (Fo), (7-4 -46) 
0 


where 


W (Fo) = — 1 (1, Fo) + Bi (Fo) [Ze (Fo) —1(1, Fo)]; 


K (Fo — Fo*) == — Bi (Fo)/V (Fo —Fo*) — 


__ Bi (Fo) — 1/(Fo — Fo*) 4 
V Fo —Fo* exp ( Fo— Fo) 


It should be noted that the kernel K(Fo, Fo*) is singular. 
The function @(Fo) can be determined from equation (7-4-46) in different 
ways, for example by reducing the integral in (7-4-46) to a system of 


332 


algebraic equations and solving the latter by approximate integration /13/. 
Once (Fo) is determined, we can calculate the potentials Z(X, Fo) from 
equation (7-4-42). After introducing the new variable n=Fo—Fo* and taking 
into account that 9:=qg2=9, we obtain equation (7-4-42) in the form 


Fo 
Z (X, Fo) =1(X, Fo) + = ( —Pexp| — "|e at 
0 


+yelt eo exp |—-e |en. 


yl? 


As an analysis of the solution shows, it is possible to calculate the poten- 
tials at the surface of the system by means of the following expressions: 
for low Fo, 


Z (1, Fo)=Ze (Fo) — pris | Fo) + ay I(1, Fo)}; 
and for high Fo, 
Z(1, Fo)= Zo (Fo)— regaj[® (Fo) + ay (1. Fo) — 


Fal geen 1/%) a]. 
The integral in the latter expression can be calculated using the familiar 
methods of approximate integration. 


c) Some problems in mass-transfer theory 


In the previously considered problems the variation in the potentials of 
the external surroundings was essentially independent of the unsteady dis- 
tribution of potentials in the body. However, for many mass-~-exchange 
processes such a representation is not suitable. For instance, during dis- 
solution or during the extraction of matter from a porous body using the 
diffusion method, the body is in contact with a liquid (or gas) possessing a 
lower concentration of the substance being extracted from it. Due to the 
difference in mass-transfer potentials (to a first approximation, a con- 
centration difference), matter will continually move to the surface of the 
body and even further, into the surroundings. The rate of mass exchange 
in a limited volume of liquid decreases as time goes by, due to a decrease 
in the potential gradient in the body and particularly to the saturability of 
the surroundings. However, from the technological point of view it is very 
desirable to raise this concentration to a maximum without an appreciable 
reduction in the rate of the process. Arise inconcentration inthe surround- 
ings is associated with a decrease in the average concentration of the sub- 
stance which is extracted from the body. Thus, the internal potentials are 
coupled with the external potentials, not only with respect to the surface 
but also with respect to the surroundings. 

The boundary conditions for uncoupled transfer in this type of problem 
should be written in terms of dimensional quantities as 


a = (2, — 20), (7-4-47') 
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where a 
Z—=2m+ (Z— Z). 


As previously, "s'' refers to the surface, ''m'' refers to the equalized value 
of the potential, and "'c'' refers to the surroundings. The quantity Bis a 
dimensionless coefficient, which for an extraction process characterizes 
the ratio between the liquid volume in the pores (flowing into the equipment 
per unit time) and the volume of extracting liquid. 


If we set Z =, then condition (7-4-47') for a one-dimensional body 
0 m 


will be, in dimensionless form, 
oA" Fo) —Bi [1 —Z(1, Fo) + 8Z]. (7-4-47) 


This condition may serve to characterize the various possible directions 
of the process. Aksel'rud has shown that for a periodic extraction process 
B>0, while z, corresponds to the average initial concentration of matter in 
the pores. For a uniflow process B>0 and z,={z},; for a counterflow process 
B<O and zm={2}c, where the subscript ''k'' refers to the final average concen- 
tration in the surroundings. 

The solution of equation (7-4-38), subject to boundary conditions (7-4-47), symmetry conditions, and a 
zero initial distribution of potentials, does not involve special complications, Therefore, we will give here 
the final results only, referring those who are interested in a more detailed analysis to reference /15/: 


00 2 
o— 1 Pp ® (unX) 
Zo 2 +¥) An ler wt Say. exp (— p2 Fo}, (7- 4-48) 


n=! 


1 oo 
“iF +34, (T -+ 1) Bexp (— 2 Foy (1-4-49) 


n=) 


z,—z 


1 co 
3 => iF =) A, (T + 1)exp(— p? Fo), (7-4-50) 
n=l 


Ze 2m 


where for a plate 


TP =0; B, = CS bpX} Gq (en) = COS Un} An = py & 1 
(iy —#) +at(ge t+ 


and #4, are the roots of the characteristic equation 


cotp = + —+; 
for a cylinder 
2 
r=]; ®, = J, (nX); , (+n) = Je (en); A, = Uf pel , 
pr + (> ar) 
and (4, are the roots of the characteristic equation 
J; (w) 1 


Je(e) B/BI— Bye’ 
and for a sphere 


inp, X 
r=2. %=—} > 9, = sinp,; A, = 7} : ? 
(a SE) + 


38 — Fy 
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and w, are the roots of the characteristic equation 


» Bi 
If we exclude from consideration the range in which Fo is close to zero, then it is possible to neglect 
all but the first term in the infinite sum. In this case the first characteristic-equation root is determined 


by the following expressions: 
V 1+f8_. 
b= 1/3 + 1/Bi 


for a plate 
_of 20+8 ; 
P= 1/4+ 1/Bi 


for a cylinder 


and for a sphere 


= V3 BI(I + 6. 


If we set Bi =oo in (7-4-48) through (7-4-50), then we obtain solutions for boundary conditions of the 
first kind, 


7-5, Heat and Mass Exchange in a Layer 


System of differential equations (4-1-2) and (4-1-3), together with the 
corresponding boundary conditions, provide a description of the transfer 
of heat and mass in an isolated body. It will be useful to generalize this 
system of equations to include the exchange of heat and mass in a layer. 
The resulting system of equations makes it possible, first of all, to give 
up several restrictions which have been imposed on an analytical descrip- 
tion of transfer phenomena ina layer. In most works on heat exchange and 
drying the particles of the layer have been assumed to be so small, or the 
heat conductivity and potential conductivity in them have been assumed to be 
so high, that the gradients of the heat-transfer and mass-transfer potentials 
in the particles were neglected. As aresult, the layer of material was rep- 
resented as a continuous medium with continually and undirectionally vary- 
ing temperature and mass-transfer potential. Real processes often take 
place in layers whose elements are not small. If, in addition, the tempera- 
ture of the heat carrier is high, then the transfer-potential gradients in the 
material are considerable. Thus, a model of the process which does not 
take into account coupling between heat exchange and mass exchange as well 
as the resistance to transfer phenomena is an incorrect model. A generali- 
zation of system (4-1-2) and (4-1-3) and the boundary conditions must lead 
to relations between the properties of the body and those of the surroundings, 
primarily relations between the temperature at the body surface and the 
temperature of the heat carrier /16/. Suchanapproach will make it possible 
at the same time to describe more fully and correctly the variation in the 
surrounding temperature. Thus, this section may be regarded as a closer 
examination of the material which was presented earlier. 
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a) The problem posed. The system 
of differential equations 


Let us consider a layer of dispersed (moist) material, consisting of 
spherical particles of radius R. A heat-carrying fluid is blown through 
the layer in the direction yn with a constant velocity v. The temperature 
of the medium ahead of the layer is tf... The initial mass-transfer poten- 
tials in the layer particles (that is, before the particles contact the heat 
carrier) are 4; and 0. The porosity of the layer is m. 

If we neglect the effects which radiation inside the layer and.contact 
thermal conduction between the particles have on the potential field, then 
the system of transfer equations can be written as 


deta), MUM 4 sem, dre, I, (7-5-1) 
SEN a ay, FUE Ht gb SU SH (7-5-2) 

— by HR) 4 a, [te (n, 2) —#(R, 2)] —(1 — ©) Pim = 0; (7-5-3) 
hn [8 im = 05 (7-5-4) 
Mee) 4 9 See) + 20 te (ny 2) —£(R, 9) = (7-5-5) 
0.1 = 209) 1%) __ —(); (7-5-6) 


with n=O te —=te,==const; 


qy=0t t=t,=const; §=-§,—const. (7-5-7) 


b) Dimensionless parameters for heat and 
mass exchange in a layer 


From system of equations (7-5-1) through (7-5-6) some new similarity 
criteria may be obtained: 

the homochronicity number, characterizing the time-scale transforma- 
tion, 

Ho= 5; 

the Margulis number (or Stanton number St), which is the ratio of the 
specific heat transferred to the material to the heat transferred by the heat 
Carrier through the layer, 


a ae 
> 
UCcYc 


and the Miniovich number, which is made up of quantities characterizing 


the geometry of the layer, 


Mn= ye 
m 


uR 


Since Ho=FoPe, where Pe= —— is the Peclet number, the potentials of the 


Qa 
layer of material, taking into account which dimensionless quantities per- 


tain to the system, can be written as the following dimensionless functions: 


I —T (Po, Lu, Big, Bi, Ko, Pn, ¢, Pe, Mr, Mn, W, V, x/R, 0/R); (7-5-8) 
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8 = 6 (Fo, Lu, Big, Bim, Ko, Pn, ¢, Pe, Mr, Mn, W, V, x/R, 7/R). (7-5-9) 


The number of independent dimensionless quantities in equations (7-5-8) 
and (7-5-9) is considerably smaller, since relations exist between the 
individual similarity criteria. 


c) Solutions for the temperature field in the material 
and in the heat carrier for p =0 


Pay =) An (1 — Mr Mog) exp[—p; K (Pe Fo—n/R)] — 


al 


-¥ Ay sate {Pe al K (Pe Fo— aR) +=$-|X 


inp,X 
<a — cos HaX\Mr Mn + exp [—iK(Pe Fo— ®) | ee 


T= a =1-7 A, Mr Mn 4 exp [-" K(Pe Fo—) ht. 


a=! 


In these equations 


Aa ae wisi a — Pn 608 Bn) BY + (Bi, —1)*, 
n= 


Mn — SID fr, COS fn _ p? +Bi, (Bi, — 1) 
bt Mr Coto 
K Ble Coy 


and p, are the roots of the characteristic equation 


tanp=— Bi, a . 

By means of the previously described methods of solution it is possible 
to find more general solutions of the system of heat-exchange and mass- 
exchange equations for a layer and to analyze the process on this basis. 

If the heat exchange is not complicated by mass exchange then the solu- 
tion is simplified considerably, since instead of the system of differential 
equations we obtain two independent transfer equations. Solutions of this 
type of problem have been given by Ivantsev and Lyubov /17/, Gol'dfarb /18, 
19/, Aksel'rud /15/, and others. Here, only the method for solving one- 
dimensional problems, proposed by Gol'dfarb /19/, will be given, and for 
solutions of other problems the reader is referred to the references, es- 
pecially /15/. 

We begin with the familiar heat-conduction equation 


Cy OE a wt 7-5-10 
7 4 Tes x ox’ ( ) 
where r=2v-+1 (for a plate ee, for a cylinder v=0, and for a sphere 


v= 1/2). 
The limiting conditions are 


t(x, 0)=tceq==const; fo, (0) == t,, const; (7-5-11) 
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at(0,*)__ 9. 
OX cae ) 


— 4, ER) 4 a, [te («) —£(R, 2)] =0; 


+ Ww Mott ag [te (t) —#(R, *)] =9, 


(7-5-12) 


(7-5-13) 


(7-5-14) 


where wis the water equivalent of the gases (taken over a unit heating sur- 
face), and where a plus sign in front of the water equivalent corresponds 


to uniflow while a minus sign indicates counterflow. 


We now apply a Laplace transformation to equation (7-5-10), taking into 
account limiting conditions (7-5-11) through (7-5-14), to obtain the follow- 


ing solution in terms of transforms: 
toe 5, 
t (x; s)— $ I= 


(tep — fc-eq) E5) WWE ) 


— 
—_— 


a t(R, Ss) twee 
{tel}, =“ tes 


The corresponding inverse transforms are 


T (X, Fo) = #1 )— teeq 


too le, “eq 


ak n=l 


—_telt)—teoeqa=_ , ies 
Pe P= 7, =Foeq rte tn an 
+xBig 


In these equations 


J y(n) 
_y Pen J,(tn) 


exp (— », Fo); 


», Fo). 


Peg 2Bi,(u2 +xBi,) 
Abn) = i Gl, — yet Ew (BlP + FEE 
_ Rtelo, 
—w’ 


and #, are the roots of the characteristic equation 


ihn) in (+2) 


Jy41 (tn) Big Bn 


[WEWrav in. VeneaVendVvey oo" 


(7-5-16) 


(7-5-17) 


(7-5-18) 


For x=0 solution (7-5-17) becomes solution (6-5-45'), while for both 


x=0 and Bi,=coit becomes solution (6-5-43') in § 6-5. 


Particular solutions 


for the individual body shapes /19/ may be obtained from (7-5-17) and 
(7-5-18) by substituting in them v=—"'/, 0, '/2 and by taking into account the 
relation between Bessel functions of fractional order and the trigonometric 


functions, just as was indicated previously in § 6-5. 


spherical particles solutions (7-5-17) and (7-5-18) are 


T (X, Py) A, S22 exp(—p" Fo); 


as 


n=! 
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For example, for 


, 00 
T'¢(Fo)=——— +9) ene 


"sin, exp (— 4, Fo), 
t$y net 4 
a 


xBi 


e 
wher 27 (Sin fn — thn COS fn) 


23 (Hn — Slt pon COS Hn) + 2x Sk pn (SIM fy — Hon COS pin) 


n— 
and p, are the roots of the equation 


Mn — en tx 
1 —pp, COt Uy Bi, Br * 


If we neglect the resistance to the transfer of heat and mass in individual 
particles of the layer, then system of equations (7-5-1) and (7-5-2) together 
with limiting conditions (7-5-3) through (7-5-7) is transformed into a system 
of equations for a continuous medium. A detailed analysis of various ana- 
lytical solutions of problems of this kind has been made by Chudnovskii /20/ 
and Kantorovich /21/. We will consider here only the most typical methods 
for describing unsteady uncoupled transfer in a layer. 

As a representation of the unsteady heating of a layer of material (con- 
sisting of lumps) made up of particles of small dimensions or high ther- 
mal conductivity, no heat sources being present, Anzelius /22/ and Schu- 
mann /23/ proposed the following system of equations: 


a 
Be 4 gMe 2 (t. —t); (7-5-19) 
am te) (7-5-20) 


where ay is the heat-exchange coefficient, referred to unit volume of the 
layer, and x is the spatial coordinate in the gas in the flow direction along 
the layer. If we introduce new variables 


ay Xx ay x 
Y => —__ and z= (+--+). (7-5-21) 


OC cM 


then (7-5-19) and (7-5-20) can be reduced to the system of equations 


5 =te—t (7-5-22) 
a ee (7-5-23) 


A whole series of solutions of equations (7-5-22) and (7-5-23) have been 
derived, both for heat exchange and for diffusion (see /22/ through /27/). 
These solutions give the temperatures ¢ and f, as functions of the dimen- 
sionless quantities Y and Z. 

The above method has also been used by many other authors to investigate 
heat exchange and mass exchange ina layer, especially to determine the ex- 
change coefficients (Saunders and Ford, Chukhanov and Shapatina, Kichkina 
and Zhuchkov, Vetrov and Todes, among others). 

Consequently, it will be interesting to demonstrate a means of solving system of equations (7-5-22) and 
(7-5-23), Here we will show what is, in our opinion, a quite simple method for integrating the system. In 
this method, which was proposed by Smirnov /27/, we first consider the system of equations 


oT oT 
37. = 5(To—T7) and Wr = 4(7.—7) (7-5-24) 
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subject to the conditions 


where T,(Z, Y) and T(Z, Y) are the dimensionless temperatures of the surroundings and the body (or of the 
two fluid flows), which are moving respectively in the y and x directions; a and b are constants depending 
on the area of the heating surface over which flow takes place and on the thermal conductivity and specific 
heat; and Z and Y are the dimensionless variables defined by (7-5-21). 

If T is eliminated from system (7-5-24), then we obtain the following equation in Te: 


OT, ao .. Te 
ozoy +? oz + ° oY 


=(Q 
subject to the conditions 


To lz—o = exp (— aY) and To ly=o = 1. 
If we define 


To = exp(—aY—bZ}a, E=aZ; n= bY. 
then we obtain 
7a 
Sails ee rs 1-5-2 
o&On a, ( 6) 
Bley =1; Bf, 9 = EXP (7-5-27) 


The following general solution of equation (7-5-26) derived by Erugin /28/ may be used to solve 
(7-5-26) and (7-5-27): 


3 a 
a(t d= St (6) S92 VEEP) dtO+[ balm) L(A VEG — TIAN) + 
0 


+ 4 (0, 0) Jy (24V Enh (7-5~- 28) 


where $,(&%) and $,(*) are arbitrary functions, By means of conditions (7-5- 27) it is easy to show that 


6 be* 
sir) expe and (7%) —0. 


Conse quently, 
: b ———- 5° 
ak, aa a (UY AE —E) exp > ae* + J, (BV En) 


or, reversing the substitutions made earlier, we have 


vA 
T.(Z,Y) = exp [— a¥ — 6Z} [of exp (bE*) J, (2i WV aby (Z — &*)) dé* + J, (2 abZY) ] .  (T-5-29) 
0 


Then, from the second equation of system (7-5-24) it follows that 


Zz 


T (Z, Y) = —iexp[—aY — 62) E fexp (b&*) J, (28 V aby (Z — e*) X 


0 


(Z — §*) d&* J, (21 VY abZY) ee 
x Vaz + yanzy | (7-5-30) 


Equations (7-5-29) and (7-5-30) represent solutions of system (7-5-24). 

In the study of heat-exchange processes involving phase or chemical 
transformations, a solution of system of equations (7-5-19) and (7-5-20) 
when the latter system includes a source term is much more interesting. 
Brinkley /29/, Rabinovich /30, 31/, and others have derived solutions of 
this problem. The solution methods for these problems do not differ from 
those of the problems considered above. 
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7-6, Regular Thermal Conditions 


An analysis of the solutions derived above shows that an unsteady process 
of heat and mass transfer develops in three stages. The first stage is a dis- 
ordered period during which the initial state of the system has a strong effect 
on the potential fields. Toa certain extent this effect is a random one, since 
any nonuniformities in the initial distributions of the potentials are reflected 
in the subsequent distributions. When the heat and mass transfer are coup- 
led, the disordered nature and the instability of the process are intensified, 
due to superposition of the force fields of the various potentials. As an ex- 
ample, we may mention the first stage of heat and mass transfer when the 
rate of mass exchange at the surface of a body is constant (§§ 6-2 and 6-6), 
A correct analytical description of this stage of a process is achieved only 
by taking into account a considerably large number of terms in the infinite 
sum. 

As time goes by, the effect of the initial potential distributions on their 
subsequent variations levels off. During the development of coupled proc- 
esses greater directivity and uniformity are established. From the first, 
disordered stage the process passes to the second, ordered stage. For an 
analytical description of this stage, it is sufficient to retain from one to 
three terms of the infinite sum. It should be noted that there is some dif- 
ference between the second stages of "coupled" and "uncoupled" transfer 
phenomena. Processes of uncoupled transfer are particularly interesting, 
since during these the so-called regular conditions are established. For 
regular conditions the relation between the dimensionless potential and the 
Fourier number is a simple exponential law. 

For the coupled processes determined by system of equations (4-1-2) 
and (4-1-3) actual regular conditions are not established. Due tothe coupling 
between heat transfer and mass transfer, the relation between the potentials 
and the Fourier number is not exponential. The apparent simplicity of the 
process is a result of the establishment of a relatively stable coupling be- 
tween the potentials. Mathematically, the difference between the two situa- 
tions consists only in that a single term of the sum is sufficient to describe 
regular conditions, whereas to describe the stable stage of a coupled trans- 
fer up until the steady state two or three terms must be retained. 

The third stage corresponds to the steady state (Fo=oo), during which the 
potentials at all points in the body are equal to the potentials of the surround- 
ings. 

Let us examine in more detail the laws describing the regular regime, 
since at present these laws are widely used in various fields of engineering 
and physics to calculate not only thermal processes /32, 33/ but also diffu- 
sion processes /34, 35/. 

If the heat exchange between a body and surroundings at constant tempera- 
ture (tf constant) obeys the convection law (boundary conditions of the third 
kind), then the solution for the simplest body shapes may be written as (see 
equation (6-5-10)) 


1—T (X, Fo) ==] —= J) A, (enX) exp (— 1, Fo), (7-6-1) 


n=l 


where A,, are the initial thermal amplitudes and p, are the roots of the cor- 
responding characteristic equations. In deriving formula (7-6-1) a very 
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simple initial condition has been specified (uniform initial temperature dis- 
tribution in the body). However, this simplification does not impose any 
restrictions on the basic conclusions to follow, and they will be valid even 
for complex initial conditions. 

As we have noted over and over, with increasing Fo the terms of series 
(7-6-1) decrease in absolute value but not at the same rate, so that the terms 
from the second term on soon become negligibly small in comparison with 
the first term. Therefore, the temperature 7 at any point of the body may, 
long before it becomes essentially equal to the temperature of the surround- 
ings (T,.=1), be represented by a monomial exponential relation: 


to—t z 
Ir = Air On (¥,X) exp (— 9 Fo). (7-6 2) 
From this moment on, the body is subjected to special heating conditions, 
characterized by a constant rate of variation of the logarithm of the excess 
temperature: 
O[In(ts—f)) __ Re. 

err mei cL (7-6-3) 
The quantity m, known as the heating rate, is of central importance in the 
theory describing the regular regime, since it is a measure of the rapidity 
of the regular heating (or cooling). The rate of heating for the average tem- 
perature of the body may be defined similarly as 


——=-—_ = Mm. (7-6-4) 


Let us note that the heating and cooling of multidimensional bodies 
(prisms of rectangular cross section, rectangular parallelepipeds, short 
cylinders, etc.) also obey these laws. It will be shown in the next chapter 
that for such multidimensional bodies a solution can be obtained by multi- 
plying together the solutions corresponding to the three unidimensional 
thermal fluxes (for the three-dimensional case) in the directions of each 
coordinate axis: 


n, i=! 
(i=1,,2,3) 
where Ayi=(Any Ang An,) are the initial thermal amplitudes, ® (Mize) are 
t 


functions which take into account the temperature variations along the co- 
ordinates (x=x,, y=X,,2=x,), R;,are the dimensions of the body, and R,. is 
the generalized dimension of the body, equal to the body volume (V) divided 
by the body surface area (F). 

In this case equation (7-6-2) becomes 


3 
to —t Ry\3 
Sy T1A.(0,.) ex0[ — (rege) For] (7-6-2 


Temkin and others have shown that the problem of the heating of a body 
of complex configuration can be reduced to a problem of the heating of a 
body of basic shape (plate, cylinder, or sphere) by introducing a criterion 
for approximate Similarity. This makes it possible to extend the laws de- 
scribing regular conditions to bodies of any shape. 
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From (7-6-4) it is possible to determine the value of m for bodies of 
any shape, using the balance equation 


dt 
CaYV G- = 44F (te —ts), 
from which we obtain 


%F te—ts ou. a,Ry 


mee tt RY ayo Be Blvd ae 


Here $= ss is the dimensionless parameter characterizing the nonuniformity 


of the temperature field. The quantity Biy = is the Biot number, the 
@ 


characteristic body dimension RK, being the ratio of the body volume to the 
body surface area. Consequently, the numerical value of m is determined 
by the thermal coefficients, the dimensions, the body shape, and the heat- 
exchange conditions. 

From equation (7-6-5) we obtain a relation which is very important in the 
theory describing the regular regime: 


Kn=9Bi,, (7-6-6) 


mRy 


Ry \2 
where Kn= aia ) (x, ! x) is the Kondrat'ev number, a dimensionless 
@ e 
ix! 


quantity determined by the body shape and by the characteristic numbers: 
> By. and p,, (and thus by the Biot number as well, since the character - 
istic numbers are functions of the Biot number). 

It turns out that the curves of Kn=f(Biy) for bodies of completely different 
geometrical shapes (spheres, parallelepipeds, cylinders, etc.) lie so close 
to each other that their whole family can practically be replaced by a single 
average curve (Figure 7-18). An analytical expression for the curve has 
been given by Yaryshev /33/: 


If Bi, +0 (in practice, if aie Sten Ra hoZay, Consequently, the 
Kondrat'ev number will equal the Biot number (Kn),=Bi, and the heating 
rate will be m=a,/c,yR,, so that we obtain the Newtonian law for the heating 
of a body. 

If Bi, —+0o ge practice, if Bi,>100), then the Kondrat'ev number 


Ko,— DY Jer Will be constant. In this case the heating rate will be 


i=1 
directly S onationel to the thermal diffusivity (Kondrat'ev's first theorem), 


namely (m),, = 74 (Kn),,. Thus, the value of Kn lies between zero and some 
V 


constant value (Kn),, the latter being determined by the shape of the body. 

Following the suggestion of Kondrat'ev, we call the given type of heat- 
ing kinetics regular conditions of the first kind. For the center of a plate 
or cylinder the beginning of this regime is a function of Fo and Bi, of the 
temperature simplex [dimensionless parametric temperature} T (0, Fo)= 


= ee , and of the allowable calculation error e (see Figures 7-19 and 
c~— *e 


7-20 and also /36/). These figures show that, for low values of the Biot 
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number, at the central points of the given bodies regular conditions are 
established quite rapidly. As the Biot number increases, the relative time 
required to establish regular conditions increases, then attains a maximum 
at Bi~2, and subsequently decreases again somewhat. For given e and Bi, 


FIGURE 7-18, Universal approximate curve for Kn=/ (Bio), 
showing the rate of regular heating or cooling of a body asa 
function of the generalized Biot number 


1) plate; 2) sphere; 3) cylinder 


the regular-regime stage begins earlier on a cylinder axis than at the 
center of a plate. 

If the temperature 7,(«) of the external surroundings varies at a constant 
rate, then after a certain time the temperatures at all points in the system 
begin to vary at this same rate. For example, if the temperature of the 
surroundings varies according to the linear law f¢,(t)=f,+5t, then the 
coefficient 6 represents the constant rate of variation in the environment. 


—___ 


FIGURE 7-19, The beginning of regular thermal conditions in 
the midplane of a plate, expressed as a functional relation be- 


tween Fo, Bi, T (0, Fo), and the allowable calculation error e 
In dimensionless form, this rate is expressed by the Predvoditelev num- 


ber Pd oR The general solution of problems of uncoupled transfer is 
a 
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in this case 


Bee So ee ___| 2 
T (X, Fo) = =Pd[Fo orgy (!—%*+a)|+ 


Lo) A, 
+) 2 ®, (»,.X) exp (— p2Fo). (7-6-7) 
=] n 


An analysis of (7-6-7) shows that, for all values Fo>Fo,, the series sum is 
negligibly small in comparison with the expression in square brackets. 
From this moment the temperature at any point of the body is a linear func- 
tion of time, and the temperature distribution may be represented by a 
simple parabola (the temperature gradient at any point of the body does not 
vary with time). Analytically, this result indicates that so-called ''quasi- 
steady'' conditions have been established in the body. This stage of the heat- 
ing development is called regular conditions of the second kind. 


an 


BNE 


Gle te 


FIGURE 7-20, The beginning of regular thermal conditions on 

the axis of an infinite cylinder, expressed as a functional rela- 

tion between Fo, Bi, T (0, Fo), and the allowable calculation 
error eg 


It is interesting to note that a similar result is obtained if the body is 
heated by a constant or varying thermal flow at the surface of the body 
(boundary conditions of the second kind). For example, for a constant 
thermal flux, the solution for the plate can be written as 


T (X, Fo) =)—+ =Ki, [Fo — +(1 —3x)|+ 


-++ Ki, y (1) cos aX exp (— p? Fo). (7-6-8) 
a=l 
During the stage of regular conditions of the second kind, as indicated by 
(7-6-8), the temperature gradient at any point of the body does not vary 
and the temperature distribution is parabolic. Consequently, regular con- 
ditions of the heating development are established not only with respect to 
the temperature fields but also with respect to the heat fluxes. 

Regular conditions of the first and second kinds have a property in com- 
mon, namely that the ratio between the specific heat flux jg(x, t) at any point 
in the body and the specific heat flux at the body surface is time-independent 
(is a function of the spatial coordinates of the body only) /37/. For example, 
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with boundary conditions of the third kind we have: 
a) for a constant surrounding temperature (ft, constant), 
for a plate, 
jg{% *) __sinwsx/R . 
(ia)s sinp, ’ 
for a cylinder, 
ig(r, t) __ J, (1 7/R) ; 
Gas Su Hs) 


for a sphere, 
Iq r, =) a (r cos p4r/R— sinp,r/R) , 


(ja)s r?/R*(R cos », — sin p,) 


b) for a variable surrounding temperature (t,t, (t)); if t(*)= 
= tn — (tm —f,.)exp(— xt), then the characteristic numbers [eigenvalues] », 


for a plate, cylinder, and sphere will be the same, namely n=Vs R; 


if the surrounding temperature varies linearly with time, then the heat- 
flux ratio will be 
}q(*, *) —_* 


ene ja (t *) oF -6- 
Ge ko! Ge (7-6-9) 


Thus, in one-dimensional heat-conduction problems the ratio between the 
heat flux at any point of a body and the surface heat flux is, during the regu- 
lar-regime stage, equal to the dimensionless coordinate of the body. For 
boundary conditions of the second kind we obtain exactly the same relation, 
which is valid for both constant and variable heat fluxes at the body surface, 
Relation (7-6-9) for one-dimensional heat-conduction problems, as well as 
the general characteristic equation for regular conditions of the first and 
second kinds, remain valid even when a continually acting heat source 
(constant source strength w) is present. The above general property of 
regularization of the kinetics when a solid body is heated can be givena 
firm physical basis by means of the thermodynamics of irreversible proc- 
esses /6/. 
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Chapter VIII 


TWO-DIMENSIONAL AND THREE-DIMENSIONAL 
FIELDS OF HEAT-TRANSFER AND 
MASS-TRANSFER POTENTIAL 


8-1. Heat and Mass Transfer in a Semi-Infinite Medium. 
Boundary Conditions of the First and Second Kinds 


In many practical problems two-dimensional and three-dimensional 
bodies or media are dealt with. Under such conditions a one-dimensional 
mathematical model of heat and mass transfer is unsuitable. Thus, in the 
present chapter methods for solving the systems of heat-transfer and mass- 
transfer equations 


60, ar, a 
“Fe AG"O, Op GE (8-1-1) 
Oe = Amys + Omdy"0, (8-1-2) 


. . Q? o* o° 0? ot 
will be considered, where y?= oat T Oy or von TF op ont is the Laplace 


operator. In addition, methods for solving generalized systems of differ- 
ential transfer equations (see also § 9-6) such as 


At — Ky,978, + Kuyt, +0, (x, Y, 2, %); (8-1-1') 
Ot = Kav + Kav + (x, Yy, 2, %) (8-1-2') 


will be studied. System (8-1-1) and (8-1-2) is a particular case of system 
(8-1-1') and (8-1-2'). Here w,(/=1, 2) are certain sources corresponding 
to the transfer potentials 6;. To simplify the calculations, we have denoted 
the temperature as 0, and the mass-transfer potential as 6,. 

Once again integral-transformation methods are the most effective means 
of obtaining rapidly the desired solutions. Along with the previously con- 
sidered methods of integral transformation, we will often use complex 
Fourier transformations in their various forms to solve multidimensional 
problems. In contrast to the previous chapters, the problems will be solved 
mainly in terms of dimensional quantities. 

The systems of heat-transfer and mass-transfer equations have been 
solved by Tsoi /1, 2, 3/ for a semi-infinite medium, by Kim and Ivanova 
/4/ for an infinite two-dimensional plate, and by Prudnikov /5, 6/ fora 
finite plate. Solutions of the differential equations for uncoupled transfer, 
with various boundary conditions and for various body shapes, have been 
derived by many Soviet and non-Soviet authors. Summaries of some of 
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these solutions are given in references /8/ through /10/. Several interest- 
ing works which have been carried out in recent years will be discussed in 
§§ 8-4 and 8-5. 
Let us find the potentials 6,(x, y, z, t) for asemi-infinite three-dimensional 
medium in the domain Q: 
O<x< 00; 
— 00 Hy <0; 
— ocd z< 00; 
<>0, 

where these potentials satisfy system of equations (8-1-1) and (8-1-2), 
initial conditions 


6:(x, y, 2, 0)=fi(x, y, z) (=1, 2), (8-1-3) 
and boundary conditions of the first or second kind. 
1. Unsteady three-dimensional fields of transfer 


potential with boundary conditions of the 
second kind 


Boundary conditions of the second kind state that 


AO be) oily 2,5) (I= 1, 2). G-r® 


Let us seek potential functions 6, and 9, for which a Fourier transformation 
is applicable with respect to the spatial coordinates and for which a Laplace 
transformation is applicable with respect to the time tin a domain®. It is 
assumed that the functions being defined are regular at infinity: 


O:(x, y, 2, t) 0 for R¥=x*+- y?-+-2*- 00. 
If we define 
_ j f (x, y, 2, v) exp [é (ny + €z)] dydz =u; (x, 4, 6, et) (J=1, 2), (8-1-5) 


then 


xf | . (Spt Gee) exe Li (rw + &2)] dude = — (gt +O) aa (x, 1, G 9) 


Now, with respect to the x coordinate the Fourier cosine transformation 


V =a (x, 7, &, z=) cos xédx—x, (8, m &, t=) —={ui}e (8-1-6) 


is applied, so that for the second derivative 


V as J et cos ade — 8 {ui}.-YV 20, 
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where 


1 


B= sz YY ety. z, sexpli (w+ te) dy az. 


When transformations (8-1-5) and (8-1-6) are applied to system of equa- 
tions (8-1-1) and (8-1-2), then taking into account the expressions for the 


second derivatives we obtain 
1] are: “2° 
ar {us}e = — Agr? {u,}e + €9 an oe (tbo — 2 V 24, 
0 3 2 2 
> {u,}o =—a4,r {us}e — an 6r {tt,}¢ came! yz (Am2®, +- a2,,9,), 
where r*=§-+4?-+ 0, 


The initial conditions for system (8-1-7) are 


{F,}.= V2 { F, (x, 7, &) cos xé dx, 
0 


where 


me 


V2 4 ft (x, y, z)exp [i (ny + €z)] dy dz. 


Next, we apply to system (8-1-7) the Laplace transformation 


{41}. = {ui (&, ny &, t)}, = (a (&, 1, C, t)exp (— ss) de, 
0 


in order to obtain, taking into account initial conditions (8-1-8), 


(Amr? + 5) {u5},, + Ombr* {4,},. = 
= = = [2m {®,}, + Amd {®,}, }+ {F,}.; 
—eps = {as}... + (Ger? + 5) {4}, = 


=—Y 2 a, {0}, — 7S {Filet (Fide 
Consequently, the transforms {u)},, a 2) can be written as 


D ’ 9 
{zi}... = ae = v, 3 (c= 1, 2), 


where 
(star) ar’ 


EME I=! pias (e-bay) | 


(s-anr*) — yz [@m {,}, + Omé {P,}, ] + {Fhe 


D, &, 4, 6, s)= ae 
— 8p me s -f2 a, {®,}, + {F,}e— ep ag {F Se 
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o 
b 


(8-1-7) 


(8-1-8) 


(8-1-9) 


(8-1-10) 


(8-1-11) 


(aye [am {P.}, + Omd {®,}, | + {F Sa) Q,,5f? 


D,(&, 9, & Ss) = 
(—Y 2 tae Oh, + Fike — 09 co {FJe)  (stagr*) 
Let us now expand the principal determinant of system of equations 
(8-1-10): 
D&, , &, s)==s?+s [ am + Qg + Andep | r? + Amdt". 


The roots of this determinant may be denoted as s,—=—ar and s,=—O6r’, 
where @=4a,,v?, b-=a,,v2 and 


=;(0 + eKoPn-+ 1/Lu)+(— 1)! /(1 +e Ko Pa} 1Luy— 4]. J. 


The analysis of v? and @, carried out in the previous chapters indicates 
that @ and 6 are both positive. 

Let us now find the inverse transforms of the transfer potentials. As 
an example of the methods used, we will find the inverse transform of the 
mass-transfer potential. For {u,},, equation (8-1-11) is 


] [2 2: 
—(s + agr*) zx {a}, Aqand V2 {,}, r 


{u,}.,= Dé, 2h a Ss) Dé, 2» t, s) 
+s + agr*) {Fi}e +7 *{Fhe | 
D(E, 1, & 8s) 


where 
{P}, =m {®.},+2md {9,}, and {F}.=an,d [< a {Fi}e— {Fi}o |. 


In order to invert the transform with respect to the parameter rt, let us 
use the formula for the determination of the inverse transform when the 
transform is a regular fractional-rational function with simple roots: 


~1[Qm(8) ]_ TY Qm (51) 
Lol [= Yy Rae) oP (S19) 
{=I 


where s; are the simple roots of the polynomial Rnj(s), and wheren>m. 
Using this formula and the corresponding convolution theorem, we ob- 
tain in this case 


(hm Qy ar (VE [sth 86 
—(n, f, <*)| exp [— ra_¥?(<— v*)] de® + 


+] e+ {Fle | exp (— Fan oy, 


where 
Rice aE ORR eras er 
Om + Oy + OnBep™ —aqv? | + 1/Lu + * Ko Pn —2y; 
gq 
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Then, we may apply to the function {uz,}. an inverse Fourier cosine trans- 
formation with respect to the variable & to obtain 


2 


4, (x, , 6, t)= = ao {{[ tet 9, 30 exp [— (1? ++ 
0 


i=l 


62) (t+ <*) anv? ] de® f exp [— #a,,V? (« — <*)] cos xé dé + 

oo F : ¢ 
ae { [F. (a, 7, O)- ai exp [— anv? (12+) x] daX 

: ag— Am; 

oo 
Ne (— #a,,v? c) cos af cos xt at (8-1-12) 
The evaluation of the following improper integral: 
a’ 


C Va 6 
J exp (—a*x*) cos (26x) dx = -5~ exp G@ *) 


and the trigonometric relation 2cos af cos x€=cos€(x«-+a)-+-cos€(x —a) makes it 
possible to rewrite equation (8-1-12) as 


2 2 
Ag?) 
Be R= aya { =e 
i=l : 0 : ii: 
exp [—(n* + 6?) (« — *) anv} J xe? ? 
—3 | exp Vere recy ke + 
F (a, 
tae ([F 2(@ 1, 6) +S co scat | oP [= anv (t+ 
+e9el) exe [ ra 2) 4e9[- ves all hal (8-1-13) 


To obtain the inverse transform with respect to the other coordinates, 
it is convenient to use the formula for the two-dimensional Fourier trans- 
formation: 


F-*{exp[—a*(n*-+-0)s]} = a5, exp (—). 


Thus, after inverse transformation with respect to the variables nand ¢ 
and after application of the convolution theorem, equation (8-1-13) becomes 


1 
(x,y, 2, 9 Ya stra X 


i=! 


a {toe eri Bt *) i(8, DEY @ exp | x? -+ (y — 8)? + (z — 1)? lester 


— *)3/2 4am; (¢ — **) 


00 60 0 
* __ (*—s)? +(y — $b + (2 —1)° 
aoe RIA mY} tyne |S! j (a, B, ¥) 523 4a mv? |x 
ax 
x[1-texe(— OnV? « 7) da dB dy (8-1-14) 
where 
Qn 8amvy 


Pi (Y, 2, i as ERT | e 9: (Y, 2, t)—AmPr (Ys 2, t); 


qa am 
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and 


amdep 3 
is (x, y, 2)= Ee aage =a v fa (% Y» 2) aa y, 2). 
Equation (8-1-14) represents the solution of the given problem for the mass- 
transfer potential §,. 

Inversion of the transform of the heat-transfer potential is carried out by 
means of the same sequence of operations performed during the determina- 
tion of §,. Here these transformations will be omitted, and only the final 
result 


2 
| ee Saami 
cena 4 {waa ye a 


t 0 © 
*. (8, Y, 5) _ BP +y—brt(z—y + 
x\) Jaa (*— — 1*)3/2 exp | 4an¥ (s — +*) lk dp ay -- 


00 00 00 
— 2)* + (y — §)* + (z—y)? 
+ Qa ry \r “i (as P, Y) exp| 4a mV; s \x 


x[1-bexp(— meee (8-1-15) 


Gmdep <m Amv? 
g**,(y, 2, t) = —_—__— -—-a, x 


will be given, where 


Om — Am; 


2 
amtp - Om; 


KP (Ys 2 9) ly Zz, %); 


merce 
F**s (x, y, z)=f,(*, ys fea EF oat fs (Xs Ys z); 


AMS — 
: ~~ 1 1/Lu-+ eKo Pn — 2? 


am + a+ andep ~ = 7 eam yf 
Equations (8-1-14) and aaa represent a solution of the problem for 
the very general initial conditions (8-1-3) and for boundary conditions of 
the second kind (conditions (8-1-4)). These solutions provide a basis for 
the derivation of several particular solutions. 
As we have emphasized previously, in many processes the coefficient $ 


is small, In such cases solutions (8-1-15) and (8-1-14) may be written 
as /3/: 


eh poe: re f {J (rene t ex p{- PUA HEA) Vergy 


4a, (x — +") 


A mep 
728.17) [tt — Be + (2—9)"1 ne 
4 (am — 5 4 (am —a@,)V m* el ini f cape 42m (t — t*) | dx dp dy + 


Gyn Fagay fff (a, 8, coeanaiena 
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Cm 
ep Cq 


x[1 +e |e vega cave 
xf ft (fs tyexp| Eat Pet eI), 
x [1-texp (—zisz) |deaR ays (8-1-15!) 


0,(x, Y, 2, pyaar i) J { f.(a, B, ¥) X 
x exp Eat HW SB EIT ony (—2 s) | da dp dy — 


1 (ff ya (8. Ye 27) exp | | aca, (8-1-16) 


4 V an (a — ope 4a,, (t — t*) 
where ree 
ee Ge am 
P(Y, 2, )= Fa, Pay Zz, t)— 9, (y, 2, *); 


Cm 
6? ~~ am 


f(x, y, Z=fi(x% y, 2) 35 F(X Y, 2). 


Relation (8-1-16) is the familiar classical solution of the heat-conduction 
equation. 


2. Unsteady three-dimensional fields of transfer 
potential with boundary conditions of the 
first kind 


Let us now solve system of equations (8-1-1) and (8-1-2) for initial con- 
ditions (8-1-3) and for the boundary conditions 


0,(0, y, Zz, t)= p(y, zs) (/—=1, 2), (8-1-17) 


where the potentials 0, are defined, as previously, in the domainQ. 

As in the previous problem, the transforms of the functions 6; being de- 
termined are obtained by means of the following successive integral trans - 
formations: a double Fourier integral transformation with respect to y and 
z, a sine transformation with respect to x, and a Laplace transformation 
with respect to the time +t. When these transformations are applied to 
system of equations (8-1-1) and (8-1-2) and to boundary conditions (8-1-3) 
and (8-1-17), a transform solution of the system of differential heat-trans- 
fer and mass-transfer equations is obtained. The inverse transforms are 
then found by means of the corresponding inverse integral transformations 
(carried out, of course, in reverse order). 

Once the above transformations have been made, the final solution is 
found to be: 


X exp atest ee de* dp dy is { \ i les, (@ Be — ef (@, Be DIX 
0 —oo 


4am} (< — t*) 
“t ) ead \ 


x exp | eee = aaa ! oe 


4am} 
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: l x CC mis (BY. 3*) — 241 (8. Oy 
6, (x, y, 2, t) — ») Qy Vranv }? {a \\f* V (x—«*P — c*) 


x exp eee dx* dB dy 


4am; (t— 3*) 


4am} % 


x[! —ex(—337-)] dadBdr), 


+e (tet B, v) — pif, (a, B, new|— Ee 


where 
Gm (1/Lu— v?) Om (1 —v?)1/Lu— «Ko Pnv7] 
n:=oe——_—_—— ee : 2352--- O00 een nnn aaa 
fev 1 -F 1/Lu-+eKoPn—2v’ * 1+ 1/lu+eKoPa—2v ” 
— Amdv? piece AmtpCm/CqY; 
T+ iflu-+eKoPn—2y*? * t+ 1/lu-+eKoPn—2y2” 
(1 —v?) 1—v? 
k;=1— —_______+_____;; 
: a ek 1+ 1/Lu +e Ko Pn— 2v} 


1+ 1/Lu + eKoPn —2v; 


] €2Cm /Cq 
| i OS 
1+ 1/Lu + e Ko Pn — 2v? 1 + 1/Lu-+ ¢ Ko Pn— 2v? 


It should be noted that, during inversion of the transform with respect 
to the parameter £, it is necessary to use the following familiar relation 
for the improper integral: 


{Eexp (— a6*x) sin x§ d§ = Aye exp Go: 
0 


3. A generalized system of heat-transfer and 
mass-transfer equations, Boundary conditions 
of the second kind 


Let us now solve generalized system of differential transfer equations 
(8-1-1') and (8-1-2') for initial conditions (8-1-3) and boundary conditions 
(8-1-4). It should be noted that the class of problems represented by this 
system of equations is wider than that represented by system of differen- 
tial heat-transfer and mass-transfer equations (8-1-1) and (8-1-2). Only 


) m m 
for the special conditions K,, = a, +a, aa : Kya= © J Gms Ky,=4m8; Kis =A; 


and w,—w,—O0 are the two systems identical. 


Just as in subsection 1, we seek a solution of the problem for a class of 
functions to which Fourier integral transformations with respect to the 
Spatial coordinates and a Laplace transformation with respect to time are 
applicable. Thus, it must be true that @,+0 for R?=x?+ y*-+ 2*-100. 

Following Tsoi /1/, we apply to system (8-1-1') and (8-1-2‘) and to 
limiting conditions (8-1-3) and (8-1-4) Fourier transformation (8-1-5) 
with respect to y and z, cosine transformation (8-1-6) with respect to x, 
and Laplace transformation (8-1-9) with respect to the time rv. After 
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several simplifications we obtain 


(s+ Kur’) {t}.. + Kiar’ {u;},, = a2 [Ki {®,}, +K,, {®,},] +{m}..+ {Fite 
(8-1-18) 


Kat {ai},, +(8 + Karr?) {42}, = ~V2 [Kas {1}, + Kae {P.},] +{}, + {Faber 


(8-1-19) 
where the notation is that of subsection 1 of this section. 
The solution of system (8-1-18) and (8-1-19) for the transforms of the 
transfer potentials 6, is 


D ? ® » 
{thon = Oe ey (!=1, 2). (8-1-20) 


The principal determinant for system (8-1-18) and (8-1-19) may be expanded 
to 


Dib, m &, 8)=s°-+-5 (Ki + Kas) (Ki Kaa — Ka Ki). 
The roots of this determinant are denoted as s,=——dar? and s,——b6r?, where 


—, — (Ky + Kas) HV (Kis — Kao)? + 4KaiKis. 
a ) i as 


ae ba Ku + K 2) —VW(Kir = Kas)" +4KaiK 3: p 
“Fa 2 


For K,,K,,—K:.X;,, the factors a and 6 are real and positive. Therefore, 
we set a=ciand b=c}. 

The inverse transform of solution (8-1-20) is found by carrying out the 
respective inverse transformations in the same sequence as that specified 
in the first problem, and also by using the convolution theorem for Fourier 
transformations. The final solution of the given problem, after the indi- 
cated operations, is 


2 t= © ' \ 
= 1 = A; 9s(B» ¥. t*)— B; oo (8. Y. **) 
6, (x, Y; 2; y=) (2c; Y7) \ \\ (* — <*p/2 x 


¥ *)— Bi wo, (a, fy, **) 
(s —<*)? 


X Ei (Xs ys 2,8 0, BY, 38) ds*aB dy \ \ \ amet 


0 ~—®9o 


X Ex (x,y, 2,5 4, B, ¥, t*) de*da dB dy +f [AF (a, B, 1) — Bi f(a, Bs IX 
0 —co 


% Ei(X, y, 2, 85% B, Y, 0) dad ay: (8-1-21) 


+ © 


2 2 2 
e= l _— A; 92 (B. ¥. t*)— B; gi(B. ¥. e*) 
64.2. 9=)) aaa {— | |) x 


« E; (x, y, z,% 0, B, y, s*) ds*dB dy + (8-1-22) 


~, 2 
Aj w2{a, B. y. *) — By w, (a, B. 7. **) 
(< — ej? 


+| E; (X,Y, 2,5 a, B, Y, t*) de*da dB dy + 
00 —oo 


+73) 


eo 


{ \ [A?f, (a, Bs 1) — B7 fs (a Bs YY) Ei (sy 2,7 a, BY, O) dads ay. 
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In solutions (8-1-21) and (8-1-22) the following notation is used: 


Ei (x, y, 2, % a, B, ¥, *) exp wee x 


4c? (« — +*) 
ax 
x i +- exp (— oe — =)| > 
Ki—¢; i Kis 


fies RA pe 
Kyi + Kea — 2; Kyit Kay — 2¢; 


A Ky,—¢? 


K 
= : B’ an 
Kit Kia— 27? 4 


~ Kit Kas — 202” 

The potentials 4, (x, y, z, 1) determined by (8-1-21) and (8-1-22) represent 
solutions of system of differential equations (8-1-1') and (8-1-2') with 
limiting conditions (8-1-3) and (8-1-4). The presence of kernels of the 
form exp(—a?r?) in these solutions guarantees convergence of the integrals 
for a wide range of integrand functions. 

In those cases when functions wm, gq, and f; are not included in the class 
of functions to which Fourier integral transformations are applicable, the 
solutions are called "generalized solutions.'’ For example, for constant 
limiting conditions of the second kind the solution is a particular case of 
the ''generalized solution." 

For constant limiting conditions, that is, for 


W(X, Y, 2, s) =v = const; 
9: (Y, 2, %) = 9g, = const; 
fi(x, y, z2)= 6) const, 
solutions (8-1-21) and (8-1-22) may be written as /1/: 
Peg eae 
poe i a y |. i ca beret tah (8-1-23) 


i=l 


where 
* : 0 0, 
V5 M git Migs, W* 14; = NyW, Mai, ; 


OF p= 18 + m,,0) 
ny A, Ki, ps B: Ky; Nei =A! Ka — B: Kuss 


Ny A, Ki — B; Ky; m,;= At Ki, — Bi Ki;- 


Since we know that 


> exp ec 
4c (< — c* | e 
T 


Vu Vi— St 
0 
equation (8-1-23) can also be written as 


2 


a? 
0: (x,y,z, t) = »} fwries fOr +o8 ert (a;) — ai} 
i 


i=] a Vs 
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where 


a, sl — 
26,V< 

If the heat transfer is not coupled to the mass transfer (if there are no 
effects of mutual superposition of transfer phenomena), then Ki2=K2=0. 
When this is true, system of equations (8-1-1') and (8-1-2') breaks up into 
two nonhomogeneous equations of the type of the heat-conduction equation, 
the two equations being independent of one another. 

It is evident that ci =K,, and c= K,,. When these values are substituted 
into (8-1-21) and (8-1-22), then after certain transformations we obtain 
the solution of the nonhomogeneous differential heat-conduction (diffusion) 
equation 


I 


Bl ¥ 2 = oa 5) ffi  DEr(x, yy Z, 4, B, 7, *) da dB dy + 


rf (feta) «*) de*dad8 dy — 
+ yarn | (f Vey (X,Y, 2, %; a, B, ¥, 3%) ds*da B dy 


Sarak n V («—**) 


0 —?o 
\\S eter 9G. ¥-*") F(x, y, 2, 0; 0, B, ¥, ©*) ds*dB dy. (8-1-24) 
In formula (8-1-24) 


E, (Xx, Y, 2, %, @, B, Y; e*)= 
(xa) + — 8+ (2-9) ee 
=exp | — 4Ku(t — +*) | [+e ( Kuta) | 


8-2. Heat and Mass Transfer in a Two-Dimensional 
Infinite Plate. Boundary Conditions 
of the Third Kind 


Let us consider the solution of system of equations (8-1-1') and (8-1-2') 
for a two-dimensional body in the absence of sources: 


i 


2 
= Kuy, (k=1, 2), (8-2-1) 


where Ky are constant quantities which satisfy the conditions 


Ky, Ky, 


0. 
RoR 


K,, >0; K,,>0; 


Following reference /4/, let us solve system of equations (8-2-1) with 
initial conditions 


O(x, yy, 0)=fr(x, 9) O<K<CL; —o<cy<+oo) (8-2-2) 
and boundary conditions 
E ™) (tnt ] = 21(ys 8) (C= 1, 2h (8-2-3) 


iz! 
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[B+ Yow] = 41 (ys %), (8-2-4) 


— 
z=L 


where (ym)o, (ya)z, M YP, and f; are bounded continuous functions. The first 
two functions are the coefficients of the heat exchange and mass exchange 
between the body and its surroundings. 

Let us first consider the particular problem with the boundary conditions 


(Oey) 9; AU 4) oi (y, )(L=1, 2). _ (8-2-5) 
If it is assumed that the functions f and 9, as well as the potentials 9, and 
their derivatives, are bounded and continuous, then a Fourier transforma- 
tion can be applied to the system of equations and to the limiting conditions. 
When we apply to equations (8-2-1), (8-2-2), and (8-2-5) the transformation 


1 ¢ , 
wag | 0 y, t) exp (iny) dy—u (x, 7, *), (8-2-6) 
we obtain 
= PSE YK (8-2-7 
Uy (X, 1, 0) = gi (x, 7) (8-2-8) 
SO.) 0, SE) — ©, (m2). (8-2-9) 


With respect to the variable x, the finite Fourier cosine transformation 
L 
{4 (X, , t) COS Anxdx =u; (p, 4, 7) = {iho (8-2-10) 
0 


may be applied, where 


A, = ¢ -{ =} /L. 


If transformation (8-2-10) is applied to equations and conditions (8-2-7) 
through (8-2-9), then we obtain 


= {urbe = — (A? +) y) Kutidet+y) (—1)"AnKi®a(n, 9); 
k=! k=1 


{41 (2, 9, NV} = {Br (2, te (R=1, 2). (8-2-11) 


Equations (8-2-11) are a system of ordinary linear nonhomogeneous dif- 
ferential equations with constant coefficients. The solution of this system is 
2 


{41 (2, Dho= SY Ain exP(— wa (An +0") *} on (2s Whe + 


k=!I1 m=) 


+ (—1)"A, ) y eat fexwl—wi Nt 4?) (© — 2*)] Dy ( v*) de®, (8 -2-12) 
k=1 m=1 
where »p, are the roots of the equation 
Ki i = 
Ky Ky, — p" 
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and coefficients Af, are defined as 


Mn — Kas 2 K 
A! er — (— ])m+! 12 : 
Im yp? — 2 ( ) pepe 
2 
K 2 Pm — Kua 
se AO geet vateegyy Se tt 


It is easy to show that coefficients ya satisfy the equations 


yA, = ‘i aoe YAK =e At (8-2-13) 


m=l 


Since the inverse transformation of (8-2-10) is 


1 (2,9, 2) =P) {ui}oC08 Ant, (8-2-14) 
n=0 


we may Substitute (8-2-12) into (8-2-14), and after some transformations 
we obtain 


m0 


uj (x, Ny t)= 


y Wa Ain | & &n(%, 9) y exp (— we (Ae + 77)s] cos Ana & 


n=0 


0 
2 2 
Xx Anx da + mlm , v* — 1) A, 
08 An x da ty Ain { a(n > 1)"AnX 


x exp [— p,, (A, +?) (t— *)] cos A,xde* 


or 
2 2 L co 
Uy (X, 7 => (2, 9) ¥) exp[—a,, (A, + 0°) *] X 
2 2 
[cos Ay, (a-+ x) + cos An (a — x)} da+ 2 BAe io one )x 
xy) exp [— p? (A? +9") (t — 2*)] cos An (L — x) ds*. (8-2-15) 

n=0 
If the theta function 

8,(y. X) = Se =) (— 1)" exp [ — are l= 


== 2 ) exp[—(n-+-3) = | cos(2n+-1)ny (OSy< 1) 
n=0 


is introduced, then (8-2-15) becomes 


2 2 L P 
! k 22 atx Pmt 
u(x, y t= 2L Aim &a(%, )exp(—py t) |, (23 tae 
ps \ 2 2 
+0,(54, det +¥ Vents im ox. =f Ostns *) exp [—n,, ni(s—t*)]X 
k=) m= 
on mitt") 
xe, |# aa tn is a as (8- 2-16) 
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The inverse transformation for the function u(x, 7,%), which is defined 
by (8-2-6), is 


O(x, y, =F J exp (— iny) 4: (x, y, %) a4. (8-2-17) 


When inverse transformation (8-2-17) is applied to (8-2-16), we obtain the 
final solution of the problem with boundary conditions (8-2-5): 


2 2 oo 
_ k fn (@, B) __(y—8y 
O:(x, Y, )=\y Yn fae | eet gew 4p? |x 
k=! oo 


m=! 


xo (es tase. #4 


2 2 
da (8, **) ___(y— 6? 
+); YA Ox elie eae | weal 


A check of solution (8-2-18) shows that it actually does satisfy system of 
equations (8-2-1), initial conditions (8-2-2), and boundary conditions 
(8-2-5), for any continuous bounded functions f, and ‘a. 

Let us now solve system of equations (8-2-1) with boundary conditions 
(8-2-3) and (8-2-4). Todo this, we must determine which terms in equa- 
tion (8-2-18) govern the satisfaction of solution (8-2-18) subject to boundary 
conditions (8-2-5), 

It may be demonstrated that the satisfaction of (8-2-18) with boundary 
conditions (8-2-5) is governed by the integrals in (8-2-18) whose principal 
terms are theta functions, namely by the integrals 


2 2 L eo 
or) yA) rire i age dB; (8- 2-19) 
k=) m= =—00 ne a 
TO ak Cae fone 2) (L— x} + (y—8) 
rt a = 
1m YY Ainl ae fore? [Gamay | (82-20) 
=I m=!) co ie 


First of all, quantities (8-2-19) and (8-2-20) satisfy system of equations 
(8-2-1). Actually, 


Gm (x— 4, y— B, }= 


— a)? — g\2 
7, ox i a re - 


satisfies the equation 


OGu ___ 2 (Gm Gas = p72 0G 
oo. (Gat oy? “gt )=PaV m) 


so that as a result, taking into account (8-2-13), we have 


2 


2 2 oo 
Yk = =O (Be fae Fine Pv" Gm(x—a, y—B, *)] dB—= 


=! 
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-y 6) Arak.) fas falas BY Fe [Gm (x — 8, y—B,2)] B= 


9 
Yi Ain de fh (4, 8) 2 [Gn (x—a, y—B, 2) B=, 


The same is true for o,. In addition, 


bm 440 


ia 1), th) fe ne m(x—a, y—B, t)dB= 


Alpatn(X, y=h (x, y) y Aim +E (x, vy Ain li (% 9); 
| m=! m=! 
L 


lim 2-3) An! ae j tn VE = 2G, (4 —L, y—B, 22°) dB = 


] 
iM. 
it). 


2 2 
=) Y; Aim Palys s)=1(y, ®). 
k=!) m= 


The other terms of equation (8-2-18) also satisfy system of equations 
(8-2-1), but in contrast to terms (8-2-19) and (8-2-20) they do not possess 
the latter properties. Thus, the function 9, acts as the thermal potential 
of a simple layer with respect to the line x=Ll /11/. In exactly the same 
way it can be shown that the function 


2 2 % 
7=2y ¥) Ari fae [6 ®*) G(X, y —B, «= — +") dB 
k=1 m=1 
satisfies system (8-2-1) and 
a, 
jit bi (y, s). 
Let us consider the functions 


O4(X, 25) : Ann j a* Tonto =*) Gm (Ds % Drs 2*) do; (8-2-21) 


Gin (Pr Bi Py t*)ds, (8-2-22) 


wr aarsina SB Atsn foe fate 


&=1 m=! 


where 
. *) u = r* . 
Cm (Ps Si Pur ¥°) 4np?(<— «*) ss ( diem cay) ‘ 


r= Ee FU 


o is the coordinate of the point p,(a, B) in a curvilinear coordinate system; 


and n is the internal normal. 

On the basis of the properties of the thermal potentials /11/ when the 
curve is quite smooth in the neighborhood of point po(xo, yo), and taking into 
account relations (8-2-13), it is possible to derive the following formulas: 


2 2 


wf =4.(8,) +2) V) Alen j de® 5 r(9s 8) 5 G (Poy 5 Py» 3*) dos 


k=| m= 1 
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(1), (s, 2)-+2 ) Yat A} “fae j ba(6, *) 55 (Pe =; p,, t*) do; 
0 c 


=1 m=) 


2 % 


(BH) =— els +2pV Antal €5* {4006.9 a9, G (Dy ¥ Bus 45 


k=) m=1 


(H). =; (s, 1423) Wy Aue ae {vat *) 37 6 (Pos Dy, t*) ds. 


In addition, it can be shown that the functions v; and w; defined by formulas 
(8-2-21) and (8-2-22) satisfy system of differential equations (8-2-1). 

The solution of system (8-2-1) with limiting conditions (8-2-2) through 
(8-2-4) will have the form 


,Y, == af : m(X—a, y—B, t)d 
(xs os = yy. fafrne B) Gm (x—a, y —B, 2) dB 
+25) Wat a fae ( wo! (B, s*)Gm (gs, y—B; t—*) dB 


k=] m=! 0 


+29 ) At = fae fe wo” (8, t*) Gn (L—x, y—B; *—**) dB. (8- 2-23) 
=1 m=} 
Obviously, functions 6,(x, y, +) satisfy system of equations (8-2-1) and 
initial condition (8-1-3). Let us choose o and wo” so that the functions 
6,(x, y, t)defined by (8-2-23) satisfy boundary conditions (8-2-3) and (8-2-4). 
To do this, it will be convenient to calculate the boundary values of the func- 


tions 6, and of their ola 


1Oy¥)=\) yA. faa feet B) Gm (a, y —B; =) dB + 


k=! m=! 


42) } Arty, (ae (a6, s*)Gm (0, y— B; t= —+*) dB + 


k=l J 0 —co 
2 2 t 0 
+2) Aran § ae | of (Bs 4) Gm (Ls y— Bs 2 — 2*) a8; (8- 2-24) 
k=! m=1 0 —00 


HL I= PY At (aa fice B)Gm(L—a, y —B; t) dB 


k=!) 1 0 —o 
2 2 oo 
+2 At {der (ol (B, e*)Gm (Ls y 85 = 2h) 
k=) m=1 0 —~00 
2 2 + (oa) 
+2 At dt* wo!” (B, t*)Gn(0, y — B; «— +*) dp; (8 -2-25) 
ys yi j 2 
a8 2 2 L CF ( 8) 
a, B)a 
(Gr), oY y) Aral as J ‘Sie Gm (2, y—B: *) ue = 
Rk=|1 m=1 0 —0o 


% 0 


ee col?) (8, x) L 
— ally, JAY Ya fae | an (L.y—B;s—s*)dB; (g-2-26) 
m= 0 —o 
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2 2 i 
(0 »} Ain ) ee Om (L—a, y—, c~+*)d8 — 


2 2 eo (1) * 
=a) y A (ds* { wee Ga (L y—B,t—2*)dBte(y,). (8-2-27) 


By substituting boundary values (8-2-24) through (8-2-27) into (8-2-3) 
and (8-2-4), we obtain the system of integral equations 


wo (y, 2) = 


M-~ 


det (RE (y, =; Beta (B, e*) dB FY(y, 8) 


> 
tL 
3 
it 


c 
wd 
caer 
S 
Rah 
! 
Mi 
Mie 
Otuery 
> 


> 
it 
3 
iL 


r { i; he (y, %; 8, *) wl) (B, **) dp + Fe) (y, %), 


where 


2 
Rin _ »Y pa (Ytn)o AY Gm (0, aod B, t— «*): 


2 2 
R= y) > (YtnoAy Gm (L, | oe B, t— c*) +- 
k= 


, Ane (en) G m(L, y—B, t— 2*) + 


TMs. 


2 
m OL 
+ Ay, 7 Gm (L, y— 8B, s— ="); 
i=t 
2 


H.=—Y, TAM (im (L, y—B, *=—+*); 


k=! i=l 


Fy, =) =91(y, + » 


+yd 


2 2 2 Lo @ 
FO (y, v= (y, t)— >; y (Y11), Ae, Mark f fr(@, B) Gm (a, y—B, +) da- 


k=! l=1 m=1 


-_ 
~. 
— 


Toes H? Gn (a, y—B, t) dB; 


+ Sali f Benes DE") Gn (as y —B, =) dB. 


k=1 m=! 0 


The final solution of system of differential equations (8-2-1) with limit- 
ing conditions (8-2-2) through (8-2-4) has the form of a series: 
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where 


i d), 
col — Fu 
2 2 oo ‘ 
=> »y (ax* im y, ®; B, st) on) (B, «*) dp; 
m=1 k&=10 —09 
2 2 % to] k 
oe by fae J Mia HB ae =P) dB. 
m=1k=10 


The series (8-2-38) is absolutely and uniformly convergent /4/. 


8-3. Heat and Mass Transfer in a Two-Dimensional Plate. 
Boundary Conditions of the First and Second Kinds 


Let us now consider solutions of the two-dimensional system of differen- 
tial heat-transfer and mass-transfer equations (8-1-1) and (8-1-2) which 
satisfy initial conditions (8-1-3), boundary conditions of the first and second 
kinds, and also the symmetry conditions 


08, (0, y, t) 00;(x.0,s) _ _2_ 
Sa REE ({=1, 2). (8-3-1) 


1, Boundary conditions of the second kind 


Let us solve system of equations (8-1-1) and (8-1-2) subject to the follow- 
ing boundary conditions: 


ACL) — 04 (y, 2) (8-3-2) 
PUES) ty (x, «) ({==1, 2). (8-3-3) 


First, it will be necessary to apply a double finite complex Fourier 
transformation, for a domain D in which 


(—h<x<h) and (—d<y<d): 


{8(x, y, Je= { [exp (—im Ft — ine ) 6(€, n, t)didn=u(m,n, 2). (8-3-4) 
(D) 
The application of this transformation to a real function 8(x, y, t) which is 
integrable in the domain D gives a transform x4(m, n, t) which is a function 
of two integer arguments mand an. 
The inverse transform is found by means of the formula 
7 i] co 
(x, ¥, 7) = thd y y exp( im + xin ty) u(m, n, t)= 
M=—O N=--00 
== Fo {u(m, n, *)}. (8-3-5) 
If the function 9,(x, y) is integrated over a rectangle in which —2h<.x<2h 
and — 2d<y<2d, and the function 9,(*, y)is integrated in the [narrower] domain 
D, then the convolution of these functions is 


{ul v)* (2, Whe ={ [ee —& y—a) oa a) a dr, (8-3-6) 


(D) 
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If function 9,(x, y) is periodic, having a period 2h with respect to its first 
argument [x] and having a period 2d with respect to its second argument 
[y], then the basic convolution law 


{9* Ps} p= {Pho {Ps} p (8-3-7) 


is valid. It will be convenient to continue functions 4; ({=1, 2) into the 
intervals (—hA<x<h) and (—d<y<d) as even functions, and to continue their 
partial derivatives (6,)’, and (6,’, as odd functions, which is possible in view 
of conditions (8-3-1). Then, after the application of Fourier transformation 
(8-3-4), a system of two ordinary differential equations is obtained: 


Ft — ayatt, + 2agP, (2) He Me, (8-3-8) 


da, 


Fo = — An Stl, — Ap Bot, + 2amP, (t) +2 E* P, (s) (8-3-9) 


with the initial conditions 


U;(m, n, O)=F,(m, n)={fi(x, D}p (8-3-10) 
where 
o=at(— +. ); (8-3-11) 
(GE) 


d 
Pr(s)=(—1)" | exp(—in Fn) en(ae)dyt(— 1)" {exp(—im zt) X 
=4 —h 
X bi (bs t) ke (8-3-12) 
In the derivation of system (8-3-8) and (8-3-9) it was assumed that the 
operations { },and £ are commutative, 


System (8-3-8) and (8-3-9) may be solved using a Laplace integral trans- 
formation. As a result, the following solutions are obtained for 4,(m, n, +): 


ai(m, n, )=J. (—I" {ALF (m,n) exp[—ay Lu vor] + 


i=1 
+ B' F,(m, n) exp (— a, Lu vot] + Ci exp [— a, Lu viot]s P,(*)+- 
+ D{exp[—a, Lu vist} P,(*)} (f= 1, 2), (8-3-13) 


where the symbol + denotes a convolution operation with respect to c, from 
0 to ¢; : 


=-5 [(l + ¢ Ko Pn + 1/Lu) + (— 1) V(1-+ Ko Pn 1/Lu)*— 4/Lu}; 
and the constant coefficients are 


2 


Ai == —Fe; pia); 

ee OE! 

c 2a, [v7 (1 + eKo Pn Lu) — 1] 

goo eee 
Yt — Ve 

D' 2a,e Ko Pnv? 

ore ne 


2 . pe 8 
A= eae , B;= at, Se ae 
vi — Yo ! 2 
2 
i” ye ye” a y2— y2 : 
1 2 1 2 


Before finding the inverse transform, we should mention certain familiar 
properties of a theta function of two variables such as 


ai . 
$, (0, s) = y gr*zn (ze, g=e”). 


n=—00 


The function {K (x, y, z)},, defined by the relation 


{K (x, y, 2)}, == exp (— 2), (8-3-14) 
corresponds to the inverse transform 
1 i i 
K (4  2)= aa sae Fe | [ar GE]: (8-3-15) 


From the properties of these theta functions it follows that the function 
K(x, y, 2)is periodic, having a period 2h with respect to x and a period 2d 
with respect to y. Once the latter fact and equations (8-3-7), (8-3-14), 
and (8-3-15) are taken into account, it is easy to obtain the inverse trans- 
forms of (8-3-13) with respect to mand a. 

After the final transformations we obtain 


O(x, >) (— 1) {Al T+ Bi lig Cl l* + Di l*.} (L=1, 2), (8-3-16) 
i=l 


where 


la=gag \{% (“Ge evi LuFo, )9, (4977, tev LuFo,) fr a)dedys (8-3-17) 
(D) 


a= po ast {0, (45, inviLu Fo, (1— 1X 


xfs | “a iavi LuFo, (1) ] m0 s*) dq +- 


+0, [44 inv; LuFo, (1 — yi 9, [= Hav, Lu Fo, (1— =)]x 
“i 
X br (6, o*) ath. (8-3-18) 
In (8-3-17) and (8-3-18), as well as in the equations later in this section, 
Fo,=4> and Fo,=“%. 


Equation (8-3-16) represents the solution of the problem at hand. 


2. Generalized boundary conditions of the second kind 


Let us now solve the problem of subsection 1, but instead of boundary conditions (8- 3-2) and (8-3-3) 
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we assume generalized boundary conditions of the second kind: 


08, (A, y, t) 


— hg Ht ly, «)=0; 
08, (h, y, 00, (A, 
On eS a8 HD) eels x)= 0; 
—1, HEE 44, eget 


ag EE) Bnd pO) a(x, =0. 


Once again we will use the finite two-dimensional complex Fourier transformation in the domain D, as de- 
fined in (8-3-4), If we substitute partial derivatives into (8-3-4) instead of 6 and perform an integration by 
parts, then we obtain expressions for the transforms of the partial derivatives: 

+d 


06 . 
(set im u(m, n,)+-(— tym [exp (- in +) (8(4, 7, t) + 6(— A, », x)] dy; (8- 3-19) 
—d 


+h 
08 4 
(arb in tT u(m, Nn, t)-+ (— 1)" j exp (- im = t) [6 (é, d, 7) + 6(E, —d, *)) dé; (8- 3-20) 
—h 


+d 
29) 2 jee ey, 
(Sor) = — mt pr a(n) + (1 { exp Gu: 71) ‘es an t)  08( - ” *) 4 
rd 
im Fh) 8(— haa bg oe 


+h 
076 2 ee ie 
[Bw einnnnc in [an (ne) eg 


—h 
+in > [6 (€, d,s) —O(&, —d, <a dé, (8-3-22) 


It is next convenient to continue the functions 6, (f = 1, 2) into the intervals (—h <x <0) and(—d <y< 0) 
ou; 
oy 
the basis of (8-3-1), Then, after transforming the systein of equations and the boundary conditions with 
respect to x and y, according to formulas (8-3-19) through (8-3-22), we obtain, in terms of the transforms, 
a system of two ordinary differential equations for the functions a, (m,n, *): 


‘ F ae 08 ; 
as even functions, and to continue their partial derivatives Fra and as odd functions; this can be done on 


du ePem dus. 

Fa = — gets +E Py (sy t Ee 
: (8-3-23) 
= — anit, — Ondo, — 2P, (1) 


where ¢ and P;(s) (f= 1, 2) are defined by expressions (8-3-11) and (8-3-12), After transformation (8-3-4) 
is applied to them, initia] conditions (8-1-3) have the form of conditions (8-3-1! 0). 
If we now apply to system (8- 3-23) a Laplace transformation with respect to t, then we obtain a system 
of two first-degree algebraic equations in the two unknown functions {u:(m, n, )}; = 4:(m, n, s) (t= 1, 2). 
This system having been solved, we find the inverse transform with respect to s: 
2 
u, (m,n, *) =) {exp(—a, Lu v ot) (Air, (m, n) + BIF, (m, n+ 


i=l 


+ exp(— a, Lu vj ot)[D! EP, (2) + Ci Pi ()} (= 1, 2) (8-3-24) 
The coefficients Ay, Bi, ci. and Di are defined as 
2 
A! = ( 1)t+? aay eae =! . A =(— )i+t eee ‘ (8- 3-25) 
= yoy Am faa 
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2 ahs 
v; —eE Ko Pn— Lu 


Pn 
Ve fy RO EO B? = (— 1)'+! ——3—>—_ 3 
arn <i i rar: 
28 
(ie? 54, C} =(—1)+? : (8-3-25) 


Cave (v7 = v5) 


2 I 
(?—-re) 


2 2 
Vim Yo 


i Cate 


D} = 2v? By, =D? =(—1)'+! 


In order to obtain the final solution of the problem, we must still find the inverse transforms with respect 
to mand nof equations (8-3-24), These can be found by means of the convolution theorem, using theta 
functions. Because of the properties of the theta function #3, mentioned in the previous problem, the first 
two terms on the right side of (8-3-24) may be inverted in accordance with convolution theorem (8-3-6), 
while the remaining terms may be inverted directly according to formula (8-3-5). Thus, we obtain 


O1(x. ys t= SY) (Ailes + Bila + Chltes + Dies} (8- 3-26) 


i=l 


where /a: and /%4; are defined by equations (8-3-17) and (8-3- 18). 
If we introduce the notation 


i 

Ay = Ais Ab = Abys BL = Ales Bp= Ap} 
1 

Ch = Bi; Ch = By; Di = Bigs Dp = Boy, 


then equation (8-3- 26) can be rewritten as 


2 2 
8, (x, y )=y VY (Ale! in + Big! sn) (f= 1, 2) 


t=1 k=l 


3, Boundary conditions of the first and second kinds 


Let us solve the same problem when different boundary conditions (those of the first and second kinds) 
are satisfied at symmetrically situated surfaces, The boundary conditions are 


6. (A, y,*)= pi(ys) (f= 1, 2), 


08, Ge: *) 


—Ay + $1 (%, t) = 0; 


00, (x, d, +) 


on | Ge) dy |+Heo=0 


oy +é 


We will apply a finite two-dimensional complex Fourier transformation in the same domain D as 
previously: 


{8(x, 9, *)} p= a (m,n, 1») = \\ exp |-i (m— r)t tina] 8(&, t)dE dy.  (8-3-27) 
‘D) 


The inversion formula for this transform is 


co 
l | Tt ™ 
8(x,y,*)= thd y a exp E (m— +) aH + in=- v| u(m,n,*). (8- 3-28) 


By applying transformation (8-3-27) to system of heat-transfer and mass- transfer equations (8-1-1) and 
(8-1-2), subject to the boundary conditions of the present problem, we obtain the following system of equa- 
tions in terms of the transforms: 


d CPCm on ous, 
™ (8-3-29) 
Te = Fmt, — Ambo, + 2m P(t) + 2amIP, (c) — 2Q, (*); 
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where 


1 \2 
J) &o2) _ 
ox wmnene rs : (8-3-30) 
+d 
P,(t) = (— 1)" i | exp (—in +1) i(m— >) 91 (n, t) dy; 
for Cm Fe) l(e-P) 4] 
+h 
Qi(t) = (— 1)" fex [ —i (m _ z) = q ; (E, ) dé. (8~3-31) 
—h ~~ 


The solution of this system is 


Rk 
us, (m,n, 2) = Y) {exp(— aq Lu vf 9%) [A/F (m,n) + BiF, (m,n) + 


i=! 
+ Ch 5Qs (1) + Di 5Qa(t) + Gm Di 3P2(t) + E/*Pi(vl} (i=l, 2). (8-3-32) 
Coefficients Al, Bi, Cr. and Di are defined by formulas (8-3-25), while coefficients E! are 
2 
E} = (— 1)i+! Yee I [v? (1 + ¢ Ko Pn Lu) — 1]; 


2 
yy 


2 pene ae 
Ej = 2am8 (—1)' +3 Pe e ‘ 
The convolution theorem and inversion formula (8-3-28) may now be applied to (8-3-32) to obtain 
2 
(4,4, = DA sat Biles + Ell ar + GmDU in + CMa t+ DiMa) (t= 1, 2) 
i=l 


where 


1 x—E , y— 
li thd 5, ey inv? Lu Fo, | d; (‘a inv? Lu Fo, fi(€, 9) d& dx; (8-3-33) 


| 
1 0 A—x . <* 
143 aa dc* (ox |S. inv? Lu Fo, (1 -+)] x 


0 
+d 7 
x { ’, | “oa inv? Lu Fo, ( - =)| 91 (7, s*) ar) (8-3-34) 
—d 
t <S _ 
Mu= al dz* { é, [aa inv? Lu Fo, (1 -+)| x 
+h 
x —€ 2 c* 
x la, | sp inv? Lu Fo, (1 -=)| 1 (&, <*)at}. (8-3-35) 
~h 


4, Boundary conditions of the first kind 


Let us now solve the system of heat- transfer and mass- transfer equations with the boundary conditions 


8, (A, yt) = gi (y, th 
6, (x, d, *)= $1 (x,t) (i = 1, 2). 


The rest of the conditions remain as before. 
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Here we will apply the following finite two-dimensional complex Fourier transformation in the 


domain D: 
I T 
{8(x,¥, t)}p = u(m, n, 3) = {{ exo] —« (m— ) ti (n— =) +1|x 
(D) 


XK O(E, yt) dE dy, (8-3-36) 


which has the inversion formula 


O(x,y, 1) = ii } » exp [i(m—) px 4i(n—z) pa] alm ms) (8-3-37) 


{81(¢,4, Vp = (mn, (8262.4. *)}p = a (m, 2, *), 


If we write 


then on the condition that 
8, (x + 2h, y,t)=—O,(%,y,t) and 6,(¥,y + 2d, t) = — 8, (x, y, ¢) 


the convolution theorem 


B= {4-u,}= {{ 0,(x —&, y — 7 +) 82 (E, n) dé dy 
(D) 
is valid. 


Next, if we substitute the corresponding partial derivatives into (8-3-36) instead of 6, and perform an 
integration by parts, we obtain the following system of ordinary differential equations in a,;(m,n,t) (f= 1, 2): 


du, CPC m dts, 


aT = got, + AP, (t) + oe 
. dt eT ee Cy de’ (8-3-38) 
Fe = — Antty — On S88tty + On [Po (2) + Pr (9) 
where 
I \3 1 \2 
(aa) b-7) 
s= he + a? , (8-3-39) 
+d ; 
P, (rt) = 2(—1)mi | exp | —1 (»-) Pak E ( m -z) +| 91(, t) dn + 
—d 
( l 
: ; I 
+ 2(— 1)" {ex |! (m —_— 2 > | | i(n— +) a $: (E, ) dé. 
—h 
The final solution of system (8-3-38) is 
2 
8:2 yt) = SY Aller + Bilin + 2EU i, + Om DE* ia) (=A, 2) 
i=! 
where 
Peace (ig ee at y—" ye 
= ghd \\ 2 \ op > 'myy Lu Fo, ) 83( G7-. énv; Lu Fo, }fi(G, 9) dé dy (8-38-40) 


i* ey —— h—x s* 
0 
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+d 


x j 3, ex inv? Lu Fo, ¢ = >) | 1 (n, <*) dy + 


—~d 


t 
1 0 d— ** 
+na J dt* (ar a | 4. inv? Lu Fo, ¢ —=)|x 
‘ 


9, io inv? Lu Fo, (1 = >) | $i (& e*) az}. (8-3-41) 


5. Boundary conditions of the first and second kinds 


Let us now find the solution of system of equations (8-1-1) and (8-1-2) with initial conditions (8-1-3) 
and the following boundary conditions: 


00, (0, Un t) 


ox = 0, (x, 0, c) = 0 (i=1, 2); (8-3~- 42) 
6: (%, d,s) = $1 (x, *); (8-3-43) 
0,(4, 4, 
—a, ed + e1(y.7) = 9, (8-3-44) 
08, (A, y, 00, (A, y, 
ay [EGE 4 pS! | + eats 0. (8-3-45) 


Here we use transformation (8-3-4) and inversion formula (8-3-5), If functions 6, are continued into the 
interval (—A < x <0) as even functions and into the interval (— d < y <0) as odd functions, which is per- 
missible in view of (8-38-42), then we obtain 


O(x,y, 1) =8:(— xy, 8:(%, 4, t) = — 8: (x, —y, t) 


06, (x, y, t) aie 08; (— X,Y, t), 08, (x, Y, t) 078: (x, —Yy, t), 
Ox Ox : oy oy , 


fr(x. y) = fi(— x, y) = — fi (*, 9); 
g(y P= —e(—H th d(x. — =o (—x, 2) 


The application of transformation (8-3-4) to system (8-1-1) and (8-1-2) and to boundary conditions (8-3-42) 
through (8-4-45) gives a system of ordinary differential equations in @, in terms of transforms. After we 
apply inverse transformations to the solutions of this system, we obtain finally 


2 
0: (x. 4.4) = PIA ar + Bilis + Chis + Dil ia + Ej Mer + OmDiMis} 
i=] 


where /4; are defined by equation (3-3-17) and /*;; and Mj; are 
l —x <* 
Cro= tha av{o, ee inv? Lu Fo, (1 —~+)]x 


+d 


x j o, a inv? Lu Fo, (i — =)] 91 (N yan; 
. —_ * 
Ma= aa dx (s , Cre inv? Lu Fo, (1 -=)|x 
+h : 
x fo, [=a tmPLuro, (1+ )] wee atl, 


—A 
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6, Boundary conditions of the second kind 


Let us solve the problem given in subsection 5, but with the following conditions instead of conditions 
(8-3-43): 


d, 
=e EO) sa (x. =O 


08, (x, d, *) 00, (x, d, *) 
m [EEO a SEA + tal, 2) 0. 


Here we employ the finite two-dimensional Fourier integral transformation 
m 1 v 
{6 (x,y, )he = {f exp [- im=-§—i (n+) +] 6 (6, n, t) dé dy=— u(m,n,*), 
(D) 


which has the inversion formula 


ee) [o 0) 
8(x,u.0) = oor y) 3 exp [im xti(n——> ) Fy] ulm ns) 


If we apply the operations repeatedly employed above to system of equations (8-1-1) and (8-1-2) and to 
the limiting conditions, then we obtain a system of equations in terms of transforms. When this system is 
solved and the inversion formula and convolution theorem are applied to it, we obtain finally 


2 
8:(x,4.) =D) [Allss + Bilis + City + Dies] (Ll, 2), 
i=] 
where 


1 x— a 
(D) 


pon +d 
mamma) fo, [* ; “gi Im Lu Fo, (1 — =) fs [53 
—d 
<* d— = 
=) 9: (7, t*) dy + 8, (“aa inv? Lu Fo, (1 _ =) Tal Ez inv? Lu Fo, X 
—h 


x(1 -=)] $: (E, 9) as}. 


Coefficients Al. Bi C; and Dj are defined by equations (8-3- 25). 


y— 


, inv? Lu Fo, (1 —= 


1. Mixed boundary conditions 


Let us solve system of equations (8-1-1) and (8-1-2) with initial conditions (8-1-3) and boundary conditions 


06,(0, y, = 
OH) 6, (x, 0, c)=0 (1 == 1, 2), (8-3-46) 
6, (A, y, *) = gr (y, *) (8-3-47) 
08, (x, d, 
—), ee be, (x, «) = 0; (8-3- 48) 
08, (x, d, 06, (x, d, 
Qm oan Saar med + bs (x, = 0. (8-3-49) 
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In this solution transformation formula (8-3-36) and inversion formula (8-3-37) are used. Let us continue 
the potentials 6; into the interval (—he x<0) as even functions and into the interval (—d <y< 0) as odd 
functions. Then, in system (8-1-1) and (8-1-2) and in conditions (8-1-3) and (8-3-46) through (8-3-49), we 
take the transforms with respect to the spatial coordinates to obtain the system of two ordinary differential 
equations (8-3-29), where in this case 


— (eee? G2 


+d 


P, (3) = (— lyn a) exp [-: (n—+) ral (m— ze] es (% *) dn, 


—d 


and Q,(t) is defined by (8-3-31). 
The final solution is 


2 
8: (x. ys sme) (Alles + Bilin t Eyl 41 + OmDiI% ea + C]Mas + DiMeah 


i=] 


where Ja, /*4,, and My are defined by equations (8-3-33), (8-3-34), and (8-3-35). The constant coefficients 
have the same form as in subsection 3. 


8, Boundary conditions of the first kind 
Let us solve the previous problem, but with the following conditions instead of (8-3-48) and (8-3-49): 
6, (x, 2d, t) = (x, sp 


In this solution we will continue the functions 6, in the interval (— A «& x <0) as even functions and in the 
interval (— d < y <— 0)as odd functions, Transformation formula (8-3-27) and inversion formula (8-3-28) 
will be used. 

In the system of equations and in the limiting conditions we take the transforms with respect to the 
spatial coordinates to obtain the system of two ordinary differential equations (8-3-24), where o is defined 
by (8-3-30) and P;(t) is 


P(t) =2 (—1) ifoo(- in = n) EC = 2) |en. t)dq + 
hk 
+2 (—1) fos a (m -3) ~ ( in re (E, 2) d8. 


This system is solved in the usual way. 
Then, employing the inversion formula and the convolution theorem, we obtain 


2 
O(x, y. t) = ¥ (Allis Bilis F2ELI% 4, + an DU sh, 
i=] 


where Jy; and /*,, are defined by (8-3-40) and (8-3-41). The constant coefficients are identical to those 
in subsection 4. 


9, Mixed boundary conditions of the first and second kinds 


Let us solve the system of heat-transfer and mass-transfer equations with the boundary conditions 
0,(0, y, t) = 8, (x, 0, t)=0; (8-3-50) 


O:(x, d, t=O (%, th (8-3-51) 
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06, (4, y. *) 


— ha og tol = 95 (8-3-52) 
a(h. y, Q,(h. y. 
an | Ge) eg ul a ca oi Gy » + gay. t)=0 (L=1, 2). (8-3-53) 


In this case we continue the functions 6; in the intervals (—h << « <0) and (~d << y <0) as odd functions 
and use transformation formula (8-3-27) and inversion formula (8-3-28). We then obtain system (8- 3-29) in 
terms of transforms, where o is defined by (8-3-30) and P;(t)and Q, (*) are 


P,(s)=(— 1)" ice i{ m -)% q ( in ra (5 +) d6; 


+d 


Qu(sy=(— iy [ exp(—in Fa ‘a ry 
~d 


By solving this system and inverting the solution, we obtain 


2 
01 (xs yo = YS (Asa Bilis + ELI ex + OmDi* ia + CiMax + DiMaa 


i=l 


where /4; is defined by (8-3-33) and where 
1 f,,f%. fd— <° 
y= thd fe (sy $, | aa inv? Lu Fo,(1 -=)|x 
0 
+ : r 
xX \ a ee: » inv? Lu Fo,(1 _ =) |» (E, <*) at}; 


. 


1 h—x <* 
Mit = ipa ant §, | inf LuFo,(1—T)]X 


° 


cami * 
x { 0, | 5g a im Fo, —T) [rein yn 


—d 
The constant coefficients are identical to those in subsection 3. 


10, Boundary conditions of the second kind 


Let us solve the problem with boundary conditions (8-3-50), (8-3-52), (8-3-53), and 


6, , ad, 
1, EG) og, (x, ) = 0; 


00, (x, d, 06, (x, d, 
On [gp a SE | + tte )=0. 


For boundary conditions of the first and second kinds, transformation formula (8- 3-36) and inversion formula 
(8- 3-37) are used. 

When we take the transforms with respect to the spatial coordinates, we obtain the system of ordinary 
differential equations (8-3-23), where o is defined by (8-3-39) and P,(r) is 


4d 
P;(s)=(—1)" i { exp| — i (» — ae ale (n, 3) dq + 
—d 
- 1 
+(—1)"% \exp [—! (m — o}t | $, (§, t) dé. 
—h 
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By solving this system and inverting the solution, we obtain 
2 
1(x. 9 t= YS Aen + Bilin + Cin + Di* ig], 
i=1 


where /4; is defined by (8-3-40) and where 
s 1 = h —x c 
Yous aa | a 8, aera inv? Lu Foi -5)|x 
0 
+d 
i <* ; 
x j 8, [at , inv} Lu Fo, ( —_ =) |v (n, <*) dn + 
—d 


+h 
, s —~ 
+0, SH, inv? Lu Fo,(1—*) | ( a, ( inv? LuFo, (1-2) lie *) de \ 


The constant coefficients are defined by formulas (8-3- 25). 


11, Boundary conditions of the first kind 


Let us solve system of heat-transfer and mass- transfer equations (8-1-1) and (8-1-2) for boundary condi- 
tions (8-3-50), (8-3-51), and 


6; (A, y, t) = 9 (y, *). 


For boundary conditions of the first kind formulas (8-3-4) and (8-3-5) are used, Then we obtain system 
of equations (8-3-38) in terms of transforms, where ois defined by formula (8-3-11) and P(t) is 


Pi(s) = 2(— on fon (—in Fa) (im) gutnsddn+ 


4 2(—1) fos (— im t) ( in rau (&, +) dé. 


By solving this system and inverting the solution, we obtain 


2 
(x,y, = DS Ailes Bite + 2B)! + OmDU 4s), 


i=! 


where /,; is determined by (8-3-17) and where 


: 
1 0. fa— * 
*Q= na|) d«* \ax 8, “a ’ inv? Lu Fo,(1 -=)] x 
6 
+d - 
x { 8, ‘ca inv? Lu Foy( 1 —*) |r (4, 0°) dq 
—d 


h 
Oo d— s as e 
—h 


The constant coefficients are identical] to those in subsection 4. 
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8-4. Uncoupled Transfer of Heat or Mass 
in a Rectangular Domain 


The phenomena of heat transfer and mass transfer are often studied in- 
dependently of one another. For uncoupled transfer solutions can be ob- 
tained either by taking limits, as in the previously considered solutions, 
or by solving some particular problem directly. In the latter case the use 
of integral transformations is once again the most effective method. We 


will now give several solutions for uncoupled transfer in a rectangular 
domain. 


a) Uncoupled transfer in a parallelepiped 


Consider a finite plate of dimensions 2R,; X 2R, 2R,, whose initial potential is 6, At the initial 
moment the plate is placed in surroundings with a constant potential 6.>6,. A source whose specific 
strength varies according to the exponential law w(t) = w, exp(— kt) acts inside the body. The interrelation 


between the body and its surroundings satisfies boundary conditions of the third kind, 
In this case we have 


OC Bees) =ay"8 (x, y, 2,%) + 7 “ 2) (8-4-1) 
(© >0; —R,C¥CH+RG HR Cy CHR: _Rcsc4 Ry 
0 (x, y, z, 0) =0, = const; (8-4-2) 


OE Rav oP) [8c —O(+ Ry, y, 2, t= 0; 


Oe Ree 2) = (0,82, Re 2, 21] = 05 (8-4-3) 


sca Deeb) > [8c —O(x, y ERs, )] = 0. 


The distribution of potential 6 is symmetric with respect to the center of the plate. 


To solve this problem, we represent the potential 6 as the sum of two functions: 


O(x, y, Z, t) = U(X, y, Z, t)-+ O(x, Y, 2, 2%), 


where uw satisfies the homogeneous heat-conduction equation and conditions (8-4-2) and (8-4-3), while o 
satisfies the nonhomogeneous equation and homogeneous boundary and initial conditions /12/, The final 
solution can be represented in terms of dimensionless quantities as follows: 


co 
O(x, y, 2, O(%, YZ, t— By 
a -y 


n=l 


x [1 — exp [(u2,:K? + #2, K2-+ u?, KE Pd)Fo} |b4osdmad x 


- IDs 


y' {1-7 
= (02K? + 22g K3-+ p2 gk) —PdjFo % 


x y z 
XX COS nr R- COS Heme B COS Hera R— EXP [Abs KT + ng Ki + fy K3) Fo), (8-4-4) 
Here 


Wt at 
Po aerr7( Pmee Fo = -pr Re? pa—= R?; Bi, = _ Ri; 


R 1 1 1 1 
Ki= BR} Rar tar 


2B1; (Bi; +p)" 


Ay =(— 1)t+1——.———_—. ga 
:=(—1) BEEBE ay CT N23 oF bm, Dy 


and @ are the roots of the characteristic equation 


I 
cot p= Bi, & 
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If the Pomerantsev number (Po) is zero, then we obtain the solution in the absence of a source: 


co a oo 


a= 
0,7 1—-PW Va. Am 24a C08 Bare C08 Hm aR COS Hy - . =x 
n=l m=1l=1 
* exp [— (nH? .K7 +420 KS + wi K3) Fo}. (8-4-5) 


If Bi; = 00, we obtain the solution for boundary conditions of the first kind. In this case, in solutions 
(8-4-4) and (8-4-5) the coefficients A; =(— 1X". ™, ner and the roots p, == (2k—1)n/2 (k=™m, a, l). 


_If the potential of the surroundings is a linear function of time, 8¢ = 6, + 6, then solution (8-4-5) has 


the form 
@—6 Not An oA 
—% Fo —Y) peut ded eee cosinn: a 
aml YU aR at Ry COS may 


a=! | | 


X cos tia R {1 — exp (—(o2 KP + we, oK3 + Hs K3) Fo}}. (8-4-6) 


If we set Bi;==oo in (8-4-6), then the solution will satisfy boundary conditions of the first kind, Several 
solutions for other laws of variation of the surface potential (for Bi=oo) are given in reference /10/. 


b) Uncoupled transfer in a two-dimensional plate 


Let us consider the two-dimensional problem for a rectangle on the sides of which a time-dependent 
transfer- potential distribution 


06 
5 8 (ae +533) (">0; 0g xqh; O<y<d) (8-4-7) 


is maintained in a specified way, The initial conditions are 


B(x, y, O) =F (x, y) (8-4-8) 
and the boundary conditions are 


6(0, Y, t)= 9(y, 9 3 6(h, ¥, Lae 


Q(x, 0,2)=0; (x, d, <}=0. ete) 


This problem can be solved using the integral- value Fourier sine transformation 


hd 
0, == 6, (m, n, %) =) 0 (x, y t) sin asin ant. dx dy 
0 


and the inversion formula 


@ 
»} 6, (m,n, +) sin a= sin 
a= 


O(x. y¥,t)= =) y ‘ exp (— I fr (x, y)sin —— sin oe 4 ax dy + 


d 


am An ne 
+ exp (— aor)* {e (y, t)sin — dy sin — a = sin , (8-4-10) 
0 


where 


a (Gs +a): 
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From (8-4-10) it is possible to obtain the particular solutions given by Sneddon /13/ and Grinberg /14/. 
For a semi-infinite plate, d= oo, In this case it can be shown that for the conditions 


O(x, y, 0) = 0; 
O(A, y, t} = 86-; 6(0, y, t) = 6(x, 0, t) = O(x, d, t) = 0 


solution (8-4-10) becomes 


co 

A(x, Y, 2 —|)m MTX m?r? 

eae ty}! = sin exp(— ca ax )+ 
=! 


+2y* sin "Een ("ert (att h yar) + 
m=1 


¥ Pe SO SIE pon ee }. 
+ exp (— mn wert (= A var) zexp ( A ar erfe f= 


A detailed solution of the latter problem, using a double Laplace transformation, is given in /8/. 


8-5, Uncoupled Transfer of Heat or Mass 
in a Cylindrical Domain 


The differential equation describing uncoupled transfer in a circular- 
section three-dimensional cylindrical domain may be expressed in cylindri- 
cal coordinates as follows: 


08 076 l 078 1 06 1 
a =a( Sr leo aa Oz? tage tay lr Z, 9, ). (8-5-1) 


If there is symmetry with respect to the z axis, then the operator 2 is 


) 
identically zero and we obtain , 
8 076 076 l 
Or a( an +—-2 gat) tag lh Z, %). (8-5-2) 


If in addition the cylinder is quite long, and if the initial and boundary condi- 
tions are such that parallel sections of the cylinder, normal to its axis, have 
the same transfer -potential distribution, then the operator o/dz is also identi- 
cally zero. In this case we obtain an equation whose solution was derived in 
previous chapters, 


a) Solution for an axially symmetric cylinder 


Let us solve equation (8-5-2) with boundary conditions of the first, second, 
and third kinds. Such problems are encountered in the study of various phe- 
nomena, such as in the modeling of thermal processes in the active zone of 
a nuclear reactor, in the evaluation of the heat transfer for the heat-releas- 
ing elements of reactors, in problems of heat exchange between pipelines 
and the earth, and in problems of mass transfer (accompanied by chemical 
transformations) through a cylindrical porous medium. 

1, First let us consider the solution for a finite cylinder of length / with 
boundary conditions of the second kind at the lateral surface. In addition, 
we assume that one of the end faces (z=0)is insulated against transfer, 
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whereas the potential of the second face is a function of time and of the 
radial coordinate. Thus, we must solve equation (8-5-2) with the follow- 
ing boundary conditions: 


08 (0, d(Rz) 1, 
ee) hoo} ke l= j(z, 9) 


=0; O(r, 1, 7) = 9(r, 7); (8-5-3) 
O(r, z, O)=fi(r, z). 

This problem can be solved by various methods, for instance, by finite 

Laplace integral transformations /15/, or by a combination of Fourier 

and Hankel integral transformations /16, 17/. 


For simplicity in the calculations to follow, let us write equation (8-5-2) 
and conditions (8-5-3) in dimensionless form: 


08 (r, 0, t) 
Oz 


ae 1 @ ae 
Fo xox (* ax) +8 az a POR Ayn); (eae) 
Q(X, Z, O) = F(X, Z); (8-5-5) 
00 79) _Ki(Z, Fo); (8-5-6) 
Oo =0; 0(X, gt, Fo)=9® (xX, Fo), (8-5-7) 


where 0=(6§—6,)/6, is the dimensionless potential (6, being some initial 
value of the transfer potential, fixed for a given point of the cylinder); 
X=r/Rand Z=—n7n2z/! are the dimensionless coordinates; 


» t)— 6, , R, 
F(X, Z)=(F(r 2) —94)/043 @(X, Fo)= PE 9—"s; b=; 


Po(X, Z, Fo) = +5 w(r, z,t)is the Pomerantsev number; and Ki(Z, Fo) = 55 i(2, t) 


is the Kirpichev number. 
Following Ermakov /16/, we apply a finite Hankel integral transforma- 
tion with respect to the variable X: 


1 
{6(X, Z, Fo)},,= {8}, = f XJ, (»X)0(X, Z, Fo) dX (8-5-8) 
0 
and use the inversion formula 


8(X, Z, Fo) =2)) mn (X, Z, Fo)},. (8-5-9) 
ry 


With respect to the variable Z we then apply the finite Fourier cosine trans - 
formation 


{0(X, Z, Fo)},,, ={9}40= { {0}, cos ("+3) ZdZ (8-5-10) 
0 
and use the inversion formula 
2 ~ 1 
{0(X, Z, Fo}, == J) ye 08 ("+2)2. (8-5-11) 
a=0 
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In formulas (8-5-8) and (8-5-9) the quantity pis the positive root of the 
characteristic equation 


Ji (yu) =0. 


By means of the above transformations it is possible to obtain the fol- 
lowing solution: 


Q(X, Z, Fo)=—+ ay »} cos (n+) ZX 
x| exp @ | Hn torn) | Fo \{F (X Z)ae+ 
+ [exp (—[ w-+0* (2+ 7) | (Fo+ Fo*)) (do tm) {Ki (Z, Fo")}o + 


“Le (—1)" 6 (n+ z) {® (X, Fo*)},, +-{Po(X, Z, Fo*)} ,,)4Fo* |}. (8-5-12) 
If we set f(r, z)=9(r, 2) 8, in (8-5-12) and take 6,=—6,, then (8-5-12) be- 


comes 


J§ (Hm) 


mal a= 


fore) a0 Fo 
6—6, 4 Ja (tem ) 9.2 
= =5 Yas Pt HaZ jee [—(e,+6°n; ) (Fo — Fo*)] X 
x|Jo (+m) f Ki(Z, Fo*) cos paZ dZ-+ 
0 


A: { C08 hy Z j XJq (tmX) Po (X, Z, Fo*) ax |dz|q Fo* \, 


where p,=(2n-+-1)/2 (n=0,1,2,...) 

2. Let us now solve equation (8-5-4) when boundary conditions of the 
third kind are satisfied at the lateral surface of the cylinder. The limit- 
ing conditions of the problem are assumed to be 


OR 2) 4+ TE (R, 2, 8) — ta] = 0; 


6 (x, 0, 
OE) = 0; 0 (x,t, = 045 


0 (x, z, 0) =—9, 
or, in dimensionless form, 


@(X, Z, 0)=8,; (8-5-13) 
LZ, F : 
GOUT) + Bi@(I, Z, Fo)=0; (8-5-14) 


OOF) 0; Q(X, x, Fo)=0. (8-5-15) 


In contrast to the previous problem, the potential @ in equation (8-5-4) and 
in conditions (8-5-13) through (8-5-15) is here defined as 


0(X, Z, Fo) =" "s ’ 
0 
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and in addition 


Q, = and Bi= 


If we apply successively transformations (8-5-8) and (8-5-10) to equation 
(8-5-4) and to conditions (8-5-13) through (8-5-15), then we obtain an ordi- 
nary nonhomogeneous differential equation in terms of transforms. The 
solution of this equation is then inverted using inverse integral transforma- 
tions (8-5-11) and (8-5-9), and after some simplifications we obtain the final 
solution /18/: 


_2 2B Py exp(—H2Fo) J. (419,X) 


2 Fo 

4 Om Jy (temX) 

a x Hat Bit Bl) i" = raz | MSE Nes 
m= r= 0 


X exp [— (2, + 622 )(Fo —Fo*)] d For}, (8-5-16) 


where 


e J 
{Po (X, Z, Fo)},,, = {( f XJ, (mX) Po(X, Z, Fo) dX] cos, Z dZ, 
0 0 


while pm are the positive roots of the characteristic equation 


mire and mB! (0,128,203 


The following expansion of the theta function §, has been introduced into 
(8-5-16): 
8 (ze! H Fo) = 29 (— 1) exp bre Fo] sin pt, Z. 
na=0 
Let us consider some particular cases of solution (8-5-16). For certain 
high-intensity heat-exchange processes, the heat-source term (the Pome- 
rantsev number) can be approximated by the following expression: 


Po(X, Z, Fo) = Po, [1 — exp(— B Fo)] J, (p,X) sin Z, (8-5-17) 


where p, is the smallest positive root of the zero-order Bessel function 
J, (w,) == 0 (it is found that p,= 2.405), 

Now, taking into account (8-5-17) and Poisson's summation formula, and 
on condition that n> B, we obtain equation (8-5-16) in the form /18/: 


__ 281 ry) exP(—P2FO) J, (un X) 
scszaramttafa (fest) ax fetta, 
Z m=!) Us 


2 ch—=—(x — Z) 
go ee ._oltnt) eee i eee eee 
-++- 2Po,p,J, >) (y. 2 + Bit)(p? —n2) Jo (+m) | Mn +5? E So x 
b 


Vv ws 


Lm 
h=- (2n—Z h__™__ (nx —Z 
9 ed eee] i i ee 


2 g 
tm shots Hm tO PIV BV en 
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V 28 
b 


b ch (2% — Z) 
— 25 = = —sinZ |+ 
Vwne Gig tnt 
7) 


oo 2 
+2 fexp(— vi Fo) ee (8-5-18) 


Se a 
n=0 who (a+ 48) (ott fa) 


If w <8, then everywhere in (8-5-18) it is possible to replace V w—8 by 
iV¥B— Pm. 

Some other solutions for limiting conditions simpler than conditions 
(8-5-13) through (8-5-15) will now be given. 


If transfer through the end faces of the cylinder can be neglected in comparison with transfer through the 
lateral surface, then (8-5-15) has the form 


08 (X, 0, Fo) __ 00(X, ®, Fo) _ 


OZ Oz 0 


and a solution analogous to (8-5-16) can be obtained by means of an ordinary finite Fourier cosine trans- 
formation: 


+o) 


exp (— }1,,Fo) Jo (p-mX) rr nn Jy (pmX) 
@(X, Z, Fo) = 2Bi *)) Sun ie y nea he 
a= m= 
Fo z 1 
x exp(— p2 Fo) ( f exp (12, Fo*}{ | ({2s. (1mX) Po(X, Z, Fo*) ax) dZ a Fo*-+ 
0 


Fo 


+3 exp (— bn? Fo) cos nZ Je [ (u2 + snryror] tf (fxs (14m X)Po(X, Z, Fo) dx ) X 
0 0 


n=l 


X cos nZ dZ \a Fo*. 


If the dimensionless potential at the end faces is zero, @(X, 0, Fo)= @(X, «, Fo)=0, then the problem 
can be solved using a finite Fourier sine transformation: 


4Bi ° Fo* 4b? = exp(— pe Fo) 
@(X, Z, Fo) = — | Bs es i Fo )aror)) om nro 
Jo(imX) 4 Pim SIglttmX) = 
Se a > PBI Jum) PO Bn rol yy exp (— 6°n*Fo) X 
es 1 


sin(nZ fax (e2, + b'n*)Fo*) {( S XJ, (mX) Po(X , Z, Fo*) dx) sin nZ az \ d Fo°| : 
0 0 


Some other solutions of this problem for source terms of the form of (8-5-17) are given by Perel'man /18/. 
Individual solutions of equation (8-5-2) or (8-5-4) in the absence of a source are given in references /8, 9, 
10/, It should be noted that solutions when a source is absent can be obtained by superposing the solutions of 
particular problems, For example, for a finite cylinder this will be a superposition of the solutions for an in- 
finite one-dimensional cylinder and plate. 

The method for determining unsteady potential fields for a hollow, axially symmetric cylinder does not 
differ from the solution method for a solid cylinder. For the hollow cylinder, however, instead of finite 
Hankel integral transformation (8-5-8) it is necessary to use some other form of this transformation. For 
example, if boundary conditions of the third kind are specified at the internal and external lateral surfaces 


382 


of the cylinder, then the transformation 


Ry 


{9(r, 25 Moy =( 8 (r, 2, 27 Ue (ume /Ri) dr (8-5-19) 
Ry 


must be used, where 
‘ l 
U alta iRs)= | Slam) + Bir Heda tm) ]¥o mr Ra)—[ Yo + Be Ys nd | Same /RG 


{4m are the roots of the equation 


U,(xbm X}om 
“anh = BI, (m = 1, 2,...% (8-5-20) 


and 


Us Hm R= | Jolt) + Gr Js (4m) |Y, (mr (Ri) —[ Yom) + Bf, mY Uden) |¥ stone iRsk 


ee Bi, = ahs t= Ry 


The inversion formula for transformation (8-5- 19) is 


a(r, z >? {8} Ue (mr /Ry) RE? { x12 (xhm)| + ( | eel 1+ (me) 


Only the final result for the problem with the following limiting conditions will be given here: 


B(r, z, 0) == 0; 


00(R,, 2, 00 (Rs, 2, 
Ry 2G, HOE) + HR, 2, Jee 


08(r, 0, ) 
0z = 0; 


(R,mrer, —lazeh 


a nies) + Or, t,t) 


This solution can be written as /19/: 


co co 
6— 6 
Be a0, oe sa y yi Mn al (thmr/R,) C08 boy] exp[—(ui,+ oe, ) Fo), (8-5-21) 
where m=in=| 


2 [Bla (xm) + cil : 
U5 5 (nim) | wat ey) i at wr + + Bij) 


a 
Ay =(— 19+? eV RE Bi =*!, 
, (Bi? + Bi+p? ) ‘ 


For equal values of the coefficients of exchange at the external surface and the internal surface 
(2, =a, =a), the coefficient Mmsimplifies to 


2Bi, 


Ag = > TF 
(wz, + Bi?) Ez (4m) — =| 


The infinite sum in (8-5-21) converges rapidly, so that for practical calculations only one or two terms of 
the series need be retained, For convenience in carrying out the calculations, Plyat /19/has plotted, for the 
condition a, a,, graphs of the first two roots p,, of equation (8-5-20), of the coefficients Am, and of the 


function U,(x, jm), all for ratios x= ,/R, from 1.5 to 4,0 and for Biot numbers BI, =;" from 1 to 10, 
These graphs are given in Figures (8-1) through (8-3), 
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FIGURE 8-1. Characteristic-equation roots pa, and py as functions of 
the ratio *=Re/Ri, for various values of Bi; 
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FIGURE 8-2, Expansion coefficients A,;and Ag as functions of the 
ratio x=WR2/R,, for various values of Bi; 
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FIGURE 8-3, Quantities Uo(xpi), Uo(xpe), and Uo(p, rmin/Ri) as 
functions of the ratio x=R2/R,, for various values of Bi 


Other solutions for a hollow axially symmetic cylinder, for both constant and variable surrounding 
temperatures, have been given by Plyat /19/ and by Danilova /20/, Plyatsko /21/, Shvets and Fedorov 
/22/, and others, 

b) Solution for an axially unsymmetric cylinder 


We will conclude this section with a study of a general method for solv- 
ing differential equation (8-5-1) for the axially unsymmetric case. Follow- 
ing Prudnikov and Gavrilova /23/, we will solve equation (8-5-1) with the 
very general limiting conditions 


O(r, 9, z, 0) =f (r, 9, z); 
20(F, 2018) (7, 9, 9); 0(r, Bb = U(r BAD 
4, BR 9) + 9 (R, 9, z, t)=0. 


The solution will be sought in the form of a Fourier series: 
im] 
gy ye sin mp + 6° cos m 9]. 
m=}! 


If we represent the functions w, f, », and x analogously, then the problem 
at hand reduces to the solution of the differential equation 


ag) 9!) 1 og) m* (1) ore!) 1 a 
oe a(S Foo ne gat )+a Wy (8-5-22) 
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with the limiting conditions 
a (r, z, 0) =f? (r, 2); 


06{')(r, 0, 2) en gf? _ yi 
on (ts OL = XAlN 25 (8-5-23) 


a6 ai 2,%) 


a +6 (R, z,t)=0 (i=1, 2). 


A further solution of the problem can be carried out in different ways. 
First, finite Hankel transformations developed specifically for this problem 
may be used, asisdoneby Elistratova /24/, Lykov, and others. Then, the 
solution may be obtained in the form of a series of eigenfunctions of the 
corresponding Sturm-Liouville problem, or else by expanding the functions 
entering into (8-5-23) in a Dini-Bessel, series /9, 10, 23/: 


=P 0 Tea (Hmnt/R) 
where oe 


6 (2, %) = SRF fee Jim (Pmnr/R) dri 


and Pm, are the roots of the equation 


¥ XI m (Xx) + RIm(*) —(. 


xm 


Equation (8-5-22) and conditions (8-5-23) then reduce to the new problem: 
09!) 079!) aw 
n m Umn (é) 1 i), 
° =a| i —(‘z) a | = On’ 


a (2, f(z); AO” _ 40 0, 9 1, 5) = 0). 


The solution of the latter problem does not involve any particular difficulty. 
The solution method is similar to the method for solving the usual transfer 
equations with boundary conditions of the second kind and can be obtained 
by a combined application of Fourier and Laplace transformations. Asa 


result we obtain 
a (2) s)=exp|— a( R) |x 
fi [aE ) +085) Moet 


+2 {( 20, [Ge Mee) ) 0 (omy der 


2 co (1) (9% * 
| a ae | Yo Ce 


golen, os 
fn) 


+a] [as a] 48 [G8 ea eraer) 
00 
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where 


$, (x, )=2Jexp[—z"(n+ Z) * [cose Qn + 1) x. 


a=0 


Several specific problems for axially unsymmetric cylinders are con- 
sidered by Carslaw and Jaeger /9, 10/, and so we will not discuss them 
here, 


8-6, Unsteady Fields of Heat-Transfer and 
Mass-Transfer Potential in an 
Anisotropic Body 


In the previous sections we considered solution methods for, and gave 
several solutions for, the system of heat-transfer and mass-transfer equa- 
tions for an isotropic body (that is, a body in which the transfer of heat or 
mass is the same in all directions). In many processes, for some reason 
or other, the transfer phenomena may have different intensities in different 
directions (for example, during the thermal treatment and drying of certain 
porous materials, in thermoplasticity problems, etc.). Heat and mass 
transfer in an anisotropic dispersed medium can be represented in the sim- 
plest case by the system of equations: 


3 3 
ot o7t 076 
c= + oe 8-6-1 
Ox 3 Ci ox? ps ms ox?’ ( 
06 y ot ) 076 


where x; are the Cartesian coordinates ({=1, 2, 3 and x,=-x, x,y, x,=2), 
and 


Cy ag + et Dy; Ct aa “Eat; D* ;==Qmt. 

The method for solving this type of problem does not differ in principle 
from the solution methods in the problems considered above, The first 
solution of system of equations (8-6-1) and (8-6-2) for a symmetric paral- 
lelepiped with dimensions 2/,X2l,.X2i3, for limiting conditions of the first 
kind, was obtained by Gamayunov /25/. This solution was obtained by 
means of a combined application of a Laplace transformation and a Fourier 
cosine transformation. For the limiting conditions 


E(Xy, Xqy Xo, 0)=f, (X,, Xg, Xs); 9(X,, Xa Xs, O)=f, (X11 Xs Xs); 


E (bi, t)= 91 (s)3 9 (Lis t) = He (*); 


ot (0, «) —~ 290, *) *) —0 
OX; ~ OX; 


the solution has the form 


a) 2 
19 Agr Xa, TI — 1)9** [Mj (4,3 + 9,5) —Ni5 (Uy 2)}; 
(XX) X53) = = yy UY [M3 (413 +045 j (Us5-+-043 


la=i f=] 
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(X15 Xa, Xs1 F t)= 


»} (—1)4** [Nyi (445 + 095) —M, 5 (4,5-+0,3)]) 


j= 


A, 2 ; 
Mi= Tp Bta nt Te ie ({=1, 2); 


> Ibs 
its 
»~ ibs 


where 


1\ A 1\ A 
Mas=(Fe, +n) e Ht (Pesta, ) tat (Pets, i pe — vs 
Numa (qi oss Pee aK re 


A,-L} Ay-L2 mT ye Bn 
Aa 


I A 2\. 
Nw=3(ao3 Py +77 Le nt 5 re ) 


Om=V a@ tata, (=V P4240; 8=Y 84848; 
maa (F AiK, oe to! pe Ser pe + (— 1)i+! x 
(ap tty 


Alte » Atm y AsBa y Add 1,1 
—4 ine 2m 3a tAstabm { | oy | 
LiLu, + LiLug 2s LiLus + LG Tas Ere a 
A:Aspalin ArAstimitn fly 1 \7 72), 
+ i LE (cites, )+ L 12 (cst cn) | ’ 


K, = 1 + Fe, -- 1/Lug Fe, =s Ko Pn; Lu; = Qmi/ qi; 


aumo{ (hte Xs X,) COS tp PCOS Pom G2 COS Hn 7 bg 3 d +3 ss a : x 


X cos Bay COS Hm it COS Py 7" texp(— vj Fon) (s=1, 2); 


Fo,,, () 


Djg==(— 1)htmtnt \ (“ (i, + Fei)e. + Ys @) |+ 


Aw, e, bn 
+l (a +Fe,] #2 (8) +52 bs @ |+%% le +Fe,)a (8)-+ 
+fet Ft ys (8) |bexr {— V5 [FOm () — FOm (8)] d Fom (9) C08 paz? X 
X COS Hm F* COS fy, ; 


tt, == (2k — 1) «/2; thm == (2m — 1) /2; Yn = (2n — 1) «/2 
(k, m, n=1,2,3,...); 


am* 
ee 

Some solutions for anisotropic uncoupled transfer have been considered 
by Mitskevich /26/, Carslaw /9/, and others. 


Fom —— 
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Chapter IX 


UNSTEADY POTENTIAL FIELDS FOR BOTH 
MACROSCOPIC AND MOLECULAR HEAT AND 
MASS TRANSFER 


9-1, Transfer-Potential Fields with Boundary 
Conditions of the Third Kind. Mass Exchange at Body 
Surface a Function of Mass-Transfer Potential 


Modern engineering makes wide use of high temperatures and pressures 
to intensify heat and mass exchange. The mechanism of the transfer of 
matter and energy under such conditions undergoes a qualitative change, 
since in addition to the transfer resulting from the action of molecular 
forces a large (and in some cases a dominant) role is played by the trans- 
fer phenomena which accompany macroscopic seepage-type processes. 

The macroscopic-molecular mass transfer of a multiphase substance is of 
great interest, not only with respect to various technological processes 
but also in many applications of transfer theory to dispersed and conduct- 
ing media. 

Macroscopic mass transfer is caused when a stable total-pressure 
gradient ypis set up in the material (or the given medium). For example, 
when a moist dispersed medium is heated intensely, a very marked vapor 
formation takes place, and this leads to the establishment of a stable pres- 
sure gradient in the vapor-gas mixture. This gradient is due to the fact 
that the time for relaxation of the excess pressure through the skeleton of 
the material is quite high, with the result that during this time the vapor 
necessary for the re-establishment of the initial state can form. In liquids 
and gases the establishment of an appreciable pressure differential may be 
due to some external field. The superposition of macroscopic transfer on- 
to molecular processes leads to a rearrangement (modification) of the trans- 
fer mechanism and to a considerable intensification of the process accom- 
panying it. 

The derivation of a system of differential equations describing macroscopic - 
molecular heat and mass transfer was considered in Chapter II. If the zonal 
method for calculating the process in a one-dimensional body or medium is 
used, then this system has the following form, in terms of dimensionless 
quantities: 


OT (X,Fo)__ 7 (X,Fo) , T aT x, Fo) a@(X,F 
sfo = oe? TX a = —-# Ko* i 2; (9-1-1) 
90(X,Fo) _, _ [at@(X,Fo) , T 20 (x, 9@(X, Fo) ae rx, Fo) 
oro LU uf ax? +x ix | —LuPa a[ oe v 
I 87 (X, Fo) @?P(X,Fo) , P aP(X,Fo) re 
+E OTHO) pay BMP PaO), a. 1-g 
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OP (X, Fo) o°P(X,Fo) , T oP (r, OP (X, Fo) Ko 0@(X, Fo) ie 
FR = Lty | “ae ty Se | tore aio 


where Bu =e oP is the Bulygin number; Luy= 2 is a parameter describing 
@ @ 


t 


the coupling between the macroscopic heat and mass transfer; and P= 
=(p— p,){/P. is the dimensionless potential for seepage mass transfer, fora 
constant initial potential distribution. If there is no macroscopic mass 
transfer in the body, the parameter Lu, is zero and system of equations 
(9-1-1) through (9-1-3) simplifies to system (4-1-2) and (4-1-3). 

Solutions of the system of macroscopic-molecular heat-transfer and 
mass-transfer equations have been given by Mikhailov /1 through 5/, 
Prudnikov /6, 7/, and Tsoi /8/. Experimental and analytical studies of 
the effects of individual factors on macroscopic-molecular heat and mass 
transfer have been carried out by Zhmakin /9/, Zuev /10/, Krasnikov 
/11, 12/, Lebedev /14, 15/, Krechetov /13/, Lykov /16 through 19/, 
Maksimov /19, 20/, Mikhailov /5, 21 through 23/, Shubin /24, 25/, and 
others. 

Let us find the unsteady distribution of the dimensionless transfer poten- 
tials in a dispersed medium, for an infinite plate. Symmetry is assumed, 
and also constant initial distribution of the potentials over the cross section 
of the material. The limiting conditions are in this case 


or (ro) _ Big [1 —T (1, Fo)| + (1 —e) Ko Lu Bim [1 —9(1,Fo)]=0; (9-1-4) 
— SEF) 4 py TU Fo) Fo) eee ee) Fo) 4 Bi, [1 —O(1, Fo)] =0; (9-1-5) 
P (1, Fo) =0; (9-1-6) 

@T(0,Fo) __0@(0,Fo) _OP(0,Fo) _ 
=e ek ee (9-1-7) 
T (X,0)=0; 6(X, 0)==0; P(X, 0)=0. (9-1-8) 


The solution is derived using the following Laplace integral transformation: 
ioe] 
F(X, sae hs Fo) exp (— s Fo) d Fo. (9-1-9) 


When transformation (9-1-9) is applied to system of equations (9-1-1) through (9-1-3), subject to initial 
conditions (9-1-8), we obtain 


sT,=T” ,— Kos @,; (9-1-10) 
B 
s6,= Lu 0”, —Lu PnT”’,—Luy is PP"; (9-12-11) 
» 4 Ko 
sP,=LupP”’, +e p, 5@,. (9-1-12) 


Now, if @z is determined from equation (9-1-10) and substituted into (9-1-11) and (9- 1-12), we obtain a 
system of two equations in Tz and Pz, By applying to this system a second Laplace transformation with 
respect to the dimensionless coordinate and solving it, we can find expressions for T, and Pz. Finally, 6, 
is determined by substituting T,, Pz, and their second derivatives into equation (9-1-10). After these 
transformations are carried out, we obtain 


T= A, exp (Ysv,X) + A, exp (V sv,X) + A, exp (Vs¥,X) + 
+ A, exp(—V sv, X) + As exp(— Y s%,X) + A, exp(—V sv,.X}. 
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ea Ke (A. (1 —vi)exp(Vsv,X) + A, (1 — v3) exp(V S¥X}+- As(1—v3) exp(V5¥4XH- 
+ Ay (1 —vj) exp(— V5v,X) + Ay (1 — v9) exp(— Vs¥,X) + A, (1 — 93) exp(— V 8%X)}; 


! ca as 
Pp= ¢ Bul [A,0, exp (V s¥4X) + A,s, exp(Y sv,X) + Ayo, exp (VY s¥,X) + 
+ As, exp(—YV sv, X) + Aye, exp (— VY 5%X) + Ayo, exp(— V5, X)]. 


Here 


s; = (1 —s)(I —vj)—Lu(1 — vi) — eKo Pn Lu v7, 


Y=VEFRS = 1.2 3) 


where the quantities A, in (9-1-14) are defined by the expression 


aa \ 
= ae pecan 9 (1 Dep _--= = —- T1727. —— Tr3 
. VY -tms+Vimsaaty/ a V teem. 


At the same time, the eigenvalues of A must satisfy the relation 


where 
2 


B 2 ! 
I,=<— > + Bs; T,=— 37 By + > Bibs — Bai 


| 1 I 1 
B= (+1 — er tit Ko Pn; oid t(1 + ATE eKo Pa) 


3 RR aR EE cn RE a RN = A The A 
l 7 sae 1 y ] 1. ! 
— 2 7 pe ed 2 3 
Vy 7n+Y om4i0 / F—-Y —~m+5m—-—= 0, 


: §,=1/Lu Lup. 


(9-1-13) 


(9- 1-14) 


Values of vy for various combinations of similarity criteria are listed in Table 9-1, while values of oy 


are given in Table 9-2. 


The values of coefficients A, (R=1, 2,..., 6), which are constant with respect to X, are found from 
boundary conditions (9-1-4) through (9-1-6) and from symmetry conditions (9-1-7). In terms of transforms 


these conditions have the form 


1 


T’,(1, s)— Big & 7 ,(1, s) }+0 —s)KoLu Bia —-— © (1, s)|=o. 


Bu L ! 
— 6,1, 6) Pa T"y(1, 8+ RG: Pe P's 8) + Bim [=- @,(1, 8) |- 0; 


P(l, s)=0; 
T’,(0. s)= 0',(0, s)= P’,(0, s) = 0. 


If the transform solutions are to satisfy symmetry conditions (9-1-18), then we have 


A,=A; Ap=Ay A= Ay 


so that the solutions can be written as 


3 
T1(X, s)= YB, chys¥4X; 
j=l 
, 3 

@, (X, I=-7 B;(1 — vi) ch VY sv,X; 
i=! 
3 
P(X, 8) =m) Byoy ch Y sv;X, 


j=l 
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(9-1-15) 


(9-1-16) 


(9-1-17) 
(9- 1-18) 


(9-1-19) 


(9-1-20) 


(9-1-21) 
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where B; (j= 1, 2, 3) are new constants with respect to the coordinates, The substitution of solutions (9-1-19) 
through (9-1-21) into conditions (9-1-15) through (9-1-17) results in the system of algebraic equations 


V2: + ont 0 (9-1-22) 


whose solution gives 


seed SI bea | 
(sere )(@ze “(Ps — -Ka)| 

(e KoK, —1) Biciieatan 9, \ 
[CPi Jenene “No-8 o) 


(KOK, —1)( P, 2 — P, a) Ko( a, —9,%*} 


"TTB ryle—Be)-(a-a)(@-Be)] 


L 
(1 —v}}pe Ko Pa + 7 oy 


Py=(l —vi) chy sv, a sts V sv; 


B= 


B,=— 


where 


Qy= HE 9D Koh Sy) + Be— V BHy oh By 


xy == 6s chY sv5, 


The inverse transforms may be found using the expansion theorem. Since the roots of the denominator 
of the two generalized polynomials D(s)/}(s) are a) ¢ m= Q and b) = 68,, where 8, are the roots of the 


equation 
()—(Pi—E Px)(—2a,)—(P EP (A—HG Jao. (9-1-28) 


therefore the following inversion formula is used: 


[29] ©O 4. PP) 
L [t0\7 vot Uren exp(8s, Fo). (9-1-24) 


Here $(s) = sp(s), whereas @(s) represents the corresponding expressions which remain in the numerators of 
equations (9-1-19) through (9-1-21). 

When we determine (0), 8(0), $'(s,), ®(s,) for the dimensionless transfer - 
potential fields and substitute the results into (9-1-24), then after some 


simple transformations we obtain the final solution 
co 3 
T (X, Fo)=1—)) Y, Cns cos VitinX exp(— #- Fo); (9-1-25) 
n=l fot 
co 3 


@(X, Fo)=1-+ “Ko yy y} Cai (1 — ¥7) COS V jpnX exp (— p>, Fo); (9-1-26) 


a=l j=l 
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co) 3 


1 


_— nj0j COS VitnX exp (— p, Fo). (9-1-27) 


n=) j=l 


The coefficients C,; are defined by the expressions 


_ 2 
ae Bndn 


Cu=— x4 [(1—# Kok) (Poa — 22! Poa ) + ® KO (Qn — 32! Que) J (9-1-29) 


Cis 


[(1—eKoX,) (Pas —2 Xt Pg ) +¢Ko (Qua —%2Qns) |) (9-1-28) 


Car = aa, [1 — 2 Ko Ki) Pay SE — Pay 2t!) +6 KO (Qn 22 — Qn 22) (9-1-30) 


where 


n= (Pris — Et Poa )[ Yeas — 22! (WoAns + BaiQns) [+ 
+( Qn —22°Qn) [ %sBns * (¥sBns + OnsPas) |— 
—( Par — 22! Pra ) [Vana — 2 (YsAna + PnsQna) |— 


— (Gna —% Qua ) [Bas 2 (MB ns + OmPa) [3 (9-1-31) 


Anj= [1 + atl —v, )K, |sin Vin Br Vin COS Vjt'n; 


2 Lu, 
(1 —v;) + «Ko Pa+ 7, 2% 
Bas =(1— vi; ) sin Viten + Saas ra (Sin Vipin Vipin COS Vin); 


bnj = Vj tan Vjpy— Vv, tan Vpn; 


L 
(1 — v4 Ko Pa+ 7 9, 


Paj= (1 — Vv) ) COs Vipn — —_ Vittn SID Vipin; 
Qaj=[1--U— v, ) K,] cos vip, — Bi, Ven SID Vipns 


Xnj = 9j COS Vip-y. 


The characteristic-equation roots »,=iYs, are determined by solving the 
equation 


(Pas — 32!Pas ) (Qn 222 Qns )—(Pna— 28 Pas) (Qui 2 Qns =O. (9- 1-32) 


Figures 9-1 through 9-95 show the characteristic-equation roots pr as 
functions of Bi, for various values of various dimensionless parameters. The 
values of pa were obtained by means of graphoanalytical solution of equation 
(9-1-32). 

Expressions for the average values of the dimensionless transfer poten- 
tials (9-1-25) through (¥~1-27) are obtained using the familiar formula. 
These average potentials are 


co 3 


T (Fo)=1—) S$) Das exp (— #, Fo); (9-1-33) 
n=! j=l 
fore) 3 
8(Fo)=1 + 5 Y) Y) Das (1 —¥F )exp(—p Fo); (9-1-34) 
a=! j=1 
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Dyja3 exp (— rs Fo); (9-1-35) 


rss 


P (Fo) = — = 


n 


li 
2 
~, 


where 


in Vj 
Dnjj=Caj 2. 
nj nj VjPn 


In addition, the rates of variation of the respective potentials, as well 
as the amounts of heat and mass consumed during the heat and mass ex- 
change process, can be obtained easily using the above solutions. 


FIGURE 9-1. Characteristic-equation roots {as functions of Bi me for various values 
of Bim, for an infinite plate. 


a) Bi, from 0,1 to 2,0; b) Bi, from 2.0 to 20 
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FIGURE 9-2, Characteristic-equation roots (as functions of Bi,], for various values 
of Pn, for an infinite plate 


a) Bi, from 0,2 to 2,0; b) Bi, from 1,0 to 20 
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FIGURE 9-3, Characteristic-equation roots [as functions of Bij, for various values 
of Ko, for an infinite plate 


a) Bi, from 0,1 to 2,0; b) Bi, from 1,0 to 20 


The results of numerical calculations onthe basis of formulas (9-1-25) 
through (9-1-27) and (9-1-23) through (9-1-35) show that the infinite sums 
in the solutions converge quite rapidly. Thus, above some value of the 
Fourier number it is possible to drop all series terms after the first two 


409 


or three terms. On the average, above Fo=0.7 the calculation error when 
only the first two or three terms are retained does not exceed 1 or 2%, 


O75 2.25 
Fs 
Ob5 295 2.15 
#2 
Qs5 IS 
Qa45 EF 
QaSS 1.75 
a25 16S 


0,75 


O65 


FIGURE 9-4, Characteristic-equation roots [as functions of Bi, ], for various values 
of Luy, for an infinite plate 
a) Bi, from 0,1 to 2,0; 2) Bi, from 1.0 to 20 


Consequently, for practical calculations it is convenient to simplify solutions 


(9-1-33) through (9-1-35) to 


2 
T =s1—YJ" D,, exp (— p, Fo); (9-1-36) 


a=) 


2 
6=1+y\ D,,, exp(— »,, Fo); (9-1-37) 
n=! 
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2 
P= \ Den exp (— ». Fo), (9-1-38) 


where oa: 
3 1 3 ' 3 
Dry = J) nts Don = 2K J) Pail — 9} i Don = — oy J) Dust 
Values of coefficients C,; and D,;, as well as of D,,, D,,, and D,,, for vari- 


ous combinations of heat-transfer and mass-transfer parameters are listed 
in Tables 9-3 through 9-7, 


0 a6 as “TRL 16 20 


FIGURE 9-5. Characteristic-equation roots [as functions of Bi, ]. for various values 
of e, for an infinite plate 


In a Similar manner it is possible to find the solutions for a cylinder 
and a sphere. -The generalized solution for bodies of regular geometrical 
form is 


co 3 
T (X, Fo)=1— YY Cas®,r (VittnX) exp (— p, Fo); 
a=l f=! 
1 eo 3 
« Ko y y Cai (1 -— V5) ®,p (VithnX) exp (— , Fo); 


ast f=! 


8(X, Fo) = 1-+- 


P(X, Fo) = — 


rs 


| 
e Bu 


3 
y Cy ja; (VitnX) exp (= pe. Fo), 
j=l 


n=l; 


where C,,;, $,, and », are determined respectively by equations (9-1-28) 
through (9-1-32), and oj and vj are determined by (9-1-13) and (9-1-14). 
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TABLE 9-5 


Values of the constant coefficients for an infinite plate, for various values of Ko 
(Lu = 0.3; Lu, = 500; Bi, = 20; Bi, = 20; e=0.7; Pn = 0.25; Bu = I-10-4) 


Cnj Daj 
Se ee ee 
2.199] 0.00846 |—-0.0677} 1.407 0.000846|—0.0608} 1.436 |—0.7501| 1.313 
2 | (0.113) 0.001013|-0.836 |—0.012 0.001009|—0.5911|—0.602 |--0.1376| 0.805 
1} | 2.721} 0.000711} 0.0042) 1.832} 0.000710| 0.0040] 1.835 "1,979 
“2| 6 |—0.317| 0.o02889\—1.383 | 0.047| 0.002872|—0.9797|-0.930 |—0.1651| 2.226 
"3 | {—0.550| 0.000460} 0.003 | 0.119) 0.000457| 0.0020} 0.122 |0.0173|—0.050 
“1/9 3.054] 0.000640, 0.037 | 2.051] 0.000639] 0.0355] 2.087 |—0.7344) 2.790 


ee ee eee ee pe ee ed et (tee 


3.291/—0.000281} 0.091 | 2.192/—0.000281} 0.0889} 2.281 


—0.7330| 3.037 


en fr | | | 


—0.0816|—0.974 


—_—— | J ee | | |] | | 


1 
2 |{2 |—1.557/—0.001517) 0.472 | 0.338/—0.001568| 0.3708) 0.707 
3 


0.570) 0.008058|—2.460 |—0.087| 0.00799 j|—1.7500|—1 .829 


TABLE 9-6 


Values of the constant coefficients for an infinite plate, for various values of Pn 
(Lu = 0.3; Lup = 500; Bi, = 20; Bi,, = 20; e =0.7; Ko= 9; Bu = 1-10-*) 


m |o5 


Cc 


nj 


| j=2 | f= 


j=1 | 


Day 


{=2 | {/=3 PP a 


Drtn Den 


1.576|—0.001663} 0.082| 1.039)\—0.001662) 0.081) t.119/—0.8017} 2.017 


cr tr ry ctr sf ee | 


eeeeeemmeenemeeeme tt [Ce te teteneeneneeemmeel (ee Cn | ee ee eed 


emp mec ce a — ee ee ee) 


——— SE (ee (ee el ad 


Oe ee eee ee ed a | ES |e | ce | 


oe [or OE | 8 nnn as fw mc rf | ss OOOO 


_— | ee — [| rrr cr cere i | rr | 


e|e|~ 
oS 
j=, 
> 
rar) 
~~] 


— ep, | gpm ea 
—— | ee) 


ef eater | fee | | ep | fe | 


0.000563} 0.006] 0.153|—0.0380|—0.077 


0.003170|—0.422| 4.967|\—0.6598} 3,904 


——a 
—e——e | ~ ee fo | | ee | ee | 


0.004937]—5 .725|—0. 226 
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0.004917|—4.038|—4. 259|—0. 2473] 5.847 


TABLE 9-7 


Values of the constant coefficients for an infinite plate, for various values of Lu, 
(Lu=0.3; Ko =9; Bl, = 20; Bin = 20; e=0.7; Pn =0.25; Bu = 1-10-4) 


D 


aj nj 


Dra Den Dp, 


2.069) —0.7298| 4.931 


| ee) ee | ee | | | 


2.087) —0.7344| 2.790 


700 2.104) —0.7381; 1.609 


ee ff  _) | | | —— [| — 


1000 | 3.040) 0.000189/0.05231; 2.033] 0.000189} 0.05053 | 2.084|—0.7267 | 1.371 


For an infinite plate (T=0) ©,,—cosvjp,X; therestofthe quantities involved 
were defined above. 
For an infinite cylinder (f= 1) 


®,,== J, (VitnX); 
Aas = {1 + (ai — v, ) KJ, (Vita) +a ViPndo (Vitn)s 
Byj= (1 = v, )J; (Vin) +0 jv jp, Je (Vien); 


Pui =(1— Vj ) Je (Vin) —Qiviten Ji (Vin); 
Qni==[1 (1 — 97) Kil Je (Vien) — gy Vathe Ja (Withn) 


Ji(Vjten) v Ji (Yan) 


Ons mo Je (¥sHn) ; Jeo(Vatn) ’ 


1—v? ) 4 Ko P Lu,/L 
Xnj = 2; Te (Vin); Qa : 


Values of the characteristic-equation roots pu, for a cylinder, calculated 
using the ''Ural'’* computer, are listed in Tables 9-8 and 9-9 and plotted 
in Figures 9-6 through 9-10. Values of the constant coefficients Cy; for 
various combinations of dimensionless numbers are given in Tables 9-10 
through 9-14, The average dimensionless transfer potentials are defined 
by equations (9-1-33) through (9-1-35), where 


= Ji (¥ jn) 
Daj = 2a 
Values of the latter coefficients are listed in Tables 9-15 through 9-19, 
Above Fourier numbers of 0.5 to 0.7, the average transfer potentials can 
also be calculated using the simplified formulas (9-1-36) through (9-1-38), 


* The calculation was carried out by Engineer I. V, Romanina at the Institut matematiki i vychishitel ‘noi 


tekhniki [the Institute of Mathematics and Computer Technology] of the Academy of Sciences of the 
Belorussian SSR, 
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TABLE 9-8 


Infinite cylinder 
Roots of characteristic equation (9-1-32), for various values of Lu and Bi, 
(e = 0.5; Ko— 9; Pn= 0.25; Lu, = 500; Bi,, = 20) 


LL 


ed 


1. 36872 |3. 27597) 1 .39342!3 . 32508) 1 .4299913 . 40386 
1.42747 |3.33675)1 .45827|3 . 40032/1 .50450)3. 49884 
1.44835 |3 . 360751 .48159/3.43179}1 .53173/3.54067 
1. 45904 |3.37364/1 .49356/3. 4491511 .54585/3 56427 
1.46989 |3 .38722)1 .50579|3 . 46778) 1 .56028|3 . 58999 


1.30429 | 3.26053 
1. 35390 | 3.22764 
1.37138 | 3.21753 


1.38936 | 3.19999 


TABLE 9-9 


Infinite cylinder 
Roots of characteristic equation (9-1-32), for various values of Bi,, Lu,, ¢, Ko, andPn* 


Dimensionless Dimensionless 
number - number ” o 
5 1.309 2.940 3 1.693 3.065 
10 1.365 3.166 Ko 6 1.513 3.228 
Bim 15 1.383 3.212 9 1.380 3.213 
20 1.380 3.213 12 1.301 3.004 
30 1.401 3.241 
—— 0.05 1.804 4.070 
100 1.381 3.213 p 0.25 1.380 3.213 
250 1.380 3.213 2 | 0.45 1.202 2.771 
Lu, 500 1.380 3.213 0.65 1.079 2.484 
750 1.380 3.213 ——_ eee a i meee 
1000 1.380 3.213 0.25 1.457 3.177 
€ 0.50 1.380 3.213 
0.75 1.341 3.088 


* The table gives virtua) variations of the dimensionless parameters, for which the 
following initial combination of values were assumed: Lu = 0.5; Lu, = 500; ¢ = 0.5; Ko = 9; 
Pn = 0.25; Bl, = 20; Bi,, = 2. 


TABLE 9-10 


Values of constant coefficients Cxsfor an infinite cylinder, for various values of Lu and Bi, 
(e = 0.5; Ko= 9; Pn = 0.25; Lu, = 500; Bi,, = 20) 


Car Cas Caa 
Lu Bi ———— | 
€ a=! { ns2 nal a=2 a=1 | nw? 
6 2.62797 1.15266 | —0.42476-10-*| —0.14928-10-% 0.94541/—1.19531 
10 2.63963 1.24584 | —0.12021-10-9| —0.43646-10-*| 0.4002 -63305 
0.25} 15 2.64147 1.26910 | —0.18916-10-*| 0.10519-10-*] 0.21673/—0.36518 
20 2.64199 | —2.63306 | —0.31585-10-*/ —O. 90923-10-*|—0.00140) 0.02875 
30 2.64223 | —2.08983 | —0.81965-10-*] 0.73608-10~*| 0.03289) 0.29246 
5 3.47300 | —4.94228 | —0.26575- 10-2] —0.59136-10~*] 1.04812] 6.76122 
10 3.47855 | —3.60229 | —0. 10966- 10-4] —0.22274-10-3} 0.48204] 2.61155 
0.507 15 3.47766 | —3.22568 | —0.54855- 10-9] —0.11347-10-"| 0.28000; 1.43911 
20 3.47660 | —3-04799 | —0.26994- 10-9] —0.60954-10~*| 0.17656} 0.88483 
30 [—1.38682 | —2.85445 | —0.20326-10-*] —0.51005-10-*| 0.64336] 0.31456 
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TABLE 9-10 (continued) 


a=! 


- n=l | n=2 n=l n=2 
5 3.74087 | —3. 10534 | —0.20349- 10-2] —0. 22081 -10-2{ 0.92621 | 2.06338 
10 3.75156 | —2.94123 | —0. 95091 -10-4/ —0.11357- 10-2) 0.45118 | 1.13519 
0.75 | 15 3.75136 | —2.87214 | —0.56912-10-4) —0.70994-10-*| 0.28134 | 0.74426 
20 3.75035 | —2.84200 | —0.37482- 10-8] —0.48237- 10-4] 0.19436 | 0.52995 
30 3.74867 | —2.79429 | —0.17834- 10-3} —0.24021-10-*] 0.10604 | 0.29709 
5 3.88640 | —3.06108 | —0.28310-10-2] —0.26670-10~*| 0.88399 | 1.44559 
10 3.88961 | —2.93843 | —0.13710-10-2) —0.14517-10-2] 0.43947 | 0.82839 
1.00 15 3.88634 | —2.88413 | —0.85356- 10-2] —0.94865- 10-4] 0.27983 | 0.55933 
20 3.88364 | —2.85384 | —0.58933-10-?] —0.67367-10-4) 0.19788 | 0.40862 
30 3.88012 | —2.82122 | —0.32207-10-#] —0.38080- 10-4] 0.11466 | 0.24514 
5 4.09207 | —3.07515 | —0.60582- 10-2] —0.49853-10-*| 0.80547 | 0.87743 
10 4.07759 | —2.97214 | —0.30711-10-*} —0.28856-10-*| 0.41235 | 0.52058 
2.00] 15 4.06692 | —2.92036 | —0.20038-10-?/ —0.19812-10-2| 0.27076 | 0.36226 
20 4.06008 | —2.88961 | —0O.14581-10-7| —0. 14807-10-?| 0.19813 | 0.27335 
30 4.05209 | —2.85486 | —0.90434-10-*] —0.94446-10-#| 0.12424 | 0.17706 


TABLE 9-11 


Values of constant coefficients C,, for an infinite cylinder, for various values of Lu, 
(Lu = 0.5; e = 0.5; Pn = 0.25; Ko = 9; Bi, = 20; Bi, = 20) 


Cry Crs Cas 
nu P n=]! | n=2 a=! | n=2 a=] | n=2 
100 3.48178 —3.03283 0.15961- 10-2] —0.35804-107?) 0.17731 0.85172 
250 3.47789 —3.04412 | —0.56212-10-3| —0.12672-10-7) 0.17669 0.87635 
500 3.47660 —3.04799 | —0.26994-10-%| —0.60954-10-") 0.17656 0.88483 
3.47617 —3.04924 | —0.17754-10-3} —0.40117-10-"| 0.17650 0.88760 
3.47596 —3.04992 | —0.13226-10-*%| —0.29901-10-4| 0.17648 0.88907 


TABLE 9-12 


Values of constant coefficients C,; for an infinite cylinder, for various values of Bin 
(Lu = 0.5; «=0.5; Pn =0.25; Ko = 9; Lu, = 500; Bl, = 20) 


Crs Crs Cus 
BI, 
a=! | n==2 n=! | n=2 n=) | n=2 

5 3.48282 | —2.77702 0.48460-10-41 0.86574-10-3} —0. 13691 —0.74889 
10 3.48389 ;} —3.35006 0.48056-10-*}) —0.65621-10-¢ 0.07679 0.51237 
15 3.47206 | —3.03111 | —0.92769-10-4| —0.25501-10-8 0.14658 0.79579 
20 | 3.47660 | —3.04799 | —0.26994-10-*| —0,60954-10-2 0.17656 0.88483 
30 | 3.45372 | —2.63746 | —0.22908-10-#| —0.32891-10-2 0.21453 0.89199 


TABLE 9-13 


Values of constant coefficients C,,; for an infinite cylinder, for various values of Ko 
(Lu= 0.5; « = 0.5, Pn =0.25; Lup = 500; Bi, = 20; Bim = 20) 
eee te 


Ko Car Cre Cas 
n=l | n=2 a=l | an=2 n=l a=x2 
—_—_—_— Ooo eee 
3 | 2.47043 | —0.11424 0.23405-10-*) 0.69290-10-*; 0.08468 —0.79181 
6 3.06457 | —2.24926 | —0.48291-10-*} 0.34959.10-4 0. 13908 —0.40344 
9 | 3.47660 | —3.04799 | —0.26994.10~-8 —0.60954-10-"] 0.17656 0.88483 
12 3.76296 | —2,75144 | —0.30277- 10-4] —0.38610- 10-3 0.21560 —0.53821 
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TABLE 9-14 


Values of constant coefficients C,; for an infinite cylinder, for various values of Pn 
(Lu = 0.5; «= 0.5; Ko= 9; Lu, = 500; Bi, = 20; Bi, = 20) 


Cai Cra Cus 
Pn be 
n=! | n=2 n=) | n=2 n=! | ns2 
0.05 | 8.32360 | —0.69299 0.13364-10-4 0.41055-10-9 0.21575 —6. 45129 
0.25 | 3.47660 | —3.04799 | —0.26994-10-9} —0.60954-10-% 0.17656 0.88483 
0.45 | 2.40914 | —1.65495 | —0.31505- 1078 —0.34154-107"} 0.15132 0.26007 
0.65 | 1.88352 | —1.26189 | —0.41800-10~9| —0.42111-10~*| 0.13137 0.17528 


TABLE 9-15 


Values of constant coefficients D,, for an infinite cylinder, for various values of Lu and Bi, 


D D D 
Lu Bi nt n3 ng 
¢ n=! | n=2 a=! | n=2 n=1 | n=? 
5 1. 0.06716 | —0.42462-10-% —0.14861- 0.85624|—0. 20691 
10 1.26542 | 0.07745 | —0.12016-10-?) —0.43442-10-*/ 0.36099|—0.09694 
0.25 15 1.25158 | 0.08023 { —0.18909-10-*; 0.10469-10-*! 0.19517/—0.05298 
20 1.24450 | 0.34090 0.31573-10-*| —0.90740- t0-*|—0.00126; 0.01535 
30 I 0.27254 0.81934-10~*] 0.73462. 0.02958) 0.15778 
5 I. 0.62898 | —0.26552- 10-2} —0.58820-107?] 0.96982] 4.00049 
10 1.69523 | 0.46461 —0. 10956-1072} —0.22158-10-3| 0.44332) 1.56326 
0.50 15 1.65844 | 0.41749 | —0.54803-10-4} —0.11288.10-7) 0.25693] 0.86450 
20 1.63933 | 0.39514 —0Q. 26968: 10-8} —0.60638-1079; 0.16183) 0.53244 
30 0 0.37149 | —0.20306-10~-2} —0.50743. —0.00112| 0.19012 
5 l. 0.40970 | —0.20340-10-?/ —0.22022-10-?; 0.87035) 1.41638 
10 1.80233 | 0.38367 | —0.95042-10-3} —0.11325-1077} 0.42164) 0.76753 
0.75 15 1.75741 | 0.37208 | —0.56882-10-#| —0.70793-10-7} 0.26238} 0.50016 
20 1.73399 | 0.36661 —0.37462- 1073} —0.48100-10-*] 0.18108) 0.35497 
30 ] 0.35869 {| —0.17824.10-3) —0.23952- 0.09869} 0.19830 
5 2. 0.40467 | —0.28296-10-2| —0.26596-10~*| 0.84055} 1.07148 
10 1.87128 | 0.38434 —0,14475-10-3| 0 41585) 0.60517 
1.00] 15 1.81899 | 0.37412 —0.94585-10-4} 0.26431] 0.40609 
20 1.79170 | 0.36815 —0.67166-10-~*] 0.18674] 0.29565 
30 1 0.36152 —~0.37965.- 0.10810} 0.17671 
5 2 0.40674 | —0.60551-!0-?| —0.49707-10-3| 0.78315} 0.74552 
10 1.96702 | 0.38994 | —0.30694-10-?| —0.28768-10-#} 0.39971] 0.43813 
2.00 15 1.90190 | 0.37942 | —0.20026-10-3} —0.19750-107?} 0.26217) 0.30358 
20 1.86766 | 0.37276 | —0.14572- 10-2] —0.14759-10-3) 0.19172| 0.22852 
1 0.36494 | —0.90378-10-%| —0.94139. 0.12015) 0.14762 


TABLE 9-16 


Values of constant coefficients D,; for an infinite cylinder, for various values of Lu, 
(Lu = 0.5; «= 0.5; Pn= 0.25; Ko = 9, Bi, = 20; Bin = 20) 
Day Dye Das 
= n=! {| n=2 n=! | n=2 n=! | n=2 


0.51750 
0.52858 
0.53244 
0.53370 
0.53438 


100 1.64199 0.39330 | —0.15883-10-?; —0.34867-10-7} 0.16276 
250 1.64001 0.39467 | —0.56104-10-3) —0.12540-10~-7} 0.16201 
500 1.63933 0.39514 | —0.26098-10-*} —0.60638-10-*| 0.16183 
750 1.63912 0.39529 | —0.17743-10-9| —0.39979-10-*| 0.16176 
0.39537 | —0.13220-10-* —0.29824-10-§| 0.16173 


1.63901 
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TABLE 9-17 


Values of constant coefficients D,,; for an infinite cylinder, for various values of Bi», 
(Lu = 0.5; e = 0.5; Pn = 0.25; Ko = 9; Lu, = 500; Bi, = 20) 


” n=l | a=2 n= | | a=2 a=1 | a2 


—O. 49232 


—0. 12658 


5 0.35541 0.48439-10-4| 0.86386-107? 

10 0.43966 0.48033. 10-4} —0.65456-10-* 0.07051 0.31295 

15 0.39305 | —0.92725-10~*| —0.25436-10~-? 0. 13428 0.47846 

20 0.39514 | —O.26968-10-*| —0.60638-10-3 0.16183 0.53244 
0.33841 —0.22897.10-*| —0.32805-10-° 0.19608 . 0.53080 


TABLE 9-18 


Values of constant coefficients D,; for an infinite cylinder, for various values of Ko 
(Lu = 0.5; e = 0.5; Pn = 0.25; Lu, = 500; Bi, = 20; Bi, = 20) 


n=l | n=2 n=) n=2 n=!) | n=2 


3 1.16933 0.00656 0.23389-10~-*] 0.69127-10-*| 0.06914 —0.38144 
6 1.43500 0.29000 | —0.48264-10-*) 0.34868-10~-*| 0.12264 —0. 21574 
9 1.63933 0.39514 | —0.26968-10-*| —0.60638-10-*| 0.16183 0.53244 
2 1.73721 0.35509 {| —0.30264-10-*] —0.38523-10-3} 0.20164 0.36925 


TABLE 9-19 


Values of constant coefficients D,,; for an infinite cylinder, for various values of Pn 
(Lu = 0.5; e = 0.5; Ko = 9; Lu, = 500; Bi, = 20; Bi,, — 20) 


Day Daa Das 
Pn 
n=t | n=2 n=! | n=2 n=! | n=2 
0.05 0.13353-10-8] 0.40971-10-4| 0.16540 —3. 12637 
0.25 | 1.63933 —0.26968- 10-4] —0.60638-1073] 0.16183 0.53244 
0.45 | 1.10444 0.21309 | —0.31493- 10-3] —0.34088-10-4| 0.14419 0. 19925 
0.65 | 0.85581 0.16178 | —O.41787-10-3) —0.42046.10-9] 0.12737 0.14823 


For a sphere (I'=2) 


sin ¥;n,X 
®,, =, — > 


1 ; 
Ans = [1 + (1 —¥; ) K,] Cos Vip, — BT; ihn SiO Vitis 
Bnj = (1 — V7 ) COS Vjd_ — Q4Vjpy SID Vivin; 
Pri = (1 —¥; ) Sin Vin + Qs (Vin COS Vitn — Sif Vin); 

Qni= [1+ 95) Ki gy, | Sit vit gy, Vin C08 Vis 
a @ 
bnj = VjCOt Vip, — V,COt Vy En; 

Anj = 95 SIN Vip. 


Values of the characteristic-equation roots pa for a sphere, calculated using 
the "Ural" computer, are listed in Tables 9-20 and 9-21 and plotted in 
Figures 9-11 through 9-15, The average dimensionless transfer potentials 
are defined by equations (9-1-33) through (9-1-35), where 
Daj = 3Cpj ¥jHn COS hes Vin 
iP 
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Values of constant coefficients Cy; and Dy; for the first two characteristic - 
equation roots are given in Tables 9-22 through 9-31, 


 Q2S «ASO O75 100 


FIGURE 9-6. a) characteristic- equation roots for an infinite cylinder, as 
functions of BI,, for various values of Lu; b) characteristic- equation roots 
for an infinite cylinder, as functions of Lu, for various values of Bi, 
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FIGURE 9-7. Characteristic-equation roots for an FIGURE 9-8. Characteristic-equation roots for an 
infinite cylinder, as functions of Bim infinite cylinder, as functions of Lup 
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FIGURE 9-10. Characteristic-equation 
roots for an infinite cylinder, as func- 
tions of Ko or Pn 


FIGURE 9-9, Characteristic- 
equation roots for an infinite 
cylinder, as functions of e 
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FIGURE 9-11. Characteristic- equation roots for a sphere 


a) as functions of Lu, for various values of BI,; b) as functions of Bi,, for various 
values of Lu 
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FIGURE 9-12, Characteristic-equation roots 
for a sphere, as functions of Bim 
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FIGURE 9-14, Characteristic-equation roots 
for a sphere, as functions of e 
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FIGURE 9-13, Characteristic-equation roots 
for a sphere, as functions of Lup 


FIGURE 9-15. Characteristic-equa- 
tion roots for a sphere, as functions 
of Ko or Pn 


TABLE 9-20 
S phere 


Roots of characteristic equation (9-1-32), for various values of Lu and Bi, 
(e =0.5; Ko=9; Pn =—0.25; Lu, = 500; Bi,, = 20) 


La | Bi, P; be Ps 

5 1.5371 3.1790 3.6256 

10 1.5707 3.1877 3.8489 

0.25 15 1.5817 3.1896 3.9186 
20 1.5870 3.152 3.3826 

30 1.5926 3.149 3.9818 

5 1.6984 3.5610 6.3729 

10 1.7661 3.6060 7.0806 

0.50 15 1. 7897 3.6224 7.1711 
20 1.8017 3.6309 7.2194 

30 1,8138 3.6396 4.9790 

5 1.7824 3.6794 6.9708 

10 1, 8626 3.7727 7.3356 

0.75 15 1.8908 3.8091 7.4943 
20 1.9051 3. 8287 7.5758 

30 1.9196 3.8490 7.6767 

5 1.8142 3.7460 6.0707 

10 1.9028 3.8512 6.0376 

1.00 18 1.9342 3.8942 6.0184 
20 1.9503 3.9176 6.0061 

30 1.9666 3.9423 5.9915 

5 1.8611 3.8460 5.9829 

10 1.9630 3.9693 6.0571 

2.00 15 1.9997 4.0223 6.0965 
20 2.0186 4.0517 6.1210 

30 2.0379 4.0833 6.1499 

TABLE 9-21 
Sphere 


Roots of characteristic equation (9- 1-32), for various values of Bi,,, Lu,, s, Ko, and Pn* 


Dimensionless 1D imensionless| 
Ps bs B, bs Bs 
number number 
5 | 1.7034 3.3876 4 3156 0.25 |} 1.9020 5.7124 9.5451 


10 | 1.7801 {| 3.6820 | 4.7356 S 0.50 | 1.8017 | 3.6309 | 7.2194 


Bi, 15 | 1.789 3.6328 | 4.9722 0.75} 1.7518 | 3.5115 | 5.3046 
20 | 1.8017 {| 3.6309 | 7.2194 0.05 | 2.3538 | 3.7291 | 4.7049 

30 | 1.8294 | 3.6746 | 7.3190 Pn | 0.25 | 1.8017 | 3.6309 | 7.2194 
a. a a es 0.45 | 1.5698 | 3.1494 | 4.7738 
100 | 1.8022 | 3.6320 | 7.2173 0.65 | 1.4089 | 2.8240 | 4.2562 


1 
; 3 | 2.2100 | 4.3900 | 6.6531 
1 9 7 


1.8017 | 3.6309 2194 
1000 | 1.8016 | 3.6308 } 7.2197 12 | 1.6984 | 3.4108 | 6.7488 
* The table gives virtual variations of the dimensionless parameters, for which the fol- 


lowing initial combination of values were assumed: Lu=0,5; Lu, = 500; e = 0.5; Ko = 9; 
Pn = 0.25; Bi, = 20; Bi, = 20. 
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On the basis of the solutions obtained in this section it is easy to solve various particular problems. For 
example, problems in which the value of the Biot heat- exchange number is very large (Big 20)are of great 
practical interest. Such conditions exist, for example, at the boundary between a porous wall and its surround- 
ings during the dynamic cooling of various equipment and devices (such as powerful turbogenerators or rockets). 
When Bi,=oo heat-exchange boundary condition of the third kind (9-1-4) is transformed into the following 
boundary condition of the first kind: 


T(1, Fo) =1. 


The general solution, in spite of the fact that the previous notation is retained, is simplified consider- 
ably due to the simplification of the quantities Any and Qn; appearing in it, as well as due to the fact that 
the compound dimensionless number K; is zero; for a plate, cylinder, and sphere Ay; and Qay are respectively: 


for T'=0, An; = SIN Vj pn» Qny = COS Vipin; 
for T= 1, Any =Jx(¥yn)> Qny = Jo(¥ seen); 
for T= 2, Any = COS V5pn, Qnj = SIN Vien. 


If the particular solutions are found by means of taking limits (for example, as Pn +0), then the remarks 
made in $6-5 should be kept in mind, 


9-2. Unsteady Fields of Heat-Transfer and 
Mass-Transfer Potential, with Boundary Conditions 
of the Third Kind, Mass Exchange at the Body Surface 
a Function of Time 


During some high-intensity processes the specific flux of the mass being 
removed from the material varies continually with time. In such cases 
limiting conditions (9-1-4) through (9-1-6) for a symmetrical one-dimen- 
sional body have the general form: 


or FO) Bi, [1 —T (1, Fo)] +(1—s)Ko Lt Kin, (Fo) = 0; (9-2-1) 
o&1, F oT (1, F Bu Lu, dPil, : 
i Se EP) Kin (Fo)=0; (9-2-2) 
P(1, Fo)= 9, (Fo); (9-2-3) 
@T (0, Fo)__ 6 (0, Fo) _@P(0, Fo)_p. 
OX ea (9-2-4) 
T (X, 0)==F,(X); 0(X, 0)—=F,(X); P(X, 0) =F,(X). (9-2-5) 


Here the dimensionless transfer potentials are defined as 


Tat; Ome; pa Poe 
* x Px 

System of equations (9-1-1) through (9-1-3), subject to limiting conditions 
(9-2-1) through (9-2-5), canbe solved by acombined application of Fourier and 
Laplace integral transformations, just as described in detail in § 6-4. [Let 
us once more go through the basic steps of the solution method, using the 
determination of the potential fields for macroscopic-molecular transfer in 
an infinite plate as an example. For convenience, in the following calcula- 
tions we denote the dimensionless transfer potentials as 8; ({=1, 2, 3), where 
T=), @=@2, and P=®3. 

First let us consider an auxiliary problem. We will determine the functions @,(X, Fo) which satisfy system 
of equations (9-1-1) through (9-1-3), conditions (9-2- 3) through (9-2-5), and also the conditions 


8x(1, Fo)=pa(Fo) (k=1, 2), (9-2-6) 
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the latter being taken, for the time being, instead of boundary conditions (9-2-1) and (9-2-2). Next, after 
applying successively finite Fourier cosine transformation (6-4-6) with respect to the variable X and Laplace 
integral transformation (6-4-9) with respect to Fo, we obtain, taking into account formulas (6-4-8) and 
(6-4-10), the following system of algebraic equations in terms of the transforms: 


(s+ A2 bez + Ko s{@,}., ={F,}. +e Ko {Fs}e + (— N)"Anfoat, 3 


Bu 
— A? Lu Pa{@,}., +(s + A Lu{@}., —A2 Lup x, {her = 


- Lu, B “ 
= {Fi}e + (— 1)rAnLu [ (o}.— Pa{vi}i— Ta Ko {r}, | 
—s Ss 8 {9s}or + (s+ A? Luy){9s}-, = —e = {Fs}c + {Fs}. +(— I)pAnLuy{9s}7, 


where 
ow 


{ei}. = 5 ¢: (Fo) exp(— s Fo) d Fo; 
{File = f F,(X)cos A,XdX; 
0 
l 
An = (n + =z) 
When this system of equations is solved for {9:},7 and the transform solution inverted, we obtain 


3. 3 
@,(X, Fol= )) P(A, Pas + By Qi] (C= 1, 2, 3) (9-2-7) 
s=1 /=1 


Here Al, and Bi, are certain constants which depend on the dimensionless parameters involved in system of 


equations (9-1-1) through (9-1-3), The definitions of these resemble those of the corresponding coefficients 
introduced in § 6-4: 


00 1 
Piy= 2) exp(— A? v, Fo) \ F, (8) cos Antdt cos A,X; (9-2-8) 
a=0 0 
co 
Q,;=2 ¥ exp(— Az ¥sFo) Fo(— 1)"Ang, (Fo) cos AnX; (9-2-9) 
n=0 


where A2 v; are the roots of the cubic equation 
in which (Ba)s* + (A), Bas? + (A581) s + AR = 0, 
1 l 
B=1+(l— iu tin, t*Ke Pn; 


1 1 er 
olla pyt (it pg teKoPn Lup’ 
] 


Bs = TaLu,’ 


In this case it is assumed that the determinant constructed from the coefficients (the dimensionless parameters) 
in the system of differential equations for the transforms is not zero: 


s+ A eKos 0 
2,,,_ Bu 
—A2LuPn s+ a2 Lu —Anbe Ko rc 


0 —epes S++ A? Lu, 
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The symbol ne {in equation (9-2-9)} once again denotes the convolution operation. The auxiliary problem 
is now solved. The second stage, the determination of the functions g@,(Fo) (&=I, 2), in no way differs 
from the analogous stage of the solution considered in § 6-4, a, 

Let us write (9-2-8) and (9-2-9) in terms of the theta function: 


if X+E | 
Pas —\{% [AFe. wre |+0 [AF yFo]b wae 


Fo 


Quy ~ Sax OX “| i=*, vy (Fo — Fo) |p, (Fo*)d Fo" 


0, (X, —s (— tp exp[ —S I. 


If we differentiate (9-2-7) with respect to X and replace the second derivative of 8 with respect to X by its 
derivative with respect to Fo, then we obtain 


3.3 
200 Eo) -)) Va, Mey + BL Nes) (D1. 2,3) (9-2-10) 
s=l f=1 


where 


M,s (X, Fo) => rfalelE ,Fo]+0[S, », Fol leeds 


Po 
1—X 
WAX. FOS (seem Roey Os | a> FO Fon |psFora For, (9-2-1 
) 


é 
Since as Fo approaches zero the derivative O(Fo — Fo*) $, goes to infinity as Fo 37 when X =I and 


Fo -» Fo*, boundary conditions (9-2-1) and (9-2-2) may be replaced by others which are equivalent to them. 
In order to obtain these, we integrate (9-2-1) and (9-2-2) with respect to Fo from 0 to 1: 


Fo ° 
( 1 Fo) Fo +— Bi, [ [1 —8,(1, For) dFo* +-(1 —e) Ko Lu { Kin (Pot) d Foto, (9-2- 12) 
0 0 0 
Fo 
0®@, (1, Fo* 00, (I, Fo® Bu L 08, (1, Fo* 
— [PGF ane 4 mf OG Ean RHE (LPO gree 
0 0 0 
+f Kin (Fo*)d Fo* =0, (9-2- 13) 


Now, if we integrate (9-2-10) with respect to Fo, we obtain 


3. 63 
00, (X,F 
( ee - 4 Fot = a y Veal Ms mS Bi N*.3) (t= 1, 2, 3), (9- 2-14) 
s==1 j=l 


0 
where 


Fo 
M®,,(X, Fo) = f M,;(X, Fo") d Fo, N*,,(X, Fo) = { N.3(X, Fo*) d Foe, 
0 


Then, by integrating (9-2-11) with respect to Fo and changing the order of integration by means of 
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Dirichlet's formula, we obtain a relation which indicates that for all X <1 it is true that 


1 @e 
N%43(X, oo) =e 5 Jr. (Fo°) | 5 eee (o— Foy] d For. (9-2+15) 


Direct calculations on the basis of (9-2-15) show that this relation is also true for X = 1, that is, 


1 
N*,; (1, @) == yy J go (Fo°®) &, (0, vy ( — Fo*}| d Fo®. (9-2-16) 


The latter integral converges, since as Fo* — the function , goes to infinity as @7'/*, for #0. 

If we now use relations (9-2-14) through (9-2-16) to form the corresponding terms in equations (9-2-12) 
and (9-2-13), taking into account (9-2-6), then we obtain the following system of Volterra integral equations 
of the first kind: 


2 Fo 


y; { Kas (Fo, Fo*) 9, (Fo*)d Fo* = g, (Fo) (a= 1, 2} (9-2-17) 
8=1 0 


where the functions K, (Fo, Fo*) and g, (Fo) have a form which makes it possible to reduce system of equations 
(9-2-17) to a system of generalized Abel integral equations, and then to convert the latter, in tum, to a 
system of Volterra integra] equations of the second kind: 


2 
t_ (Fo) = »Y Xap FO, Fo*) 9, (Fo*) d Fo® == co, (Fo) (« == I, 2) (9-2-18) 
p=! 


The solution of the problem at hand is obtained by finding @,(Fo) and @3(Fo) from (9-2-18) and then substitut- 
ing them into equations (9-2-7) and (9-2-9), 


9-3, The Reduction of the System of Equations 
Describing Macroscopic-Molecular Transfer to a 
System of 'Uncoupled" Parabolic-Type Equations 


We showed in Chapter V that it is possible to reduce system of differ - 
ential heat-transfer and mass-transfer equations (4-1-2) and (4-1-3) toa 
system of two "uncoupled" equations similar to the heat-conduction equa- 
tion. The latter equations enable us to extend the experience accrued in 
solving differential equations for uncoupled transfer to a new group of prob- 
lems. Smirnov /26/ indicated the possibility of applying Henry's method of 
solving systems of equations describing macroscopic-molecular heat and 
mass transfer. If this is done, the system of differential equations reduces 
to a system of three ordinary heat-conduction equations for the combined 
function 2;=p;T+q,;8+7;P, in which p;, 9;, and r; are given numbers. 

Let us now apply these methods to the reduction of the three-dimensional 
system of differential equations describing macroscopic-molecular transfer. 
We have the system of equations 


OT wT —eKo-e (9-3-1) 
B 
2 = Lu y'@ — Lu Pa y*T — Lup gv"? (9-3-2) 
oP Ko 00 
Fo Lup vP+s.o (9-3-3) 
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By determining y’T from equation (9-3-1) and y?P from equation (9-3-3) 
and substituting these into equation (9-3-2), we obtain 


vr =jnte e Ko o-Sess (9-3-4) 
eP . 
v9 =[nr +8 Ko Pn — tr | ore +Pna nt OFo ’ (9-3-5) 
1 oP e Ko 0 
VP =, OFo Lu, Bu’ dFo™ (9-3-6) 


If we now multiply equations (9-3-4), (9-3-5), and (9-3-6) respectively by 
the numbers p, g, and r and add them, we have 


ve +-98-+1P}= ape {p+ 9 Pa) T+[¢ (pete Ko Pa—7z) + 


+peKo—r7- ar | o+(4 take t' tay’) PI, (9-3-7) 


Equations(9-3-7) will be converted into an equation of the heat-conduction 
type for the function Z= pT -+48-+7P, provided the following conditions are 
satisfied: 


] e e Ko 
p+qPn a (py t+ Ko Pap) + pe Ko—r Lu, Bu _ 
age ee : = 
C= Tr 
_ met Ty (9-3-8) 


Let us now determine the numbers v’, p, g, and r and express them in 
terms of the dimensionless parameters entering into system of equations 
(9-3-1) through (9-3-3). 


and their reciprocals from equations (9-3-8), 


When we eliminate a a 


we obtain a cubic equation in v’: 
vt — Bvt + B,v* — By =0, tren 
the solution of which gives three values for vy’: 


Vi=M+2 (j=1, 2, 3), 


where Aj, 8,, B, and B, are defined by the respective expressions in § 9-1. 
Let us consider here only the case when the roots of the cubic equation in 
vi, are real and unequal, that is, when 


1 +2 | 
+57 0) <0. 
By inserting successively the numbers vi/ 4; » and v3 into equations 
(9-3-8), we obtain six independent Bavist ane: eqabline the calculation of 


six ratios or nine independent numbers. If in these equations we set Py; qs, 
and r, equal to unity, then we obtain 


vy? — |] 
7 1 Lu, Bu Pn 
D =] q,= he ot 
7 : " Po? * (v? Lup—!)Lu Ko(v?—1)’ 
Pn Lu, Bu 
Dp a ; ty r —-, Pp 
"yl Wee" * (v2 Lup —1)LuKo ’ 
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_= Pn Lu, Bu (v2 Luy—1) Lu Ko 
Ps= Ne) 8 SS ooo oe r,=1. 
(vz—1) (v2 Luy—1)Lu Ko Lu, Bu 
Consequently, system of equations (9-3-1) through (9-3-3) can be rewritten 
as the equivalent system of "uncoupled" equations 


ViZj=vi 50 Z; (j=1,2, 3). (9-3-10) 
Here, if we define pha Kw and ae K;,, we finally obtain 
seo A= Kyy'Zs; (9-3-11) 
sen 24 Kuv'Z;3 (9-3-12) 
soe Zy= Kuvy'Z,. (9-3-13) 


The solution of equations (9-3-11) through (9-3-13), subject to the corres- 
ponding limiting conditions, leads to solutions for the combined function Z;. 
If we denote these solutions as f; (j=, 2, 3), then each of the functions 7, 8, 

and P can be expressed directly in terms of the functions f,, f. and f,: 


T==-——;> 0=—;> P=—~, 9-3-14) 
where A . . ( 
lar, 
A=|p, 1 1,|40; 

Ps qs | 

han lL fit 1 qf, 

Or= {fal ra}s Og=! ps fe tats Ap=| a. 1 fe 

fs % 1 Ps fs 1 Pi I fs 


The solution of the problem in the form (9-3-14) is of practical interest 
when calculating the rates of variation of the corresponding transfer poten- 
tials. Jt makes it possible to determine quite simply the extent of the ef- 
fects of individual factors on the process development and to derive the 
simplified analytical expressions which are so necessary in engineering 
practice, 


9-4, Effects of the Dimensionless Parameters on 
Macroscopic-Molecular Heat and Mass Transfer 


In our study of molecular heat and mass transfer (§ 6-6) we analyzed the 
effects of a large number of similarity criteria [dimensionless parameters] 
on the distribution of the dimensionless potentials. The modification of the 
transfer mechanism which accompanies the formation of a macroscopic flux 
of matter and heat changes, in turn, the nature of the effects which some of 
the above-considered dimensionless parameters have on the transfer proc- 
ess. For example, the Posnov and Kossovich numbers are no longer self- 
similar with respect to the fields of certain potentials. For high-intensity 
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processes some new dimensionless parameters, which are characteristic 
only of macroscopic transfer, begin to be important. A comparison of the 
effects of the individual parameters when molecular and macroscopic proc- 
esses exist together gives us a better understanding of the nature of the 
parameter itself, which is very important for a correct interpretation of 
these new and highly complex phenomena. 

The parameters Bi, and Bi, for surface heat and mass exchange have the 
same general effect on the heat and mass transfer as that observed during 
the molecular process alone. Small values of the Biot number correspond 
to undeveloped potential fields, and the transfer of mass and energy is 
gradual. For Biot numbers from ten to, say, fifty or sixty, marked poten- 
tial gradients appear in the body, due to which the redistribution of heat and 
mass is intensified. In the ordered-regime stage (Fo>0.7) the Biot heat-ex- 
change number affects only the heat transfer (Figure 9-16, a), whereas the 
Biot mass-exchange number affects only the mass transfer (Figure 9-16, b). 


26 & 1b 


24 1S 


5 10 IS 20 


FIGURE 9-16. Transfer potentials 


4) as functions of Bi,; b) as functions of Bi, 


The field of the mass-transfer seepage potential becomes self-similar with 
respecttoboth parameters. The fact that the Biot numberis independent of the 
seepage potential, and consequently of the macroscopic transfer aswell com- 
pels us to assume that the surface heat-exchange and mass -exchange numbers 
are coupled mainly to the molecular transfer mechanism. Figure 9-16 shows 
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that the field of the potential @ is affected less by Bi, than the field of the 
potential T is affected by Biz. This is due to the fact that the propagation 
velocity of the field of 8 is lower than that of the field of 7, for Lu<}, 

An analysis of the solutions obtained shows that in the ordered-regime 
stage the rates of variation of the mass-transfer potentials (d@/dFo and 
dP/dFo) decrease linearly with increasing @ and are independent of Bi,. 

The roles of the individual dimensionless parameters can be better 
understood if we consider the process in the three-dimensional space 
(T, 8, P). As we know, with the passing of time the temperature and the 
mass-transfer potentials 8 and Pvary simultaneously; here, the variations 
in these potentials are coupled. This set of three potentials gives a more 
correct picture of the real transfer conditions and thus enables a better de- 
termination of the optimum technological conditions for the process. Ina 
three-dimensional system (Tf, 9, P), the heat and mass transfer is character- 
ized by some curve, each point of which corresponds to a generalized 


FIGURE 9-17. Heat and mass transfer curves for various values 


—_—_— —_—_ — 


of Bi,, plotted in (7, @, P)space 


dimensionless time (Fo). If the set of dimensionless parameters does not 
vary with time, then the curve describing the process represents a single- 
valued function of 7, 6, and P. By varying one of the parameters, we shift 
the process curve, thus sweeping out the process surface describing the 
dimensionless parameter under consideration. Figure 9-17 shows the 
process surface for Bi,. It is evident from the figure that when the process de- 
pends on the mass-transfer surface potential, the transfer development follows 
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a straight line (for Lu=0.3: Lup=500; Bin=20; Pn=0.25; Ko=9; e=0.7; Bu=1-10-%), 
whereas the process surface for Bi, corresponds to a surface which approxi- 
mates that of a plane triangle. The higher Bi, is, the higher will be the av- 
erage temperature of the material and the mass-transfer seepage potential. 
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FIGURE 9-18. Transfer potentials for a sphere 
a) as functions of Pn; b) as functions of Ko 


Consequently the process will be intensified and its duration shortened. The 
lines of intersection of the process surface with the coordinate surfaces each 
represent the dependence of an individual potential on a given dimensionless 
parameter, when the two other potentials are held constant. The fact that 
the function is single-valued makes it possible, in turn, to observe the ef- 
fect of the individual potential on the dimensionless parameter, and on this 
basis to compare theoretical conclusions with experiment. For instance, 
the variation in the surface heat-exchange and mass-exchange numbers as @ 
increases shows a good qualitative agreement with the experimental results 
of Lebedev /14/. 

The presence in the material of macroscopic along with molecular mass 
transfer modifies the previously observed dependence of the distributions of 
the dimensionless potentials on Pn and Ko, as well as their dependence on 
the phase-transition ratio e(compare Figure 6-61 with Figure 9-18). 
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Calculations carried out for a sphere (Figure 9-18, a) show that, beginning 
with Pn= 0.295 for low values of Fo, the average temperature of the body 
rises with an increase in the Posnov number. However, as time goes by, 
this effect weakens and for Fo>0.6 just the opposite effect is observed. For 
an infinite plate (Figure 9-19) this dependence shows up much more strongly, 
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FIGURE 9-19, 7, @, and P as functions of the Posnov number, for 
an infinite plate 


and for low Fo extends over the entire range of variation of Pn; the drop in 


average temperature with increasing Pn here occurs much later than for 
a sphere. 


FIGURE 9-20. Transfer potentials for a sphere, as functions of the phase- transition ratio 


Certain special features may be observed in the distribution of the mass- 
transfer seepage potential withrespectto Pn. Forboth an infinite plate and a 
sphere, at Pn=0.25 and low Fo a maximum is observed, the magnitude of 
which decreases with time. For a sphere the seepage potential at first in- 
creases, until Pn=0.25 and Fo=0.7, and then decreases. Above Fo= 0.7, 
the average mass-transfer seepage potential increases, If we recall the 
analogous distribution of P for an infinite plate, we may conclude that the 
observed drop in P for low Fo is local, that is, that it only continues up to 
some certain value of the Posnov number. The dependence of the mass- 
transfer seepage potential on Pn, together with the new aspect of the effect 
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which Pn has on the temperature distribution, indicates that the Posnov 
number is related to both the molecular and the macroscopic transfer 
mechanisms. Similar conclusions canbe drawn with regard to the Kossovich 
number (Figure 9-18, b) and the phase-transition ratio (Figure 9-20). In 
relation to this, it is important to note that variations of all these dimen- 
sionless parameters (Pn, Ko, and ¢) lead to the appearance of an extremum 
in the distribution of the seepage potential P. The extremum is more marked 
for Pn and Ko and less marked (except for Fo<0.5) for e. The physical sig- 
nificance of these extrema will be clear only after a further investigation of 
the macroscopic-molecular heat and mass transfer. 


25D 


2.0 


15 


10 


Bu 
110" 5-009 110-4 7-197 


FIGURE 9-21, Mass-transfer seepage potential as a function of Bu 


The establishment of an intensive macroscopic transfer in the material 
primarily affects the redistribution of mass, since the redistribution of 
heat is actually a result of the mass transfer. The Posnov number, which 
for molecular transfer describes the internal mass-exchange processes, 
must indicate the appearance of the new mechanism more sharply than the 
Kossovich number, which describes the internal heat-exchange processes. 
An analysis of the solutions of system of equations (9-1-1) through (9-1-3) 
confirms this: the variation which took place for Pn as a function of Twas 
greater than that for Ko as a function of 6. As Pn increases, the dimen- 
sionless mass-transfer potential decreases. This indicates that, during 
equal time intervals, at lower Posnov numbers a greater amount of mass 
is removed from the material. Ko and e primarily affect the temperature 
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field, In this respect the previously mentioned resemblance of the 
Kossovich number to the Biot heat-exchange number is preserved. 


The Bulygin number Bu='2._/ 


Cq to—t, 


is a new dimensionless parameter 


which is specific to macroscopic-molecular heat and mass transfer. This 
number is related to the seepage type of vapor transfer. It characterizes 
the relative heat loss during the evaporation of the part of the liquid from 
which the vapor participating in the macroscopic motion of the vapor-gas 
mixture is formed. Thus, just as does the Kossovich number, Bu isa 
measure of the accumulation capacity of the body and is one of the group 

of heat-transfer and mass-transfer numbers. The Bulygin number refers 
only to macroscopic transfer, and therefore it influences only the distribu- 
tion of the pressure potential P(has no effect on the distributions of T and 8). 
The mass-transfer seepage potential is shown in Figure 9-21 as a function 
of Bu. The Bulygin number varies over a wide range, sometimes by 3 or 4 
orders of magnitude. The potential P is inversely proportional to Bu. 
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FIGURE 9-22, The transfer potentials as functions of Lup 


Another dimensionless parameter which is macroscopic in nature is 
Lup, a quantity characterizing the propagation velocity of the field of Pin 
comparison with the development of the temperature field. Lu, is thus a 
measure of the coupling between these fields, or of the inertia of the mass- 
transfer seepage potential fields compared to that of the temperature field. 
Figure 9-22 shows that Lu, is self-similar with respect to T and ®, This 
dimensionless parameter also varies over a wide range, For example, for 
a moist dispersed medium, it varies from several hundred for convective 
heating to several tens of thousands for high-frequency heating. 

The nature of the effect which the parameter Lu, describing the coupling 
between heat and mass transfer, has on the potentials 7 and @ is in part the 
same as before. For Lu<1,0 the development of the fields of mass-trans- 
fer potential lags behind that of the temperature fields, whereas for Lu>1.0 
just the opposite is true. A linear relation between 7 and @ is observed at 
individual points of the body, and increases in temperature and in the dimen- 
sionless mass-transfer potential take place smoothly. At the same time, 
the macroscopic transfer introduces many new factors. First of all, the 
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symmetry boundary, with respect to the rates of development of the fields 
of Tand ®, is shifted still further toward values lower than Lu=1.0. 
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FIGURE 9-23, Variations of the fields of potentials T and @ in a sphere, 
for Lu= 1.0 


FIGURE 9-24, Dimensionless transfer potentials as functions of Lu 


In other words, for Lu= 1.0 the development of the field of mass-transfer 
potential (Figure 9-23, b) already leads considerably the development of 
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the temperature field (Figure 9-23, a). This situation is partly due to the 
way in which the dimensionless temperature and mass-transfer potential 
are functions of Lu. A very rapid rise in average temperature is observed 
up to Lu from 0.5 to 0.7 (Figure 9-24, a), while the dimensionless mass- 
transfer potential rises rapidly up to Lu from 0.7 to 1.0 (Figure 9-24, b). 
The rise in the potential @ is more significant than the rise in T. 


FIGURE 9-25, Evolution of the fields of mass- transfer seepage potential 
a) Lu=0.5; b) Lu=1.0; c) Lu=2,0 


With an increase in Lu, the seepage potential P decreases, For Lu>1.7 
its effect becomes weaker, while for Lu >2,0 it is already negligible (Figure 
9-24, c). The parameter Lu has a subStantial effect on the evolution of the 
fields of mass-transfer seepage potential. Figures 9-25 and 9-26 show that 
at the beginning of the process the mass-transfer seepage potential increases 
rapidly, attains a maximum, and then begins to decrease. The lower the 
value of Lu, the higher will be the rate of increase of P. This potential goes 
through a maximum for lower Fo and the absolute value of the maximum is 
greater for lower Lu, Later in the process (for large Fo) the potential re- 
laxes completely. For small Lu the rise in excess pressure occurs so 
rapidly that the rising part of the P curve (Figure 9-25, a) practically follows 
the ordinate axis. 
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Intensive heating of the material from surface to center causes a gradi- 
ent of an unrelaxed [persistent] mass-transfer seepage potential to appear, 
primarily in the layers near the surface. How- 
ever, the very low resistance of the skeleton to 
seepage transfer makes the forming extremum 
of Pa highly unstable one. Therefore, although 
in these layers the maximum of P is formed 
earlier, it is quite small and begins to relax 
sooner. Further heating of the body causes an 
excess pressure to appear in all the layers which 
are more remote from the body surface, and the 
increase in the resistance to seepage transfer 
sets up conditions under which its absolute value 
increases further. This is evident from Figure 
9-25, b. The reason for the early formation of 
sharp, high maxima for low Lu is indicated by a 
study of the dynamics of the temperature-field 
development. It is just at low Lu that the most 
intensive evolution of the temperature field takes 
place, leading to rapid heating of the body, to an 
intensification of the phase transitions, and con- 
sequently to a greater increase in the seepage potential and in its stability. 

This pattern of variation of the fields of mass-transfer seepage potential 
has been confirmed by the experiments of Lebedev and Zuev /10, 15/, 
Zhmakin /9/, Shubin /25/, and others. Figure 9-27 gives the results of 
measurements of the excess pressure at the center and near the surface of 
a wood sample, for various temperatures of the liquid medium (after Z.uev 
and Lebedev). 

In conclusion, let us note that analytical studies show very clearly how, 
depending on Lu, the zone in which the pressure corresponding to that of 
the surroundings penetrates more deeply into the material. Whereas for 
low Lu (Lu<0,6) zero excess pressure is easily maintained throughout the 
whole process, already at Lu=1.0 the "zero zone" moves rapidly into the 
interior of the material at the beginning of the process andthenreturns slowly 
to the surface as Pdecreases. The latter fact still requires experimental 
verification. 

We have considered the effects of the basic dimensionless parameters on 
macroscopic-molecular heat and mass transfer, The foregoing analysis 
makes it possible to estimate the portion of the effect which each of the given 
parameters has on the variation of the potentials T, @, and P. Such an over- 
all evaluation is represented graphically in Figure 9-28, On the basis of 
these curves, it is possible to propose simplified equations, in terms of the 
dimensionless parameters, for the description and calculation of high-in- 
tensity heat and mass transfer. The general form of these equations, for 
the average potentials, is 


FIGURE 9-26. Variation in the 
potential P fora sphere (X=0, 25), 
for various values of Lu 


_ 6=6 (Lu, Bin, Ko, Pn, &, Fo); 
P= Pi(Lu, Lu,, Bu, Ko, Pn, e, Fo). 


T =T (Lu, Big, Ko, Pn, &, Fo); 
(9-4-1) 


Thus, for example, experimental data on the kinetics of the high-intensity 
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heating of various moist dispersed media should be presented in the form 
of equations (9-4-1). Sometimes certain of the dimensionless parameters 
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FIGURE 9-27, Variation of excess pressure in wood, 
for various temperatures of the liquid medium (paraffin), 
according to the experiments of Lebedev and Zuev 


in equations (9-4-1) form compound parameters, just as for molecular 
heat and mass transfer, in which case (9-4-1) may be simplified even more. 
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FIGURE 9-28, Overall evaluation of the effects of individual dimensionless para- 
meters on the heat- transfer and mass- transfer potentials 
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9-5, Heat and Mass Transfer in the Case 
of a Pressure Drop 


Let us consider an application of macroscopic-molecular heat and mass 
transfer, In various branches of industry pressure drops are utilized to 
intensify technological processes (such as drying, crushing and grinding, 
and processes designed to improve the physicomechanical properties of a 
material; see /16/ and /27/ through /30/). For example, when drying is 
accompanied by a pressure drop, the drying rate is some tens, and some- 
times evensome hundreds, of times greater than the rate of high-temperature 
convective drying; at the same time, the strength properties of the material 
are improved considerably. The physical basis for the various applications 
of pressure drops is the fact that such a drop enables full utilization of the 
effects of an intensive macroscopic vapor transfer and of its motive force, 
namely the persistent total-pressure gradient. Atthe beginning of the process 
the material is heated under pressure, after which the pressure is rapidly 
reduced. Due to the heat accumulated throughout the whole mass of the 
body, a violent vaporization process takes place, which leads in turn to the 
formation of a powerful macroscopic vapor flux. Depending on the particular 
requirements, it is possible to regulate the boiling and the macroscopic 
transfer insuch away that either up to 40% of tne bound matter in the liquid 
phase is removed from the material together with the vapor (an effect simi- 
lar to mechanical dehydration) or else the process effectively destroys or 
modifies the structure of the material. 

The mathematical theory describing the transfer in the case of a pressure 
drop is especially interesting, since experimental studies of such problems 
are quite difficult. The analytical relationships which follow from theory 
facilitate the study of the process in general and the determination of the 
transfer coefficients in particular. On the basis of experimental results, 
together with the general assumptions of the above phenomenological theory 
describing heat and mass transfer, the system of nonlinear differential 
equations (see § 2-3), as applied to transfer phenomena in the case of a 
pressure drop, can be generalized as follows: 


ot , 
Col Fy = iv (A, yt) + 8pemY ety CyirpiV Pvt; (9-5-1) 
i 
06 : 
Cmt 5, =div y) (AmiV8 + amidst + 402) ; (9-5-2) 
i=] 
O : 
Cpt = div (Apsvp) — mb, = —s'omy 2. (9-5-3) 


where m is the porosity of the material; 6, is a coefficient characterizing 
the rate of expansion of vapor in the capillaries due to heating (for an 
273 + 

Pp 
pressure drop; the subscript i=1corresponds to the liquid phase, while 
i=2corresponds to the vapor phase of the bound matter; Ang Rk is the coef- 
ficient of air conduction; and ¢cp,=Ca[where the subscript a stands for air]. 

The phase-transition ratio e’ in the case of a pressure drop is related to 

the ordinary phase-transition ratio eas follows: e’=(l—x)e. The parameter 
* Characterizes the thermomechanical entrainment of liquid bound matter 


ideal gas mb,=—YCp, ); eis the phase-transition ratio in the case of a 
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from the material; for x=0 there is no entrainment of liquid by the vapor, 
while for x=1 the dehydration of the material is, at least theoretically, 
completely determined by thermomechanical entrainment effects. In prac- 
tice, as shown by experiment, lies between 0.05 and 0.4. 

Since the dominant factor in the process when there is a pressure drop 
is the macroscopic mass transfer, therefore 


y AniVPD > y (4mi¥8 + amidive). 


i=1 
In addition, an evaluation of the convective-heat-transfer term Ye itpvevt, 


i 

in comparison with the other terms of heat-transfer equation (9-5-1), shows 
that the convection term is less than 2.5% of the phase-transition term. In 
order to derive a complete solution of the system of equations, it is also 
necessary to assume that the thermodynamic characteristics and the trans- 
fer coefficients are constant. Taking into consideration the above remarks, 
we obtain system of equations (9-5-1) through (9-5-3) for a one-dimensional 
body in the following dimensionless form: 


OT (X, Fo) __[ a7 (X, Fo) , I ees) Fo) 0@(X, Fo). 

0Fo =| ox? aye Sx | +e e’ Ko —_ —@Fo > (9-5-4) 
00 (X, F o?P(X, F T oOP(X, F 
OFF Ra Lup (1 + a*5) [PO Fed ce oS eer | (9-5-5) 


0 Fo ox* 


OT(X, Fo) e’ 0@(X, Fo) 
— Le 550 Fo (9-5-6) 


OP(X, Fo) =Lu, (ee Foye. + oP, |= 


where for constant initial conditions 


Tapa F; Omit; Pa —e; 
foe —t, Pe 


and where Lup = (ap,=A4p,/Cp,¥ is the coefficient describing the seepage 


potential conductivity for the vapor); and Ra=yep,p,/\¢m), is the Ramzin num- 
ber, characterizing the vapor content for macroscopic transfer, expressed 
as a fraction of the mass content of the matter participating in the molecular 
transfer. The Ramzin number replaces here the previously introduced 
Bulygin number Bu and is related to the latter by the equation Ra==Bu/Ko. 
The parameter Le=mb, (tc.—t,)/Yepap, is the Lebedev number, representing the 
ratio between the flux due to molecular expansion and the total flux for the 
macroscopic transfer, The dimensionless parameter 4*, —=4,,/2,, is the ratio 
between the macroscopic mass conductivity for the liquid phase and that for 
the vapor phase, while the subscript 0 denotes the initial state of the body 
and the subscript c refers as usual to conditions in the surroundings. 
Various kinds of pressure drops can be produced. For example, if it is 
desired to harden the material as well as to dry it, then the duration of the 
pressure drop should be long, while, conversely, if the main goal is to ob- 
tain the maximum effect of the pressure drop in order to dehydrate or to 
destroy the material, then the drop should be rapid, with a duration of some 
seconds or tens of seconds. The nature of the pressure drop and the corres- 
ponding temperature drop in the medium can be approximated by a linear or 
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exponential function: 


or 


Po (t)= Poexp(—e€pt) and ft, (t)==t,,exp(—e,*). 


The boundary conditions for the mathematical model of heat and mass 
transfer represented by (9-5-4) through (9-5-6) can be obtained from the 
laws of conservation of matter and energy. If the foregoing remarks are 
taken into account, then for symmetrical distributions of the dimensionless 
potentials these conditions have the form: 

for a linear pressure drop, 


or, FO) 4 Bi, [1+ 7 (1, Fo) — Pd, Fo] — (1 —% — 


—e’) KoRa Lu, (12%) F990; (9-5-7) 
P(1, Fo) =Lu,Pd,Fo; (9-5-8) 
for an exponential pressure drop, 
oT FO) + Bi, [1-ET (1, Fo) +9(1 —exp(—Pd’,Fo))] — 
— (1 —x—e") KoRa Lu, (1+ a*,) PU P90; (9-5-9) 
Pl, ies a Fo). (9-5-10) 


é,R? 
Gq (tep — fe) paPe 
mass-exchange numbers, characterizing the variations in surrounding tem- 
perature and in pressure for a linear pressure drop (ep and e, are the rates 


Here Pd,= and a are the Predvoditelev heat-exchange and 


e7,R? eyR? 
of variation of pressure and temperature); Pd’, =—— and Pd’ p=-2— are the 
q P 


Predvoditelev heat-exchange and mass-exchange numbers for an exponential 
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pressure drop; and $=, is the dimensionless temperature parameter. 
co” 


—t, 

System of differential equations (9-5-4) through (9-5-6), subject to bound- 
ary conditions (9-5-7) and (9-5-8) or (9-5-9) and (9-5-10), and with a sym- 
metrical distribution of the transfer potentials: 

OT (0, Fo)__0@ (0, Fo)_9P(0, Fo) _ 
ox OX OX 

can be solved using a Laplace integral transformation, The procedure for 
solving this system of equations is similar to the procedure for solving the 
differential equations for macroscopic-molecular heat and mass transfer 
described in § 9-1, Consequently only the final results will be given here. 

For a linear pressure drop the solution of the system of differential equa- 
tions, for constant initial conditions, has the form: 

for an infinite plate, 


co 2 
T (X, Fo)=K,+¥. y; CriM, cos vip,X exp(— p. Fo); (9-5-11) 


n=li=! 


eo 2 
8(X, Fo)=K, —RaLu, (1-a*,)y V) Cni¥, COS Vita X exp (—p. Fo); (9-5-12) 


a=ll=1 
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co 2 
P(X, Fo)=Kp—Y Y Caicos vipaX exp (—p, Fo); 


n=1 i=! 


for an infinite cylinder, 


; co 2 
T (X, Fo)=K,+Y) Y) CaMid, (viene X) exp (—p, Fo); 


n=l i=! 


co 2 
8(X, Fo) = K, — RaLup(1+-4*,) > »> Cav, J, (VittnX) exp (—y Fo); 


azl j=] 


ao 2 
P(X, Fo)=Kp—J) V Catd, (VittnX) exp (—p. Fo); 


a=1 (=1 


for a sphere, 


co 2 
T (X, Fo)=K,—Y) YS) CaM PY" exp (—e! Fo); 


a=lics=l 


ao 2 
@(X, Fo)= Ky-+Ra Lit (1-125) SYP) Caav? 25 exp (2? Fo) 


n=l i=! 


co 2 
P(X, Fo)=Kp+y) VY) Cas Hg exp (—H Fo). 


a=li=l1 


In these solutions the following notation was used: 
| 2 
K=—f1 — Pd, Fo+-\- Pd, (1 — x? +ii-)- 


e’ Ko Ra(l + A,*) l1—x 2 “ 
—(Lu, Pdp-+ Le Pd.) Woe +i") (Ix ai, )} 


a Rale(t+ As) fo, a ae 
Ke= poet Fe) [1 ay Pde (1X57) + 


Lu, Pd, + Le Pd 1 
ie he ; (F °— Lap [tas * 


X [1 —X*—e' KoRaLe Lu, (1 +2*p) (1 xX Fat) |Nh 


Lup Pd, + Le Pd, 


Kp = Lup Pdp Fo— Fa ei ayy (EX); 
Pd Lu, Pd 
(14a) Pat ha Oo 
3 », 
Cu==2 HnPn , 
Pd Lu, Pd 
(1 at) Pat RE Qn 
C.——2 Lad My ; 
ae nbn / 
M= 1—Luy[l—e’ (1 +A*,)] 7 


Le 4 
Yn = V:AniPns + VeBnQni 36s VAn Pai 7 ¥,87:Qns; 
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(9-5-13) 


(9-5-14) 


(9-5-15) 


(9-5-16) 


(9-5-17) 


(9-5-18) 


(9-5-19) 


(9-5-20) 


5 eve Ma ip 


—_— —_ 


WV; 
V,=Lu, le (1 3") (1+4-Ko Ra Le) — 1] 


V,=Lu, [1 — 8’ (1+4-4*p)]- 
The characteristic-equation roots », satisfy the equation 
Qny Pus — QnsPni = 9. 
For an infinite plate, 
ni — COS Vin; 


Ko Ra Lu, (1 + A*>) 


(leh €) Big Vitn SIN Vittn; 


Ani = M;Sin vin + [Mi + (1 — » — &’) KoRaLu (1+ 
i tt“n a nr 
+ a*,)] sin vip. oe 


Bay = SiN Vipn- 
For an infinite cylinder, 


Pu= Jo (Vitn); 


l 
Qni = Mi [Jo (Vit'n) Bi, Vittnd, (Viten) | oa 


Lu, (1 + A* 
rai (1 = eno Reet ee) Vitnd, (Vin); 


Ani MJ, (Vin) + (Mi + (1 — % — &’) Ko Ra Lu, (1 -+ 4*,)] Math Te (Pete) 
a 


Bri= J, (Vin). 
For a sphere, 
Pai = S10 Vitha} 
Qni= M; sin vip, — [M;-+(1 — x — e&’) KoRaLu, (1 + 


SIN Vibin — Vien COS Yilbn 
’ 


++ A*y)I Bi, 
Ani=Mj 608 Vitn — [Mp (1 —% —e') Ko Ra Lt, (1 + at)] eat Moh 


B= COS Viprq- 


(9-5-21) 


(9-5-22) 


(9-5-23) 


(9-5-24) 


(9-5-25) 


(9-5-26) 


(9-5-27) 


(9-5- 28) 


(9-5-29) 


(9-5-30) 


(9-5-31) 


(9-5-32) 


(9-5-33) 


(9-5-34) 


The number N is 2 for an infinite plate, 4 for a cylinder, and 6 for a sphere. 
The solution of system of differential equations (9-5-4) through (9-5-6) 

in the case of an exponential pressure drop has the same form for the in- 

finite plate (9-5-11) through (9-5-13), for the infinite cylinder (9-5-14) 


through (9-5-16), and for the sphere (9-5-17) through (9-5-19). 
in the exponential case, 


2 
K,= {1 84S M;[A? F? exp (—Luy Pd’, Fo) — 


i=l 


—8At Fl exp (— Pd’, Fol}; 
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However, 


2 

Ra(1 ++ A*,) [1 —Le (I-+8 

a Lu, Ra(1-L2*,) y v,[A? F? x 
i=] 


exp (—Lu, Pd’, Fo) — 8A%F4 exp (—Pd’, Fo)}; 


2 
Kp=1+-) [A? F? exp (—Luy Pd’, Fo) — 8A7F? exp (—Pd’, Fo)]; 


i=l 


we—(1+9)Pd = Lu, Pa’, 
p2— Pd’, ne" 2 —Luy Pd’, Qns 
Cu=2 Pnbn 
Ht, — (I + 8) Pd’g Lu, Pd’, 
py? — Pd’, "tp? —Luy Pd’, 
Crs —2 ae ? 


where %, and v; are defined by equations (9-5-20) and (9-5-21); Phi, Qni, Ani, 
and B,; are defined for a plate by (9-5-23) through (9-5-26), for a cylinder 

by (9-5-27) through (9-5-30), and for a sphere by (9-5-31) through (9-5-34), 
The characteristic-equation roots pn satisfy equations (9-5-22). In addition, 


Pi ss A? eee. fae 
1 QPPR—QRPP * 3 OP PZ — OF PP 
Ad ae 2 ee AY eee ss ee 
ae i ee 


For an infinite plate, we have 
F? — cos (vip Lu, Pd’pX); Fi ==cos(v; V Pd’, X); 
PP = cos(v;/ Lup Pd’p); Pf = cos (viv Pd’,); 
Qi = M, [cos (v: V Lup Pd’p)— Vs V Llp Pd’p sin (v5 VL Pa’) — 


— (1x — a) RoR ie Fa), VLuy Pap sin (vi V Llp Pp); 
Qf = M, [cos (vi VP@,) — gi Vs V Pa sin v(VPd)}— 
— (1% — ot) SOR ee), V Ped’, sin (vi VPA) 
for an infinite cylinder, 
F?=J,(¥; VLupPd'pX); Fi =J, (vi Pd’,X); 
P? = J,(v; VLupPd’p); P= J, (vi Pd’,); 


Q? = MJ, (v; VLupPd’,) — [Mi (1 —*—#’) KoRaLu, (1+ 
M ‘pJi L d’,) - 
at yp Yb Pals Jae Vhs Pal) 


Qi = MJ, (v4 V Pd’) — [Mi + (1 — x — 8’) Ko Ra Lu, (1 + 


Pd’, J; Pd’,) .« 
far,y 4 oe e. 
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for a sphere, 
FP __sin(v; YLupPd’,X) , F? __sin(y; VPd’,X) , 
a ae ee oe i XxX ' 
P? —sin(v,fLu,Pd,); P?=sin (v;VPd’,); 
Q? — M;jsin (v; )/Lu,Pd’,)-+ (Mi +(1 —* —e’) KoRaLu, (1 + 


v; V Lu,Pd’, cos (v; Y Lu, Pd’) — sin(v; YLuy Pd’) . 


+ 4* 5) Bi, 
Qi = M,sin (v; VP@,) + [Mi + (1 —% —#') Ko Ra Lu, (1 + 


+-4*,)} vi V Pd’, cos (Vi ¥Pds) —sin(v; ¥ Pd’) 
q 
The expressions obtained for the unsteady distributions of the dimension- 

less potentials in the material refer to the general case of transfer with a 
pressure drop. The use of these equations for calculations is associated 
with a large amount of computational work. Thus, it is of interest to de- 
rive approximate solutions describing the heat and mass transfer, since 
these will be more convenient for practical use. 


Let us note first that the molecular -heat-transfer term i yt in equa- 
etm 08 
Ce “OF * 
According to our experimental data, this term represents less than 1% of 
the heat consumed during phase transition. [In addition, in the case ofa 
pressure drop vapor formation occurs almost entirely inside the material, 
so that in boundary conditions (9-5-7) through (9-5-9) we have }—x—e’=0. 
If we also take into consideration that, on account of the convective heat 
supply in the case of a pressure drop, it is possible to extract from the 
material 0.5 to 0.9% of the bound matter of the entire removed mass, then 
we are justified in replacing the heat-exchange boundary condition of the 
third kind by a condition of the first kind. However, in the solutions it is 
enough just to use one boundary condition, since the variations in the tem- 
perature and pressure of the surroundings are coupled. For example, in 
the case of a linear time-variation of the pressure (Pdp) and the temperature 
(Pd,) we have 


tions (9-5-1) is small in comparison with the phase-transition term 


__ (1—x)Ko Ra Lu, (1 + A*») 1 
Pdo =i =) +e5) (1 + Ko Ra Le) Pdp TE 


The solution of the simplified system of differential equations gives the 
following relations: 
for a linear pressure variation, 


1 —x)Ko RaLu? (1+ *,) Pd» 


( 
T(X, Fo)= "Z F(X, Fo); (9-5-35) 
Ra Lu? (1 + A*,) Pd 
Q(X, Fo)=—— 2? F(X, Fo); (9-5-36) 
Lu, Pd 
P(X, Fo)=—2—* F(X, Fo); (9-5-37) 


for an exponential pressure variation, 


T (X, Fo) == 2) Ko Re bute (UM) 6 (x, Fo): (9-5-38) 
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@(X, Fo)= Sette +s) ®(X, Fo); (9-5-39) 


P(X, Fo)=®(X, Fo), (9-5-40) 
where 


F(X, Fo)—VFo—— x49) 2 = f (vnX) exp (—p, V Fo); 


n=!) 
@(X, Fo)=1—9(V/ 2 P#2 x) exp(—Lu, Pal, Fo)-+ 


__Lu,Pd’, eed : 
+oe i ahve. pa ee re 


V=Lu, [1 — (1 — x) (14 4*,) (1 + Ko Ra Le)}; 


for an infinite plate, 


Lu, Pd’, 
ir x 
— (__])nt! : Lu, Pd’, )=— (tapes ) , 
F(enX)=(—1)"*# cos un: @ (/ Eee Pee x ——(V ) 7) 
cos al | aay 


tn = (20 — 1)-F 


for a cylinder, 


aie Pd’, 
rm (n= aed 


and the characteristic roots p, satisfy the equation 


Jo (tn) = 9; 
for a sphere, 


Lu, Pd’ 
X n+1 Sin pA Hac ; Lu, Pd’, Pd’, sin | ga ae v= x) 
f (¥nX) = (— —1) (ff “72 x) — ae est ee SS A 
X sin VV ex Pae) 


Solutions (9-5-35) through (9-5-37) and (9-5-38) through (9-5-40) indicate 
that there is a definite relationship between the dimensionless potentials 
T, 8, and P. The following relation between the dimensionless temperature 
and mass-transfer potential is especially interesting: 


Pn Nt. 


O= 7 —aKF- (9-5-41) 


A direct determination, and still more a continuous recording, of the 
mass-transfer potential (or the mass content) during the pressure drop is 
extremely difficult. However, if x as a function of T and @is known, then 
it is easy to find the approximate potential using formula (9-5-41), Con- 
versely, if the distributions of @ and T throughout the material are known, 
it is possible to use this formula to find the amount of matter in the liquid 
phase removed from the material during the pressure drop. In conclusion, 
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it should be noted that calculations using formula (9-5-41) will be more 
accurate, the less the final specific heat of the material differs from its 
initial value. 

By assigning various values to the dimensionless numbers and parameters 
entering into the solutions, it is possible to calculate the unsteady fields of 
transfer potential in the case of a pressure drop. This enables us, on one 
hand, tofind out which combinations of dimensionless parameters have the 
main effects on heat and mass transfer, and, on the other hand, to find ways 
of determining effectively the values of these compound parameters (or the 
transfer coefficients involved in them) from a minimum number of experi- 
ments. 


9-6. Heat and Mass Transfer under the Effect of 
Numerous Thermodynamic Forces 


On the basis of our analysis of unsteady potential fields, let us go on to 
consider heat and mass transfer when one, two, or three thermodynamic 
forces are acting. In general, the transfer of energy and matter may be 
determined by the action of a much larger number of forces and fluxes (as 
in the transfer phenomena accompanying phase and chemical transformations 
in multicomponent systems, heat and mass transfer in anisotropic media, 
and transfer under the effects of electromagnetic and other forces). There- 
fore, in the general case Onsager's system of linear equations has the form 


h=y LyX, ((=1, 2, ..., 7). 
k=! 


Onsager's theorem states that if the fluxes j: and the forces X, are prop- 
erly chosen, then the matrix composed of the kinetic coefficients must be 
symmetric, that is, 


Lin Lat (R, {=1, 2, eo ey n). 


If we also assume that the thermodynamic forces are gradient functions of 
the corresponding potentials, namely X,;—=—pn,y6,, where n, is a proportion- 
ality factor depending on the choice of fluxes and forces (as a particular case 
it may be unity), then it can be shown that the system of equations describing 
transfer phenomena in a system at rest has the form 


ery Se = div Y) Liayts +e ((=1, 2, ..., 0); 


k=] 


or, for constant transfer coefficients and characteristics, 


a T 
ny) Kug*n+ a (i= 1, 2, ..., #). (9-6-1) 
k= 


Here Ky, are the transfer coefficients for the corresponding potentials, w/cyy 
are the strengths of the additional sources, and c, represents the capacities 
for the given potentials. 
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General system of equations (9-6-1) has been solved by a number of 
authors. The method for solving the one-dimensional system of four equa- 
tions (three-phase state of the matter and generalized boundary conditions 
of the third kind) has been considered by Prudnikov /7/. The three-dimen- 
sional problem for a semi-infinite medium, with boundary conditions of the 
first and second kinds, was investigated by Tsoi /8/, while the two-dimen- 
sional problem with boundary conditions of the first and third kinds was in- 
vestigated by Kim and Ivanova /31/. A quite general method for solving 
system (9-6-1) in a plane for boundary conditions of the second kind has 
been given by Mikhailov /32/. Finally, some other problems were con- 
sidered by Zagorskii /33/ and others, The methods for solving some of 
the above problems will now be presented. 


1. Semi-infinite three- dimensional medium, 
Boundary conditions of the first kind 


Let us consider system of equations (9-6-1) for a space Q (OQ XCM —-MCY<K WO, —wWCz2< oO), 
with arbitrary limiting conditions of the first kind: 
for t= 0 6, (x, y, Z, t)=fir(X, y, 2) (9-6-2) 
for x =0 6, (x, y, 2, t) = gi (y, Z, t) (9-6-3) 


In order for the solution of system (9-6-1) subject to conditions (9-6-2) and (9-6-3) to exist and to be 
w 
single-valued, it is necessary to impose certain restrictions on the functions w; = ony’ fr, and ¢:, A class 


of the unknown functions §;,(x, y, z, t) will be sought for which a Fourier transformation with respect to the 
spatial coordinates and a Laplace transformation with respect to time will be applicable in the domain @. 

We assume that the functions w,(x, y, 2, +), fr(*, y, Z), and 9: (y, Z, t) belong to the class L Q}. In view 
of the above-mentioned restrictions, all the functions must be regular at infinity. In particular, 6, will 
approach zero as r? = x? + y?-+- z* goes to infinity. If we define 


1 
ui(x, Ht) = 9, 


pe 8 


[+e] 
{ 6, (x, y, z, v)exp[— (yn + 2%) dy dz, 


then eas 
1 676, . 029 
on \ | (Get az ) exp {—i(y4 + P44) dydz = —(n* + &3) a, (x, ‘ g, «). 
—0o 


—oo 


If the Fourier sine transformation 
_« 

y 2{ a(x,  &, t)sin xEdx = {4 (6,7, 4, s)he = {4:}. 
0 


is now applied, then taking into account boundary conditions (9-6-3), obtained after the transformation, we 
will find, after integrating by parts twice, that 


co 


9 { @2 2 
V2) = sin x dx = — 6 {y,}. +V 200 % t), 
0 


where 
[oe <] 


Bin’ dae [| gles z,dexpt—ln + tidy de 


fos) 


After the application of a two-coordinate Fourier integral transformation with respect to variables y and 
z and a single-coordinate Fourier sine transformation with respect to variable x, system of differential 
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equations (9-6-1) becomes, taking into account previous calculations, 
n > n 
0 
5 {u}=—)) King" {4a} +Vie¥y Kian + {wi}. (9-6-4) 
k=!) k=! 


(p? == E* + 47 + &%) (Lon, 2,..., 2} 


For system (9-6-4) the initial conditions will be 
[- 2) 


{Fen op= YW 2 \ F (xy 1, ain xt de. (9-6-5) 


Next we apply the Laplace transformation, denoting the transform as 


L fay (en & pel = J {ai}s exp(— st) de om {ur}, 


and so, taking into account initial conditions (9-6-5), system (9-6-4) becomes 


(9-6-6) 
e= 
(i= 1,2,..., A) 


where 
={ 1 for k=4; 
re 0 for R# 1h. 


Ylens + Kine’) {4a}sn = 2: y Kin {Pa}, + {Pi}or + {Fi}e 


By means of Cramer's rule we can derive from (9-6-6) the following transform solution of system of 
equations (9-6-1), subject to limiting conditions (9-6-2) and (9-6-3): 


Dy (pe, $) 
{4i}s0 = De. s)° 


where D(p, s) is the basic determinant of system (9-6-6): 


S-+ K,,p* Kp"... Kino? 


Ks?" S++ Kaap*.. . Keno" 
= {| (eras + Kip’) |l- 


ee e @ 0 e@ ee e@ @ ® @ @® #@ © #&© © 


Kaie*® Kas?* oe S + Kanp* 


Let us consider the numerator of the transform {4:}sz: 


Vis y Kin {Pa}, + {wiper + {Fife Kip? --+ King" 


zy 
D, (p, s)= V =§ yk {Pa} + {@s}or + {Fa} (s + Kapp”)... Kanal _ 


oe oo 0 eo 8 @ 8 © & © © © © ee ee © © © © © © © © © © © © © © © © 0@ © 


V2 3 y Kaa {Pa}, + {n}sz ms {Fa}e Kas® . «(8+ Kanp*) 
k=l 
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y Kis {Pa}r K 430" see Kin?* 


=f 2: Kar {Pa}, (s + Kap’) ... Ksap* +. 


Y} Kan {Pa}e Kye? =». . )S (S + Kan?) 


k=! 
{}sr Kx2p* 22+ Kinp* : {Fi}e K139* aa K snp" 
{shor (s + Kssp").-- Kanp? 4. | {Fae (s+Kasp*) . -- Kane? 
{on}er - Kast? aes es (+ Kan?) {Fabs _ Kaaf™ vee (+ Kant) 


or 


D,(p, s)= V 2 y [4s (p. ») Kia {(},.| 7 


ixJ k=) 


+y {shop Aca(ts 8) + y {Fi}s Aas(ts 8) 


where Ay,(p, s) denotes the cofactor of the matrix element formed by the ith row and the first column of the 
basic determinant, 
Similarly, the determinant D,(p, s) may be written as 


Dy (p, Ss) = V 2: ) [ A (P, oy) Kt» on) {@i}op Ate (P 8) + 


+7 {Fi}e Aus (e, 8} 


We may now expand the transform {ui}, = {4 (§, n, & S)},7 to 


V2 ) [Aur ( 8) y Kin {®a}z y Astle s){her  Lf{Fee Ales 8) 
k=l i=l i=l 
“Se ee 


Let us assume oe the basic determinant D(p, s) has real negative roots with respect to the parameter sg 
(namely sq == ¢2 ae2). If even one of the roots of determinant D(p, s) is positive, then after performing 
the inversion operation with respect to the parameter sg it is evident that {21 (€, " & tha > 00 as ¢ —» co (and 
consequently that the function {u,}. is unstable). 

It is known from the thermodynamics of irreversible processes that Ka: > Kin fork #l. Obviously, for 
Kir > Kix the roots of the determinant D(p, s) will be negative, and for Ki, 0 (& #1) we find that ¢ —> Kit. 

In order to perform the inversion of the transform {u:},, with respect to the parameter s, we will use the 
formula for the case when the transform is a regular fractional-rational function with first-order poles: 


1-1 [ Q2(0)) = ye Qala) exp (eqe 


Here s, are the simple roots of the entire function R,(s), and p>>m. When we apply the last formula and 
the corresponding convolution theorem, 


5 f (<*) p(<—+s*) de® = F(s) ®(s), 
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to the individual terms of (9-6-7), we obtain 


- ! 
{41 (E, Ns & t)he = y) Di(kb—c). x 
mel s\"? m™ 


t "% 


x2 \ gE } [ Au (1; — 0?) Yue (mp & =| x 


i=] 


XK exp [— c® pt (c —<*)} ds* +- { y [Aa (I; —c?) 4 


0 i=! 


X {weped exp LZ pt(s— st] de + 


+ ¥ Au (ls — 6) Fe (Bs 1) 8) exp (— os) 


i=l 
Here the obvious relations 


D's (P) Sm) = p20" D4 (1; —c2%) and = Att (P» Sm) = 0 ~) Agr (1; — 07) 


were used, and also the quantity »?("-') was canceled. 
When an inverse Fourier sine transformation with respect to € is applied to the function {u;(§, », §, *)}., then, 
considering that a change in integration order is permissible, we obtain 


ae =D wea Pia) {\ [Aaa 
0 


n 


 S) Kanda t & 2%) | expl—af, (at + (6 — 2h) det X 
k=l 


x {com c? §2(< — <*)} sin xEdé ff y Ai (lj— 02.) X 


i=l 


X w: (a, n 8, <*) exp (— cF, (n? + &4)(s — e*)] de*da X 


x { exp [— 2 (s — t*)€) sin x€ sin ad + 
0 


7 ty Aaa (ti Ca) Fe (4 1p 6) [exp —o8 + 
0 i=! 


+ $*) +] de { exp (— c? £25) sin&x sin ade \ 
0 


Since the improper integrals may be evaluated using the formulas 


4 — 
xYVn 2 
\ exp (— a%é*s) sin EX dé == 40° Va exp (-5:) 


4a*r 


co 
{ exp (— a*&?t) cos x€ dé = ve exp re ex ( — im) ; 
0 


and since 2 sin ag sin x = cos(x —a)€ —cos(x + a)€, the inner integrals may be calculated, and so 
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we have 


. 1 x 
ate mt= Vivernna (a* 


x i» Au(1;— 2) y Kin@a (m, &, <*) X 


i=l k=! 


¢ 


x 
exp Ee) + 00 A 
bd de Au(l; — en) X 
cae — SLD 
X w, (a 4, & of exp (— co (n? + *)(« — <*)] 
Vr—«* 


__(*—9) (+ +a) ‘ 
exp rere )-9( -aigcey )« da +. 
1 oo "t 
Tye) p 
— 2 
x | en —Sae | -o( —as | da (9-6-8) 


To carry out the inversion with respect to the other coordinates, let us apply an inverse two- coordinate 
Fourier transformation with respect to yn and € to the function ua(x, n, & t). By direct integration it is easy 
to show that the function 


Aa(ls — 02) Fe (a, % 0] exp (—c2,(q? + 8) ] x 
1 


G(n, €) exp ([—(n?+ () a) 


is the transform of a two-coordinate Fourier transformation of the function 


1 y?+ 2! 
8 (ys 2)= aaiz EXP (= ae ). 


When this result is substituted into the following convolution formula for the Fourier transformation: 


\ ) P(x, & =) G(, 8) exp[— i (yn + 28)] dnds = 


Co @&® 


= ( § 9(8. ¥, *)e(y —B, 2 —y) aBay, 


-~00 —00 


then we find that the first integral under the general summation sign on the right side of (9-6-8) is, after the 
Fourier transformation, equal to 


% 00 00 x Ant), K nga(8.y,t*) 
x ={f { i=l =! 
nV Jd Ve—oy 


_xt+(y— bP +(z — PF 
4cp, (= — **) 


x 


dx*dB dy. 


The inverse transforms for the second and third integrals are obtained in exactly the same way. 
Thus, as a result of our preliminary calculations, after an inverse integral transformation with respect to 7 
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and ¢ the functions u;(x, y, ¢, t) have the following form: 


. ! 
0,(x,y, 2, = areas x 


% 6 to a) 
= etm 1) f_ at+y ie + (2— 
‘i | a) J J (epee ne 4c? (« — +*) . 


* c 
ceoaars | FT Peete x 
0 O —0 


—0o 


4 Em (x, Y, Z, %, &, B, > <*) da dp dy d<* 4 


oo oo 


t- °) 
3/2 sa | f* mt (4 B, 1) Em (X,Y 2,7 % BY, 0) da aay}, (9-6-9) 
0 —co— 


io] 


where 


Ex (x, ¥,2, T, @, B. Y>» c*) = 


(x — a) +(y— BP + (2-1) a a : 
= exp a 4Cm (+ — 7") |[!-=( Zea) 


emi lys 2 bY Aa(lime vy Kingn (ys 24% 


i=! 


w* mi(X, y, 2, %) = y} Au (l; — c2) wy (%, Y, 2, t) 
i=l 


PP mi(% y Zz) = > Auli — 6%) fe(%. ys 2) (9-6-10) 
i=! 


The functions 6;(x, y, 2, t) given by (9-6-9) represent a solution of system of equations (9-6-1), with very 
general limiting conditions of the first kind. 
Let us now consider a particular case of the problem, namely when Kix =O for § CRand Ki, $0 for 


l>k. For these restrictions the first equation in system (9-6-1) is converted into an ordinary heat-conduction 
n 


equation with an internal heat-source term w,(x,y,2,t). We know that D(p, s)= I] (s + Kmmo*); this 
m= 1 : 
means that Sm =— Kmmp? or c? =Kmm- Obviously A,,(p, s)=0 for #1 and A,,(p, s)= il (s+ Kmme?), 
m=2 
from which we have Aq; (1; — Kak) =0 for & #1and D’,(1;—Ka1) = Ais (1; —Ky,) #0. When these expressions 
are substituted into formulas (9-6-9) and (9-6-10), we obtain, after certain simplifications, 


x 


l 
en 2 RF Ra 


C Cars) x*4 (y— f+ (2—y) 
ees cc cape © [eae eter + 


1 (% Br Ye 2) See 
(s — oli (x,y, 2,4, 8, y, * ) d<*da dB dy + 


Comms 8 
Ju—8 


+ 


tf ( i f.(a, By) E.(%, y, 2, &, B, y, 0) da dB ay}, (9- 6-11) 
0 —0o —co 


where 


E, (x,y, 2,45 4, By, c#)= 


(x — a} + (y — BF +(z— YP ax 
mei! 4K ,,(t —**) | [1 —exp(— Ky, (t —**) )}: 


The theory of parabolic-type differential equations states that the solution of the heat-conduction equation 
is correct (that is, minor variations in the limiting conditions and in the thermal diffusivity correspond to minor 
variations in the solutions), It may be assumed that the solution of system (9-6-1) is also correct. This means 
that the function 0,(x. y, 2, t) defined by (9-6-9) for {==1 approaches the function BP (x, y, 2, t) as K,¢-00 for 
allé>>1. Consequently, formula (9-6-11) represents a solution of the nonhomogeneous heat-conduction equa- 
tion for a semi-infinite three-dimensional medium, for limiting conditions of the first kind, The presence of 
kernels of the form exp {—a*r*] in formulas (9-6- 10) and(9-6-11), where r? = (x — a)® + (y — §)* + (z — y)?, ensures 
convergence of the improper integrals for a wide range of integrand functions f:(%, y, z) @:(x, y, Zz, %) and 
i (y, 2, %). 

It should be noted that some functions which are encountered in the solution of physical problems do not 
belong to the class L {Q}. In particular, for 9:(y, z, t)= 9) constant, w;(*, Y, 2; s)= a constant, and 
fi(X, y, 2)= fl constant, the functions do not belong to L {9} and integral transformation is inapplicable, 

For those cases when gyi(y, 2, t), fi(x, y, 2), and w(x, y, 2, v) are not included in the class of functions to 
which integral transformations are applicable, we will follow certain authors in calling formulas (9-6-10) 
and (9-6-11) “generalized solutions," The limits of applicability of formulas (9-6-10) and (9-6-11), if they 
are considered as "generalized solutions, " can thus be extended considerably to include a wide range of in- 
tegrand functions, 


2, Unsteady fields of transfer potential for a 
semi-infinite three-dimensional medium, 
Boundary conditions of the second kind 


It is required to solve system (9-6-1) for the space Q, with the limiting conditions 


O:(x, y 2, N=file, y, 2) (9-6- 12) 
08 0, i] ’ 
PO Ye FS) ams (y, 2, %). (9-6- 13) 


As in the previous problem, we apply a two-coordinate Fourier integral transformation withrespect to y and 2, 
a cosine transformation with respect tox, and a Laplace transformation with respect to the time t. The 
original system of differential conditions (9-6-12) and (9-6-13) is then reduced to a system of linear algebraic 
equations in the required function, for the transform domain: 


y (xin + Kine?) {4a}on = — V2 } Kin {Pn}7 + {eiher + {Fife (9-6- 14) 
k=! 


k=l 


We may use Cramer's rule to determine from (9-6-14) the transform solutions of the system: 


D, (p,- 
Me Neu Baeay 


where 


Dile, y--f 2y (Aur (p. s)-)) Kin {Px} .] + 
k=l 


i=] 


ne »} {wider Aut ( 8+ ) {Fi}e Ass (P, 5) 
i=) 


ixl 


Here Ay;(p, s)is the cofactor of the matrix element formed by the ith row and the fth column of the basic 
determinant D(p, s). 
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Let us now write the transform {d#:},, in the expanded form 


y zy [ Aut 9) y Ku {}1| 


{a (&, Nh t S\er™ ——————— Bea +- 


n n 
Yi Aule {oder YY Aal 9) {Fhe 
i=l i=! 
+ Dey Bey c. Ae) 
If we apply inverse integral transformations to the transform {u,(§, % & s)}ox, using the same sequence as 
in the previous problem, then the desired functions 6,(x, y, 2, t) may be written as 


‘ ! 
wen 2) )) ayaa 


Em(*, y, 2% 0 BY. et} ds*dB dys 


(x > ah) is 


[> +) 
{ emi (8, % *) 
Oo 


co 

n & 
j \ etm bt) pe, (x, y 2, % a, B, 7, t*)dt*da dB dy + 
co 


(< — asyis 


ice (2, 8, *yEm(x, yr 2 ta, BY, 0) dedpay} (9-6- 16) 


where 


Em(x, y» 2, % 4, B, Y, t*)=exp = ee 


4c? (< — 2%) 


x 3 + exp (~<a ; 


R n 
prmi(ys 2 = Sy Aar(ts —em) 9) Kinga (ys 2 2) 
f=] k=! 


PPmi (xs Yo 2)—= D) Aan (ls ep) fa ls woz 
i=1 


" 
w*mi(X, Yy 2 = ¥ Aull; —c?) ws (x,y, 2, %) 
i=! 


In the derivation of inverse transform (9-6-16) (inversion with respect to the first parameter), the following 
evaluation of the improper integral was used; 


oo 


{ex (—a?§*) cos (xk) dE = We exp (--4.): 
0 


and in addition it was assumed that sx=—Cp p* are the simple roots of the determinant D(p, s)=0. The 


inversions with respect to the remaining coordinates are simply a repetition of the second half of the solu- 
tion of the previous problem, 
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3, Unsteady fields of transfer potential in a 
two-dimensional plane domain, 
Boundary conditions of the first and third kinds 


Let us consider system of equations (9-6-1) when it contains neither source terms nor sink terms (w,;=0); 


Rn 
7 } Kin778y (i = |B 2, oer n), (9-6-17) 

k=1 

o* 0? 
where v= 5g +35 and where the constant coefficients K,, are such that all the roots of the equation 
|M—pE]=0 (9-6-18) 

are different and Rex>>0. Here M=||Kim|| is the matrix composed of the transfer coefficients Ky, and E 
is the unit matrix. 


The solution of system of equations (9-6-17), which pertains to a domain D bounded by a piecewise-smooth 
closed curve c, must satisfy the initial condition 


O:(X, y, O)= fi(%, y) (9-6- 19) 
and the boundary condition along the curve ¢ 


8,;=92(s, t) (b= 1, 2..., 2) (9-6-20) 
or 


4 n 
ty ain (St) 0x = gi(s, =) (b= 1, 2,..., nm) (9-6-21) 


k=! 
where f,(x, y) are continuous bounded functions in the domain for boundary conditions (9-6-20) and functions 
with bounded first-order derivatives in domain Dfor conditions (9-6-21). An additional requirement is im- 
posed on the functions f; and q@ and on the curve c, namely that the curve c can be broken up into a finite 
number of arcs, within which 9:(s, t) and aia(s,t) are continuous, according to Hélder’s definition /31/, 
The solution of system (9-6-17) will have the following form: 


r? 
ex ay ny ae te 
oo | a= =y | (k, L=1, 2.04 2), (9-6-2) 


4k um (t — t*) 


n 
G(x a, y— 8 sat) = SY AL Bin 
m=! 


where r= W(x —a)* + (y— 6)? is the distance between the two points with coordinates r(x, y) and r, (a, 8), 
Since the functions 


] r? 
Gm(¥— a y —B, "mG | ae | 


satisfy the equation ag 
ae = bmY' em 


therefore it follows from (9-6-22) that 
n n n 
»» Kuy*Gh = y; At (y Kubin} Van = 
i=l m=! i=! 
. ‘ 1 @ ac ! 
-\ 4 (Yy Kulm} gta) (y) KP face Ker eeee) 
i=] 


m= m=!) i=! 


Here 21m and By; are defined in such a way that functions (9-6-22) satisfy system of equations (9-6-17). 
If they are so chosen that 


n 
Y) KitBim = PmBim (1 1 2-009 A (9-6-24) 
i=] 
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then it follows from (9-6-23) that 


act 
y Kya (by Lal, 2.05 A 
he 


System (9-6-24) has a nontrivial solution Bim, provided that wm satisfies characteristic equation (9- 6-18) 
By definition, the roots of this equation are different; therefore the matrix {|Bim|| is singular 
We determine A® from the following system of linear algebraic equations 


ya Bin ={ lfk, 


l=k, 


which have single- valued solutions due to the singularity of the matrix ||Brm|| 


(9-6- 25) 
Direct differentiation indicates that the functions 


Il m=! 


oP (x, ys —) ys Ab mBim am(x—a, YB, 2") fa (2, f) da df 
k= 


t 


D(X, y =<) »} A® Bim ) Fen edna E e 


On(t—e*) °XP| ~ Gane = 24) do, 
k=Ii m=! 0 
n 


ca ) ys am dae ( tees") 


J Atm (c— im, @—7)"* 
=I m=] 


x xp| Fae | pcos(n,;, p)de (J=1, 2 n) 


satisfy system of equations (9-6-17) in the domain ) for any functions f, and $, 


In the given integrals a is 


the coordinate of the point r,(«, 6)in curvilinear coordinates, and n , is the internal normal, i 
to show /31/ that, provided the functions f, are continuous and bounded in the domain D, we may write 


It is also easy 
lim v? X,Y, t= Xx, y}. 
s-90 : ( ) fe ( 


If in the vicinity of the point ry(%,, y.) the arc of curve ¢ is smooth, while the functions $,(s, +) are 


continuous on this arc, then on the basis of the properties of the thermal potentials /34/ and taking into 
account formula (9-6-25), we have 


n t 


wh (x4, Yor = 41 (8, + yy An Bim fae | aay $n (s, 2") 
0 


4k, (t — t*) tmua(e— 2") 
k=!1 yy e 
r3 
x exp| Sea | rcos(n, , r) ds; (9-6-26) 
k=! m=! Cc 
Xex| ane rcos(n, .r) de; (9-6-27) 
ON ba (o, c*) 
& an ). $:(s, > y Ak Bm fa nines) Got * 
r? 
x exp ae r cos (1,5 r) do; (9-6- 28) 
004 da (9, <*) 
G a mate: oy ya Bim fae ft (t— ys 
exp ae an rcos(n,, r) do. (9-6-29) 
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By means of these functions, it is possible to reduce the problem at hand to the solution of a system of 
integral equations, 


The solution for boundary conditions of the first kind must have the form 


A(x, y, t)= Ol (x, ye) + wile. y +) (= 1 2... 2), (9-6-30) 


while for boundary conditions of the third kind it is 
0 (x. y P= ol (x, y, J+ ora, y *) (Lal, 2...a) (9-6-31) 


In relation to the foregoing, it is obvious that these functions satisfy system (9-6-17) and initial condition 
(9-6-19), Let us now choose tp, in such a way that systems of functions (9-6-30) and (9-6-32) satisfy bound- 
ary conditions (9-6-20) and (9-6-21) respectively. Todo this, the functions 6, defined by (9-6-30) and 
(9-6-31) are substituted into (9-6-20) and (9-6-21). We then obtain the following system of integral equa- 
tions: 

"i % 
His d=), ) de® ( Lim (Fer Fy to 2*) Ym (0, t*)do-+ F,(s, *) (== 1,2,..4 8) — (9-6-32) 


m= Cc 


where for boundary conditions (9- 6-20) 


a 
00 | aa FT 


| 
Lim(fes fr % t*)= -y) At Bin r cos (a, ry 


Arp, (¢ — oP}? 
k=! 


Fi(s, t)= 9x (s, )— 0° | 


and for conditions (9-6-21) 


r? 
a a el 
4 — 
Lint tos 0) YAR Big LT pty + 


4 c— +*)? 
=a Tp { ) 


2 
ne | ana | 
+¥y éjAPB bs 


a & 2x (t — t*) 


dv! 
F,(s, t) = 91 (8s. t} — AA: 


(4 


n 
0 
— pee Up 
c 


k=! 


When the restrictions mentioned at the very beginning of this subsection are imposed on the functions 
fi(%,y¥), the system of integral equations can be solved by successive approximations, 
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Chapter X 


HEAT AND MASS TRANSFER WITH VARIABLE 
TRANSFER COEFFICIENTS 


10-1. General Observations 


The transfer coefficients and the thermodynamic properties of a material 
or medium may in general have different values at different points of a sys- 
tem. Sometimes these quantities also vary considerably with the transfer 
potentials, Thus, the solutions of a large number of research and engineer - 
ing problems can be made much more exact by introducing corrections which 
compensate for the variations of the coefficients. This has become particu- 
larly important in connection with the widespread implementation of high- 
intensity processes in various branches of engineering. Moreover, if the 
proper substitutions are made, many problems in convective diffusion and 
heat conduction, in the hydrodynamics of a viscous fluid, and in other cases 
as well, can be solved using differential equations of the heat-conduction 
type with variable coefficients, Consequently, it is useful to collect and to 
generalize the solutions obtained for the nonhomogeneous and nonlinear equa- 
tions describing heat and mass conduction, and also to develop further the 
methods for solving these equations. 


10-2. Heat and Mass Transfer with a Variable Parameter 
of Phase or Chemical Transformation 


In the derivation of the system of differential heat-transfer and mass- 

transfer equations 
Fe anyitpep = S B amy" + dnd9't (10-2-1) 

no restrictions were imposed on the parameter e for phase (or chemical) 
transformations. Therefore it may be assumed that in general this para- 
meter is a function of the spatial coordinates and of time (as well as of the 
transfer potentials), That this is the case is indicated by direct measure- 
ments of e during heat and mass transfer. By studying e« as a function of 
the coordinates, we can specify more exactly the influence which phase 
(chemical) transformations have on the transfer kinetics. However, the 
way in which e« depends on the coordinates and time is also of fundamental 
interest in a somewhat different respect. This will now be explained using 
as an example the transfer of heat and moisture in freezing or thawing soils. 

The process of freezing (or thawing) is usually described by setting up a 
problem in which a moving freezing boundary sharply separates the soils in 
the frozen and thawed states. Above the freezing boundary moisture is 
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present only in the form of ice, while below it all the moisture is in liquid 
form. In such soil there is no moisture transfer. 

The actual freezing mechanism, as experiments show, is considerably 
more complicated, since all the moisture is not transformed simultaneously 
into ice at some given temperature but rather a gradual freezing takes place 
as the soil temperature drops. Because of the different ways in which 
moisture can be bound to the skeleton of the soil system, a temperature 
spectrum ranging from 0°C (for moisture in microcapillaries) to -70°C 
(for moisture bound by the strongest adsorption forces) is observed. 

As a first approximation, the freezing mechanism can be represented as 
follows /1, 2/. As the soil cools, the moisture is gradually transformed in- 
to ice. This phase-transition process takes place in the freezing zone, in 
which the temperature is below 0°C. The freezing zone is incontact with the 
melting soil, the boundary between them being the isothermal surface cor- 
responding to the temperature 0°C. Since in the freezing zone part of the 
water has been transformed into ice, a mass-content gradient is established, 
causing the transfer of liquid from the still-thawed portion of the soil to the 
freezing zone. This liquid transfer is intensified by the thermal mass con- 
duction, that is, the transfer is due not only to the mass-content gradient 
(more precisely, to the mass-transfer potential) but also to the temperature 
gradient. System of equations (10-2-1), as applied to this process mecha- 
nism, has the following form for a one-dimensional half-space: 


Bas a ER 
(10-2-2) 
06 076 o8 
Ge Om Feit 8 Ge! 
where eis the phase-transition ratio for the conversion of water into ice. 

System (10-2-2)describes completely the basic features of a real freez- 
ing process. The presence of coupling between the heat and mass transfer 
makes it possible to represent the transformation of liquid moisture into 
ice at various temperatures. Todo this, it is necessary to assume that the 
parameter e is a function of temperature and of the spatial coordinate, or of 
the spatial coordinate alone, since the soil temperature in the freezing zone 
depends mainly on z,. It varies from unity at the soil surface, where all the 
moisture is ice, to zero at levels far from the surface, where all the mois- 
ture is in liquid form. 

Thus, an improvement of the physical model describing soil freezing en- 
ables us to replace the problem of heat conduction with a limiting condition 
at a moving boundary to the solution of a system of differential heat-transfer 
and mass-transfer equations with limiting conditions at immobile boundaries. 
This simplifies the solution of the problem considerably. 

For specific calculations it is desirable to assume some approximate de- 
pendence of the phase-transition parameter on the spatial coordinates and 
time. For freezing soils this dependence can be established, for example, 
by comparing the function e=f(*, t) with the condition —=bY+ representing the 
displacement of the freezing boundary into the interior (in Stefan's problem). 
A comparison /2/ shows that in this case 


e==f (2, =) = exp(— =). 
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For low values of the time t we have e=0. For high twe have e~1, which 
agrees with the general physical picture of the problem, as well as with 
experimental data. Figure 10-1 shows the variation in phase-transition 
ratio throughout the soil depth at various times, according to the experi- 
mental data of Yablonskaya /3/. The curves show that as the distance from 


ay 


0 2 6 & 8 % 1 +44 «0 


FIGURE 10-1, Variation of phase-transition parameter 
with soil depth x(cm); for Vorkuta loam, curve ] at 
7 p.m,, curve 2 at 9p.m.; for loam from the Moscow 
vicinity, curve I at 11:30 a,m,, curve II at 6 p.m., 

curve III at 3 a. m. 


the soil surface increases, or as time goes by, e decreases, Within a 
certain time range (t; <tS t) the parameter e can be considered to be a 
function of position only. For this range At we may assume that 


s=—f, (2). (10-2-3) 


1, Let us solve system (10-2-2) for the case when (10-2-3) is true, 
When equation (10-2-3) is substituted into (10-2-2), the system of equations 
becomes 


ot ort m 

a ae bP fy (2) 553 (10-2-4) 
08 : 
5 Obs (2) 5, (10-2-5) 


where ' 
i, (z)= t=6 Phe): 


We assume the following limiting conditions for a finite medium: 


{(z, 0)—f (2); (10-2-6) 
6(z, 0) == F(z); (10-2-7) 
t(0, t)==9(s); t(h, t)—=4,; (10-2-8) 
6 (0, s)==6,; O(A, t)—= Op. (10-2-9) 
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We will use the solution of this problem given in /2/. First, let us solve 
equation (10-2-5) with limiting conditions (10-2-7) and (10-2-9). To do 
this, let us represent the desired function 4(z,1) as the sum 


0(z, t) = 6, + 2— "+246, (2z, +). (10-2-10) 
For the auxiliary function 9,(z, t)we obtain the differential equation 
Bt = Amba (z) Got (10-2-11) 
with the homogeneous boundary conditions 
6,(0, 7) =O and 46,(h, s)=0 (10-2-12) 
and the initial conditions 
0, (z, 0) = F(z) — 6, —*—* 2 — (2). (10-2-13) 


Differential equation (10-2-11) can be solved with conditions (10- 2-12) 
and (10-2-13) by means of separation of variables, making use of the prop- 
erties of the Sturm-Liouville problem. The solution is 


(2, )= J CaP (Zs Hn) ex (— HF dnt (10-2-14) 


n=] 
where ; 
S Fo! (6) 9 (E) e (E> Ha) dE 
C*.= (10-2-15) 
i) fa! (BD 9? tn) a 
Q 


and pt, are the roots of the transcendental equation 
p(A, »)=0; 


¢ 2 dz, ' atte ap: 
9 (Zz, naz—e [de Fistey to ff ea) a one . (10-2-16) 
0 


The substitution of (10-2-14) into (10-2-10) gives the final solution of equa- 
tion (10-2-5): 


(2, 2) = 6, eee y) Cn(Zs tn) EXD (—p2 Gm’). (10-2-17) 


n=l 


As before, coefficients C, are defined by expressions (10-2-15), while the 
roots unobey equation (10-2-16), 

The solution of heat-conduction equation (10-2-4) is now reduced to solv- 
ing the solution of the differential equation 


ot 


== a, + O(z, «), (10-2-18) 


where 
= 08 
O(z, )=p Th (2)5, 


since the function f,(z)is given and since §is determined by solution 
(10-2-17). The limiting conditions of (10-2-18) are (10-2-6) and (10-2-8), 
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Equation (10-2-10), subject to conditions (10-2-6) and (10-2-8), can be 
solved by the methods described in the previous chapters. The solution 
can be simplified still more if it is sought in the following form: 


t(z, = BPO 24 oth (z, )+4 (2), 


where the function #¢,(z, s) satisfies the equation 


with the conditions 
t, (2, )=%, (2)=f 2) 22 2+ 90) (10-2-19) 
t,(0, s)=0; t,(h, <) = 0; 
and where the function ?,(z, «)satisfies the equation 


ot ort 
= ag 753 +9, (z, t); 


© (2, t)=@(z, t)— (2) (1 es 7) 


with the conditions 
t,(z, 0) =0; 


t,(0, t)=0; t,(h, t)=0. 
We may now write 


oo h 
(2, = 2a pale? i | ein a [sin F< 


=! 


xX exp (—4¢ “ety ft = [anf (E, n) sin == alg 


n=!) 0 


X exp | —a, FF (#2) | a sin“, (10-2-20) 


where 


®, (2, )=9 Ff (2) 5 — 90) (IF), 


and %)(z)is defined by (10-2-19), 

Equation (10-2-17) gives the value of the mass-transfer potential at any 
point in the material and at any moment, while equation (10-2-20) does the 
same for the temperature. 

2. If we consider system of differential heat-transfer and mass-transfer 
equations (10-2-1) in the absence of thermal mass conduction, then the rela- 
tion for the phase-transition ratio as a function of time and space is much 
more simple. To derive the solutions in this case the very general solutions 
of the differential heat-conduction equations with a source term, considered 
in the previous chapter, may be used. 

Let us first explain the general idea of the method and then illustrate it 


using a simple example. In the absence of thermal mass conduction, system 
(10-2-1) becomes 


Ravi te eS: (10- 2-21) 
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oe 
Fe am, (10-2 -22) 
where 
e—e(X, y, Z, %). 


The solution of equation (10-2-22) does not involve any special difficulty. 
If this solution is written as 


6—f (x, y, 2, *), 


then equation (10-2-21) becomes an equation in which the source term is 
explicit: 


*) AO 2) got t w(x, y, 2, %), 


aU t pala, ys z, 
where (x, y, 2, t)is a given function of space and time. If the general solu- 
tion of the heat-conduction equation with a source term is known, for the 
body of interest and for the required limiting conditions, then we next sub- 
stitute the expanded expression for » into this solution; after carrying out 
the necessary simplifications, we obtain the final solution of the problem. 

Let us consider an example. In order to facilitate the use of the results 
obtained previously, let us derive the solution in dimensionless form. On 
one surface (X=0) of a finite one-dimensional plate (0<X< 1), no heat or 
mass exchange with the surroundings takes place. On the other surface 
(X=1)the heat exchange obeys boundary conditions of the second kind, while 
the mass exchange obeys boundary conditions of the third kind. The phase- 
transition parameter is a function of the spatial coordinate. 

Thus, we must solve the system of equations 


ST WoT +6 Ko Se (10-2-23) 
se -=Lu se (10-2-24) 
with the limiting conditions 
T (X, 0)=F(X); 6(X, 0)=V (xX); (10-2-25) 
oP Fo) 8 O Fo) —0; (10- 2-26) 
— TUT) + ki, (Fo) = 0; (10-2-27) 
Ar) Bin [8p — (1, Fo)] =0, (10- 2-28) 


where 


i’ 6, 6, 
—E=—E (X); 


Ta tote. 8— perl @, = 2— Se, 


and F(X)and W(X)are arbitrary even functions. In addition, we require 
that the functions entering into the equation and into the uniqueness condi- 
tions satisfy Dirichlet's conditions. 

The solution of equation (10-2-24) subject to conditions (10-2-25), 
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(10-2-26), and (10-2-28) is given by equation (6-5-17): 


oo 1 
6(X, Fo)=8, — by Brn |. (X) cos p,,X ax] COS pmX EXP (—p”, LuFo), (10-2- 29) 
m=1 0 
where 

B= a Y= 0, — F(X); 


= tem + SIN pon + COS fem’ 


and g, are the roots of the equation cot y= pO 


To simplify the following calculations, let us determine the distribution 
of dimensionless temperature for the regular-regime stage of the mass 
transfer, In this regime (Fo>0.1) the rate of variation of dimensionless 
mass-transfer potential is 

0e 2Lu p? COS 4X 


I 
2 
Fo seanastora oP (—», Lu Fo) {z. (X)cosp,X dX. 
0 


Consequently, equation (10-2-23) represents the familiar equation for heat 
conduction with a heat source: 


| 
Po(X, Fo) —=«e(X)KoLu By. cos »,X exp(—j, Lu Fo) {¥, (X)cosp,X dX. (10-2-30) 
0 


The general solution of this equation with conditions (10-2-25) through 
(10-2-27) was given in §5-5, Taking into account (10-2-30), we obtain, 
after several transformations, the equation 


Fo 
T (X, Fo)= { Ki, (Fo*) d Fo* +f F (X) dX + KoB, [1 — exp (— 1; Lu Fo)] & 
0 
1 
x f e (X)cosp, xaX ( W(X) cosp,X dX + 
0 0 


00 | 
+): cos mnX exp (— n*x? Fo) i) F(X) cosnnX dX +- 
0 


n=! 


co Fo 
+2 »> (— 1)" cosnnX f Ki, (Fo*) exp [— 1’x* (Fo — Fo*)] d Fo* +- 
n=! 0 


co 
2 
y PP Kolt HL texp(—p? Lu Fo) — exp(—n*x*Fo)] cosanX X 
n=! v= pyLu 


1 1 
x] e (X) cam neeneen (X) cosp,X dX. (10-2-31) 


On the basis of solution (10-2-31) it is possible to obtain a series of particular solutions, One of these 
solutions, for Ki,(Fo) as a periodic function of time (jg=Qmsin wt) and for Bim=oo, is given in /4/, 

If Kig is constant and F(X)=‘¥(X)=0, then, if we take into account the new expression for Po(X,Fo), 
namely 


Po(X, Fo)=e(X)AKoLu pe COS 4X exp(—p; Lu Fo), 
where 


Aa 2Bim V Bt? + p? 
Hs (BI, + Bin tet) 
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equation (10-2-31) simplifies to 


fe «] 
i 
T (X, Fo) = Ki, [Fo —e —3X%)— Yi» = cos nzX exp(—n'n? Fo)| + 
n=} 
2A Ko Lu pi} 


1 oo 

+ AKo[I — exp(—} Lu Foy { «(X)cos wiX dX + y) nn? Lk 
- 5 i n*x? — Py Lu 

a= 


I 
X [exp (—ai Lu Fo) — exp (—n'x* Fo)] cos nnX f ¢(X)cosp,X cos nnrXdX. 
0 


In the particular case when 
e = e, exp (—kX) 


the integrals involved in this solution may be evaluated as follows: 


! 
( ecosp,XdX = eo/(4p-+k?) [& + exp(—&) (», sin, — & cos p,)]; 
0 


{- cos p.,X cosanXdX = = nnn <7 ean i 
0 
4 & + exp(—é) [es — a8) sin (4, — ax) — bcos (hs — AR) 
k? + (pv, — nn)? \ 


10-3. Heat or Mass Transfer ina 
Nonhomogeneous Medium 


During a process the structural properties of a material change to some 
extent. However, when the properties of a body vary only slightly or ina 
very irregular way along the spatial coordinate, it is permissible, in the 
study of transfer phenomena, to consider the corresponding coefficients 
and thermodynamic properties as constant and equal to their average effec- 
tive values. On the other hand, in some cases the nonuniformity of the 
physical properties is so large, and their variations along the coordinate 
are so regular, that this nonuniformity cannot be neglected. Thus, instead 
of solving the differential transfer equations with constant coefficients, we 
must solve equations in which all or some of the coefficients are functions 
of the spatial coordinates, 

The solution of the differential transfer equations with variable coeffici- 
ents is quite difficult. Therefore, up to the present time it has been pos- 
sible to obtain exact analytical solutions for only a very limited range of 
problems. It is even more difficult to solve the systems of differential 
equations for which we still must be satisfied with various approximations 
or numerical methods of solution. In relation to this, the chief problem 
still encountered in the analytical theory of heat and mass transfer is the 
development of methods for solving systems of differential transfer equa- 
tions with variable coefficients. 

In this section we will consider mainly methods for solving the one- 
dimensional differential transfer equation 


08 0 06 
ct Far (* ar) (10-3-1) 
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1. Solution for a semi-infinite body, when the 
coefficients of heat or mass capacity and conductivity 
are power functions of the coordinates 


Let us consider some solutions of equation (10-3-1) with the following 
limiting conditions: 

Q(x, O)=0, 0< x< 00); (10-3-2) 

Q(co, t)=0, 8(0, ct) = Oc. (10-3-3) 


a) It is assumed that cy is constant and that the conductivity 4 depends 
on the spatial coordinate as follows: 


AN=ox". (10-3-4) 
If a Laplace transformation is applied to equation (10-3-1), then, taking 
into account (10-3-2) and (10-3-4), we obtain 
xO" (x, 8) nx™-78", (x, s)—7 6, (x, s)=0, (10-3-5) 


where a,=—4,/cy. If we set x=&t™, then equation (10-3-5) becomes 


- d6 
mikixtmen 9 EL (mtn — I) kemtn-4 6, = 0. (10-3-6) 


In this substitution & and m were chosen arbitrarily; let us now require that 
they satisfy the conditions 


2n+n—2=0 and k=1. 
In this case (10-3-6) is transformed into the Bessel-type equation 
a0, n 1 48, 4 Sp __ 
ae tin ba ~ Cay a9 


The particular solutions of this equation are 


e1,(§527V 2) and eK (tg2 5 Vi) 


where I, and K, are Bessel functions of the first and second kinds, with 


; . ; l—n” ‘ 
imaginary arguments and with an order of v, where v= ; and nis some 


2—n’ 
arbitrary number other than 2. Now, returning to the initial variable x by 
—/ 


2 


means of the relation §«—x« * , we obtain the solutions 


us 


1 1 os ! 
3 (la) l— 7” 2 S 2 (l-—vt) l—- = 2 9 -s 
x I(x eV and x K(x 3 7 V2). (10-3-7) 


In most cases nis less than unity (0<n2< 1). 
The first solution does not satisfy the first condition of (10-3-3); there- 
fore we take the solution of equation (10-3-5) in the form 


in bin 9 


1 
7 (in) r 
0, (x, s)= Ax’ K, (x oS s), 


where A, which is constant with respect to x, is defined by the second bound- 


ary condition of (10-3-3). For «-+0, the potential 6, (x, s) +", whereas 
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for z+0, we have 2’K,(z)+2”'T(v), where [(v) is the gamma function. Thus, 
the constant Ais 
sT' (v)(2— n)’ \ 40 
Consequently, the solution for the transform has the form 


! un) 


| 
I— — 7" 
Ox? s \v/2 oy <a Ss 
0, (x; )=be 2 (a) K, (a Ve). (10-3-8) 


By means of transform tables, we obtain from (10-3-8) the following solu- 
tion for the inverse transform: 


[0] 
O(x,7) I caveat T(v, X) 
6. =r fé 4 duh» 
where yten 
Ne (2 —n)? a,t 


Problems for zero initial conditions and a finite body (0<x<R)can be 
solved similarly. For a—2 the solution of equation (10-3-5) will be 


girl VIF4S/a9 1/2 


b) If the capacity and conductivity coefficients depend on the nth power 
of the spatial coordinate: 


C=CoX", K=Agx", y=const, (10-3-9) 


then after application of the Laplace transformation, taking into account 
initial condition (10-3-2) and variation laws (10-3-9) for the coefficients, 
we obtain 


W(x, s)+=O, (x, s)— = 6, (x, s)=0, (10-3-10) 


ere 
wher Pesce 
a ie 


The solutions of this equation are 
) § y § 
x L(y 2x) and xK, (y £x), 


1 
v= 5 (1 —n). 


where 


If we use, as in the previous problem, the first boundary condition of 
(10-3-3), then we obtain 


0, (x, )=AXK, (Y= 2). (10-3-11) 


By substituting (10-3-11) into the second boundary condition of (10-3-3), we 
find that ’ 


6, s ¥/2 
A= ng) 
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Consequently, the solution of equation (10-3-10) is 


6, (x, s)=4¢ eal) % (yz x): 


The inverse transform of this solution is 


Q(x.) _ a Te, X) 
6, x Pi) 
where : 
x 
XxX — “4a_t * 
c) If the capacity and conductivity coefficients obey the relations 
C=CoX”, A=Aoxe™, y=const, 


then after applying the Laplace transformation we obtain the following 
equation for the transform: 
0’, (x, s)+20, (x, s)-5 6, (x, 5) =0. 


ayxr-m L 


The solution of this equation is similar to that in subsection a, namely 


I 
-se—, [2 a (ren) E oF ol. Ox? mm fos 
“ v er b 7 ap vi m—n+2 Zo} > 


l—n 
m—n+2° 


where 
v= 


Let us note that the solutions for cylindrical and spherical bodies, when 
the coefficients c,%, and y are power functions of the spatial coordinates, 
represent particular cases of the last problem considered. As an example, 
for a sphere the equation for the transform is 

n ate 1 
+ —— 8, a ~ 6, =—0, 
that is, in this case the constants n and mare increased by two units. 

A particular case of the problems considered is the case when the coef- 
ficients are linear functions of the spatial coordinate. By means of the 
proper substitutions, these can be reduced to particular instances of the 
solutions considered above. For instance, for cy constant and A=A9(1+<ax), 
anew variable §=1!+ayx is introduced. Then, we obtain the equation 

d?0, dé, gs 
ate eae =9, 


which for n=1is identical to equation (10-3-5). Its solutions are therefore 


1, [2 ore Y2| and K,[2ebed" =]. 


In the same way it can be shown that for c—c,(1+ ax), 2=4,(1+ax), and y 
constant the solutions of the resulting equation for the transforms are 


4 [EW =] sa K, | ax V =}. 


In the more general case, when 
c=c,(1+ax)™ and 4=—4,(1+-ax)™, 
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the introduction of the new variables 


—E—(1 arm a ae 
12) : 
: oan T_ (m—n--2) %, 
l—a 
’ be —~ m—n+2 
transforms equation (10-3-1) into 
1—x 06 re) 1—x 06 
ee Bae (8 ee): 
The subsequent steps of the solution do not differ from those of the solution 
of the first problem, Several solutions of specific problems of this type are 
given by Chudnovskii /5, 6/. In particular, in these references as well as 
in /7, 8/, the solutions of a number of problems for thermal waves are 


given. Thermal-wave problems are also studied in detail by Kornev* /9/, 
as well as by other authors. 


2. Solution for an infinite plate, when the conductivity is 
an exponential function of the coordinate 


Let us solve equation (10-3-1) with boundary conditions of the first kind, 
when 


A=A,exp(—xx), and cy=const (0<x<R; x>0). (10-3-12) 

We assume that 
O(x, 0)—0; (10-3-13) 
6(0, t)=9(2); 8(R, t) = 9(2). (10-3-14) 


When the Laplace transformation is applied to equation (10-3-1) and 
conditions (10-3-14), then, taking into account (10-3-12) and (10-3-13), 
we obtain 


W(x, s)— x0", (x, s)—> exp (xx) 6, (x, s)==0; (10-3-15) 
6, (0, s)=9,; 6, (R, S)=4,. (10-3-16) 
The introduction of the variable pat ft exp (= in (10-3-15) transforms 
this equation into : 


o”,(E s)—-8, (& s)—8,(& s)=0, 
whose solution is 
0, (& s) == AEl, (&) + BEK, (€). (10-3-17) 


If we return to the variable x, equation (10-3-17) becomes 
2 2X 2 x 
0, (x, s)=A-Y 3, xP (=) I, [2y = exP (%)|+ 
2 Ss “2X 2 Ss xX 
+ B27 Zen (F)K [PV Ze (2): 


The quantities Aand B, constant with respect to the spatial coordinates, 


* [This name is given as Korenev in the reference, ] 
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are found using boundary conditions (10-3-16). After several transforma- 
tions we obtain 


tts {75% OVS) ae (F) ki Ee (FV) 
com (4). Co (V4 
+ [ire 0 (#)§ Fee (#) Vi) Va) 
exp (35) Ks(2ex (4) VE) [KE VE) & (Few (4) Vi5)— 
QVE)s be (BV Dl va ee ($))" 0-310 


Equation (10-3-18) is the transform solution for the problem under consider - 
ation. 

The inverse transform of (10-3-18) can be obtained using the following 
inversion formula: 


o+lo0 
O(x, )= a { 6, (x, s)exp(ss) ds, (10-3-19) 


a—100 


where the integration is performed along any straight line situated parallel 
to the imaginary axis of the plane of the complex variable s and passing to 
the right of all discontinuities or singularities of the integrand expression. 
Let us calculate line integral (10-3-19) with conditions (10-3-16) in the 
following form: 


p,=0 and —— (10-3-20) 
which corresponds to the boundary conditions 
6(0, s)==0 and 6(R, t)=—6o. 


Taking into account (10-3-20), we obtain after some minor transformations 
equation (10-3-19) in the form 


 (oeliealle EV5) «GV E*)- 
2 
x 


es LBV EV 5") 
aH PV ae (Ve) exon ge 
—1,(= V2) K+ V Zee ) 


According to /10/, this integral can be evaluated so as to give 


B(x, s) — exp(xx)— 1 
8.  — exp(xR)— 1 — 


co Jstta)3s | pa exp (“5 a 
— nexp [4 (2—R) Dieom{mon EE) {3,[ on exo(-)] ¥s(o0) — 


—Jj (Hn) Y, [tn exp (5) Jbexe [5 pe «|. (10-3-21) 
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where p, are the roots of the characteristic equation 


Ja (u) = Y; (+) 
For the steady state, solution (10-3-21) simplifies to 


exp (xx) — I 


6 (x, co) = 4, exp(xR) —1° 


Several solutions of other problems in which the coefficients are exponen- 
tial functions of the coordinate, especially for thermal waves, are given in 
/5, 6, 9/, 


10-4, Unsteady Potential Fields for Nonlinear 
Heat and Mass Transfer 


During a high-intensity process the transfer potentials may undergo size- 
able variations over short time intervals. This is the case during many 
processes of diffusion, gas seepage through a porous medium, thermal ex- 
plosion, chemical transformations, etc. In the description of a transfer 
phenomenon which takes place with a wide range of potential variation, it is 
always necessary to take into account the dependence of the coefficients on 
the respective potentials. Under such conditions the mass and heat fluxes 
are nonlinear, and the determination of the transfer-potential fields involves 
the solution of the nonlinear differential transfer equation 


c (8) 7 (8) S¢==div [2 (8) grad 6). (10-4-1) 


The solution of equation (10-4-1) with the appropriate limiting conditions 
involves even more difficulty than the solution of problems in which the co- 
efficients are functions of the spatial coordinates. Various approximation 
methods are thus widely used in this case. Very comprehensive reviews 
of the problems related to the solution of nonlinear transfer equations have 
been given by Friedmann /11/ and by Crank /12/. 

Several methods are used at present to solve the problem of nonlinear 
transfer, For instance, in the linearization method, which is based on an 
approximation of the nonlinear coefficient, a new functional relation de- 
scribing the coefficient is so chosen that equation (10-4-1) becomes linear 
/13, 14, 15/. In the method of substitutions, new variables are introduced 
which make it possible to transform nonlinear partial differential equation 
(10-4-1) into an ordinary nonlinear equation /12, 16, 17, 18, and others/, 
the solution of which is simpler. Some other methods for solving nonlinear 
transfer equations, for example, those in /19/ and /20/, also exist. Let us 
show how the various methods may be applied to problems of nonlinear 
transfer. 


a) Linearization ef the nonlinear differential 
transfer equation 


The conductivity is usually plotted as a slowly rising curve ~=A(§), which 
can be represented quite accurately by a linear or exponential function. 
Charnyi /13/ has proposed for this case two methods for linearizing the 
transfer equation, with the condition that cy is constant. 


ATT 


Equation (10-4-1) can be rewritten as 


oy Fo =div [Oa grada |. (10-4-2) 
If in equation (10-4-2) we set 
a= = const and A —B=const, (10-4-3) 


then we obtain a linear equation with constant coefficients, The first condi- 
tion of (10-4-3) corresponds to the exponential 2(6)curve 


A be 


? 
In = 


while the second condition corresponds to its linear approximation 


__ 6-9 
B= y=. 


Another linearization method consists in introducing the new function 
HE 
G= | 2(0') dé’, 
6 


which transforms equation (10-4-1) into 


oy BS ay. (10-4-4) 
Now, if we set 
£0 ans 
dq ~ cons 


in equation (10-4-4), we also obtain a linear equation. This approximation 
assumes that some section of the G=G() curve is replaced by the cor- 
responding chord. 

The possibility of linearizing the one-dimensional transfer equation in 
the case when the rate of heat or mass transfer through the bounding surface 
(x=0)is a known function @(t)of time, while the conductivity is given by 

aN = ASI? (1+ a(6—6,)], (10-4-5) 


has been demonstrated by Storm /14/. In this case equation (10-4-5) serves 
as an approximation when considering problems in which the conductivity Ais 
an exponential function of the transfer potential: 


A= 4, exp[— 2a (6, — 8)], 


where @ is constant and 4, is the conductivity when the potential is 6,. By 
means of the substitutions 


x ] 
oe aa and a= [VA d6 
LP) 


the one-dimensional equation (10-4-1) is transformed into the linear equation 
0@ — 0*w a dw 
cy Oe oF ia (*) GE 
where 


a 
log o == — ,13 1 
0 
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Storm used this method to obtain the unsteady potential distribution ina 

semi-infinite medium, for a constant transfer rate through the surface x=0, 
In conclusion let us mention the method proposed by Wiedenburg /15/ 

for linearizing the nonlinear transfer equation. For linear dependence of 

the conductivity on the transfer potential, 1=%(1+a6), one-dimensional equa- 

tion (10-4-1) becomes 


s= [a (1 + a6) x | 


or, which is the same thing, 


Oa, SS, 4 a8 FO) (10-4-6) 


ox? ox?’ 
where @ = is constant, We write the limiting conditions as 
6(x, O)=—6; (Ox x< +00); 
60, )=—0, 2&1) _9, 


For a constant coefficient of potential conductivity (or diffusivity) a(6)= 
=a, (a0), the solution of the equation is known to be 


{9)},-0=0, | | — erfe ( a \]- (10-4-7) 


Wiedenburg has suggested that, in order to linearize the initial nonlinear 
transfer equation (10-4-6), we set in the a-containing term of the equation 
some value of the potential which corresponds to the expression for this 
potential at a=0 (that is, to solution (10-4-7)). By means of this substitu- 
tion, instead of nonlinear equation (10-4-6) we obtain the following differen- 
tial equation with a source term, in which time and space are variable: 


Og, ae ee [ ei Wa ik (10-4-8) 


The argument of the Gaussian function is = If in equation 


x 
2V a. 
(10-4-8) we introduce the new variable &, then we obtain the ordinary dif- 
ferential equation 


a0 d6 abs d? 
ge tte = -= dz? [erte} 


with the conditions 
6—Ofor §=—0 and 6=—6, for §=-+ 00. (10-4-9) 


The solution of this equation will have the form 


6— Fr: (§) + Ps (6) ® (®), 


where for brevity we have defined ®(§)=erfc(é). It is easy to show by substi- 
tution that the functions 9, and 9, are determined by the equations 


2 
de, gn As dg, dD 98 d3(1~ ap ee 
dz are and az dz 2° dz ° (10-4-10) 


The solution of equations (10-4-10) gives 


a 2 
Ps ()=A+ 065 D+ abi aa 


— ap? P+ 2063 oe tex (— x) + 11 — exp (—2ey) + 5 gs, 
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1— ® 


ap? 
9, (&) = B— a0? t+ aff Pb + af — ye tex (—#) — a6} © 


Consequently, 
abe ade a0? F 
§= A+ BO— va — ] § exp (—&?) -+ —— [1— exp (— 28*)] ——- ®", 


where Aand & are constant with respect to §&. In order for this solution to 
obey limiting conditions (10-4-9), it must be true that 


ae 
A=0,——- and B=->- 


“ ag? 


6: 


In just the same way we can solve eee (10-4-6) for the conditions 


O(x, O)=0,, 0 x cK too; 
6(x,0)=%, —coocxe<0 (0, >6,); 


08( +t ©, *) 
ry == 0; 


Using the solution for a=0, 
1 
{§},20 = 4 + (%, — 5 ,) ®, 


we find that in this case 


a6, (0, — 9,) a a(6, — 8,) 2 
Jo a Slee BEEPS Se ge @€ exp (— ?)-+ 
a —_— 2 2 @ 6. — 6,)* 2 a6, 0.—4, 
pita fy [1— exp (— 2 ya (1-e+o )— Ord (1 — @), 


where 
oi lbea ] a8, (8, — 9,) 


_ 6,—8 a(8,—6,)? a6, (8, — 4,) 
Baty sees eee. 
Some other linearization methods are discussed by Friedmann /11/, 


b) Some transformations used to solve nonlinear 
differential transfer equations 


The exact or approximate solution (including numerical solutions) of a 
nonlinear differential equation is simplified considerably if the equation is 
transformed into an ordinary nonlinear differential equation. The effective- 
ness of some such transformations has been demonstrated by our study of 
the linearization of nonlinear equations. Let us now discuss this in more 
detail. 

1, Consider the following one-dimensional form of differential equation 
(10-4-1): 


e (8)1 () 5 =a¢ (40) A J. (10-4-11) 


To determine which substitutions are appropriate, it is possible to make 
use of the theory of generalized variables (see Chapter III). 
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A dimensional analysis of the quantities involved in (10-4-11) shows that 
this equation will remain unchanged if the length scale is varied by a factor 
of k and the time scale is varied by k?. After such a variation in the scales, 
the limiting conditions, for the constant initial and boundary conditions 


6(x, 0)=6,, (10-4-12) 
6(0, t)— Bo, (10-4-13) 
also remain unchanged: 
O (x, t) =O (kx, kx) 


for any values of x, s, and k. Thus, setting k= we obtain 
& 


B(x, )=0(= 1/4) =O), 


where 6* is some assigned value of § and where 


f= * (10-4-14) 

2y% 
Consequently, @ is a function of Eonly. Therefore, the solution of the prob- 
lem should be sought as a function of some combination of the variables § 
and t which will remain invariable under a similar transformation. 


We have the relations 


=— Sa eee oe ee OOO OE 


OO cg We OE Oy ON A Ng fy ah 
Ox oy, de’ ax ( 5x) ax ( syrde a | a ): 


Now, by substituting these expressions into equation (10-4-11), we obtain 
the ordinary differential equation 


df__d df Aes 
—Ute=aH [AU & |- (10-4-15) 


Limiting conditions (10-4-12) and (10-4-13) have the form 
f(oo)=8, and f(8)=6¢. 


In cases when it cannot be determined analytically, the function f can be 
found by means of numerical integration. 


The substitution §= ay is sometimes called the Boltzmann transforma- 
a 


tion, since Boltzmann usedit in 1894 /21/ to solve equation (10-4-11). 
Substitution (10-4-14) can be applied to equation (10-4-11) when the transfer 
takes place in an infinite or semi-infinite medium. Only in these cases is 
it possible to separate the variables in such a way that the boundary condi- 
tions depend only on the variable —. In particular, substitution (10-4-14) 
cannot be used for a finite body of thickness Rand with the boundary condi- 


tions 
(0, 7) = 6; 6(R, t)= 0, 


since the second condition is nonzero after transformation and depends on 
both € and «. 
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As an example of the use of this substitution, let us solve equation | 
(10-4-11) for a semi-infinite body («>0, 0<x<oo), for the following limit- 
ing conditions: 

A(x, =; 0(0,c) = 0; SE) —0, (10-4-16) 


Let k=1; in this case t= and we have 
t 


— = oy 9 9 (, 08 oy 
$1 = (+5): ((10-4-17) 
If we write ae, then equation (10-4-17) can be written as 
E  d&  d(Ae’) 
op Ogg oe ge 


Thus, we obtain after integration 


3 


or 


g 
1 =A exp | er a za 
0 
A second integration gives 
é t P 
¢= AVesp er} axa] Hsp. 
Constants A and B may be determined from boundary conditions (10-4-16), 


The final form of the solution is 
t t 
| d 
{exp - cy { ow | e 
0 


0 
fex |< Esaks 
6 6 
Although equation (10-4-18) represents an exact solution of the nonlinear 
transfer equation for boundary conditions (10-4-16), a numerical result can 
be obtained from it only by carrying out the integration. The latter maybe per- 
formed by numerical methods. This numerical integration imposes on the 
substitution an additional requirement concerning convenience in carrying 


out the subsequent calculations. 


We will now demonstrate one of the possible means of calculating the unsteady field of the potential ® 
using the iteration method. The iteration method states that, if a first approximate solution @p of the 
equation 


a 


6, — 0, (10-4-18) 


© = »(6) 
is known, then by substituting it into the original equation we can find a second approximation @,=«p(@p). 


Next, by substituting @) into the equation, we find a third approximation @:, and so on, By repeating this 
process several times, it is possible to obtain a solution to any preassigned accuracy, For simplicity we 
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assume that cy is constant, so that (10-4-18) can be written as 


(10- 4-19) 


ar PT aa =, Ae ee 
feo] [ae a] a 
0 
where " 
Ao = y= A* (8) 4 (10-4+20) 
Here 5 a and a=3t (where A, corresponds to the initial potential @,). 
For a cone conductivity (A=A» constant), equation (10-4-19) is transformed into 
@=erf(n), (10- 4-21) 


which represents a first approximation for the beginning of the calculation. 

By using (10-4-21) for equal intervals ‘of variation of n, we find the corresponding values of @. It 
should be noted here that for n= 3,0, the error function erf n is unity to the fifth significant place, so that 
a steady-state potential distribution is established in the material, At the same time, this determines the 
suitable variation interval for n. 

Using formula (10-4-20), the values of Ls are nextfound foreach value obtained for @. The substitution 
of these values into (10-4-19) then enables us to find the new values @, for the specified values of n, using 
any convenient formulas for numerical integration (provided it is impossible to integrate directly). Finally, 
this calculation procedure is repeated for the approximations @,, 9s3,..., until the difference between the 
successive approximations satisfies the desired accuracy. 


2. When electronic computers or analog models are used for numerical 
calculations of nonlinear transfer equation (10-4-1) it is convenient to put 
equation (10-4-1) into a different form. To do this the substitution 


AO) -4- 
o= (28 ay! (10-4-22) 


is used. This substitution transforms equation (10-4-1) into 


oF = a(G) YG, (10-4-23) 


where a(G)=A(G)/c(G)y(G). Let us note here, too, that equation (10-4-23) 
is also important in fluid dynamics. Its solution with the appropriate bound- 
ary conditions is obtained by specifying Gas a function of the spatial co- 
ordinates and time. The correspondence between G and the potential 9 is 
established by (10-4-22), which can be expressed either in explicit form 
(when it is possible to integrate the expression) or in the form of a graph 
(in cases when numerical integration is necessary). 

For a number of materials or media the integral expressions for the 
conductivity and the volume capacity, obtained as functions of the potential 
using formula (10-4-22), are quite well approximated by the power laws 


6 6 

{2 d@’—=a0" and ir ideal (10-4-24) 
r) Ye“o 

0 


where ho, yoco. a, 2. B, and mare constants. For example, the integral 
thermal conductivity and volume specific heat for pure aluminum and iron 
are represented, over a wide temperature range, by equations (10-4-24). 
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The ccefficients have the following values: 


aluminum: a = 1.57; n = 0.905; tte m = 1.03; 
iron: a=—2.04, n=0.84; = 0.561; m= 1.125. 


Transformation (10-4-22) can also be extended to include the case of a 
variable capacity coefficient. The transformed transfer equation (10-4-11) 
then becomes 

8 9 


0 ye (8’) o? A(0’) spr 
We dv —a ) a dq. 


Friedmann has solved this equation /11, 22/ for the conditions 


§(x, 0)=4(co, t)=0 and 6(0, s)—6, 


and taking into account (10-4-24). To a second-order approximation, the 
solution is 


[“p |"=erfet— 4s (> (e+) (erfc §)? — re exp (— &) [ 2 erfc g— 


Vr 
—T exp (— | ++ t* erfc + (1 + erfc &) Fa exp (— §*) —€erfc&-+- 
l a 2 ; 1 1 
+ ((1-+28) erfet— F-texp(—))|—(7-+ gz) erteth, (10-4-25) 
where 
Ss . = {| — : — re ¢ A 
—— 2 s=1—myIn; mere TT ie 


The maximum discrepancy between the calculation result using formula 
(10-4-25) and the result taking into account the next approximation was 
less than 3% (5°C). 

Similar solutions have been obtained for linear variations of coefficients 
4 and c with the potential 6, for both semi-infinite and finite media /11, 16, 
22, 23/. A comparison of the results obtained with the exact solutions 
showed good agreement in all cases, 

3, Let us now consider several special substitutions which are used to 
solve nonlinear transfer equations when the conductivities are linear or 
exponential functions of the potentials. If we assume that cy is constant, 
then equation (10-4-11) becomes 


—- == 


08 2 
Ox «Ox | 


a(®) 5-|. (10-4-26) 


where 
60) oe 4 (4). 


I. Let us assume that for an infinite medium the transfer potentials 
satisfy the initial conditions 


O(x, 0)—86, for «<0; (10-4-27) 
6(x, O)— 96, for x >0, (10-4- 28) 


while the potential conductivity a(6)is a linear function of the transfer 
potential: 


a=a[1-+ > a(8,+8,)— af]. 
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Here a corresponds to the value of coefficient a for the average value of 


the potential, 6+ (6,+4,). By means of the substitutions 


1 2 
1 4+-5-4(8, + 0,)— a8 
¢= 1 ’ 
1 +5 4 (8, — 8) 
x 

c= 1 2...» 

2[1 +7 2(,—6)| (ax)'/? 

equation (10-4-26) can be transformed into 


cit Lp eens EPR d ae (10-4-29) 
with the boundary conditions 


p=1 for E=+o0; 


»=—06* for §=— oo, 
where 
l 
1— > a(8, — §,) 


a ee 
1 +5 2 (8, — 4) 


A numerical solution of equation (10-4-29) has been obtained by Stokes /23/. 
II. The case in which the potential conductivity is the following linear 
function of the potential: 


was studied by Polubarinova-Kochina /17/ and by Wagner /24/. Fora 
semi-infinite medium with the conditions 


6(0, s)==6, and 6(x, 0)=<0 


the substitution 2 


a 2(a,t)!/? 
transforms equation (10-4-26) into 
d@ ae 
Ket ) +05, =0. (10-4-30) 


Here 0—6/6,. This equation can be simplified further by substituting v= 6’, 
after which we have 
ae tee =0 
with the boundary conditions 
v=1 for '=—0; 
v=0 for too. 


III. Let us assume that, for a semi-infinite medium satisfying the 
conditions 


6(x,0)=8 and 6(0, 7)=§,, (10-4-31) 
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the potential conductivity a is an exponential function of the potential: 
aa, exp[p(¢—0,)], 


where the subscript s denotes the value of the parameter at the surface. 
In this case, after transformation we obtain the equation 


d fy dé ae 
where 
——*_. =f (6—9,). ((10-4-32 
2(a 1)? Bye oakae 
In view of conditions (10-4-31) and (10-4-32), the integration should here 
be carried out beginning with [=0 andyn=0. More details regarding methods 
of numerical calculation and the calculation results are given in /12/. 
Some other transformations which may be used when the potential conduc- 
tivity is an exponential function of #@ are also given in this reference. 


c) Some solutions of nonlinear differential 
transfer equations 


Let us next examine what influence the nonlinearity of the transfer coef- 
ficients has on the distribution of the potentials, using several solutions of 
nonlinear differential transfer equations as examples. 

1,. Solution for a semi-infinite medium, with 


a (6)= (where a, and 4 are constant). 
The limiting conditions have the form 
6(x,0)=0 and 6(0, t)=—6,. (10-4-33) 


By introducing the new variables 


— e — e — x e 
0= 6/6,; A (8) =a (6)/a,; sae a ’ 
we may transform equation (10-4-26) into the ordinary differential equation 
d@_d de® 
—A%E=e [A@ ze 
whereas limiting conditions (10-4-33) become 
@—0 for =o; 
@=1 for §=0. 
In addition, ! 
A(8)=+~—9- 1(2=48,). (10-4-34) 
If we introduce still another new variable 
BS 
{ 40) de’ 
| 4) d® 
0 
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then equation (10-4-34) gives the relation 


In(ji—a@) 4. 
n= 89). — g. (10-4-36) 


The new variable (10-4-35) enables us to transform the previously obtained 
differential equation and limiting conditions into the equation 


_ tate IE __ dg PY, oe 
de = Fe (10-4-37) 
subject to the conditions 
g=0 for oo; (10-4-38) 
g=1 for §=0. (10-4-39) 


The quantity Bis related to « by the equation B=—In(l—a). In the present 
solution 4 and « are assumed positive, with O0<a<1. Consequently, 8>0. 
If we make the additional substitutions 


e—=—p and exp(—fe)/P=g, (10-4-40) 


then equation (10-4-37) simplifies to 


The integration of this equation gives 


ag 
igq+C,=— { (C. +4 2*—F Inz) dz, (10-4-41) 
0 
where C, and C, are integration constants. 


It follows from (10-4-38) and (10-4-40) that 9+0as I>. This condi- 


tion makes it possible to determine constant C, in equation (10-4-41). When 
the value C,is introduced, equation (10-4-41) becomes 


eV 
In gB = — { (C.+72—Flnz)” dz. (10-4-42) 


From condition (10-4-39) it follows that 
a =0 and g=exp(—)/p. 


By substituting these conditions into equation (10-4-42) and performing 
some simple transformations, we find that 


C,=+Ins and e=(t) 
en? 


B 
eas ae 
so that equation (10-4-42) may be written as 
aay ey (10-4-43) 
wen r= (98); u=el(eV 9); »=8/(Be") 
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are new variables. The last equation is used to determine sp, and conse- 
quently the unknown parameter e, as a function of the parameter 6, defined 


as 
1 


=2( (u*—pinay” du. (10-4-44) 
0 


Relation (10-4-44) is obtained from (10-4-43) by taking into account that 
o/Vqg=sfor q=—— <— exe(—#) The integral (10-4-44) cannot be calculated analytic - 


ally (in a finite ee, so that we must consider pas a given parameter. 
From equation (10-4-37) and the conditions following it, we determine 
€as a function of wand r: 


! “ 1 du 
t=- or (Fte 7): 


Equation (10-4-43) may be used to eliminate r, so that we have 


on aa —y [(u# —w in w*)” — ul exp fj (uj —plnuy rnd) (10-4-45) 


On the other hand, by combining the second relation of (10-4-40), equation 
(10-4-43), and the definition r=(g8)'”, we find an expression for g: 


e= = \ (a? — pin u?)—'? du,. 
0 


Then, taking into account (10-4-35), we obtain the final expression for @: 


= apep| er? [cata aw,\) (10-4-46) 


It should be noted that the parameter p in the above equations is related to 
the given parameter Bg by (10-4-44), 

The above solution was derived by Fujita /25/. He shows that for con- 
stant coefficients (a=Bp=4’=0) the solution is transformed into the familiar 
solution involving the probability function. The solution method for a given 
wis as follows: 

a) by numerical integration of equation (10-4-44) the value of g is esti- 
mated, and thus a is found using the relation B=—In{l—a); 

b) then, and @are determined by numerical integration of equations 
(10-4-45) and (10-4-46), 

A relation between a and Igy may be plotted on the basis of equation 
(10-4-44) and the equation B=—In(Il—a). The curve is shown in Figure 10-2; 
if the value of ais found, then pcan be determined directly from the graph. 
The calculation results are given in Figure 10-3. 

2. Solution for a semi-infinite medium, with 


ao 
a (8) = (1 — AO 


The limiting conditions remain as before, and once again we make the 
substitutions 


8,’ 2V at , 0”: 
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This makes it possible to obtain an ordinary differential equation in terms 
of fand 86: 


d® d 1 d98 
tama [Tore oa 


subject to the limiting conditions 


0=0 for §=c0; (10-4-48) 
9@—1 for §=0. (10-4-49) 


The solution of equation (10-4-47) with conditions (10-4-48) and (10-4-49) 
gives a relation between @ and €. 


“20-05 -10 -Q5 0 O5 10 15 20 25 30 


FIGURE 10-2, The parameter a as a function of Igy 


We will give here only the final results obtained by Fujita. Detailed 
calculations and an analysis of the results obtained are given in /26/. The 
solution can be written as 


0= saat hm aaa 
t=! {{1—a+$(u, §)] «—exp[B*(1 —2°)]}, (10-4-51) 


where (4, B)is determined by the relation 


)(u, B) =V =B[1 —erf (Bx)] exp (8); 


and B is a constant determined as a function of the given parameter a by 
means of the equation 


$(1,B)=a <a). 


Equations (10-4-50) and (10-4-51) give a solution 6=6(&) which involves 
a parameter uz whose values lie in the range l1<uz<oo, The results of the 
solution of this problem are plotted in Figure 10-4, 

3. Solution for a semi-infinite medium, with 


a (6) = 


T+ 228 4 vO a. oe (where x and v are constant). 


The limiting conditions are as before. 
This expression for the coefficient of potential conductivity [diffusivity] 
as a function of the potential includes the previous problems as particular 
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cases. Moreover, this equation makes it possible to investigate problems 
in which the potential conductivity (diffusivity) passes through a minimum 
or maximum as the potential varies. Solutions of this problem were also 


obtained by Fujita. 


10 


6 
FIGURE 10-3, The dimensionless potential @ =5 as 
0 


: x a 

afunctionof § = (4a, , for a (®) = 7—F@ (the num- 

ber on the curve is equal to 1/(1—a), and represents the 
ratio between a@ at @= @, and a,at @= 0) 


The substitutions 


e cee x ry . 
0—6/0,; = Vag) th B = v6° 


transform (10-4-1) into the ordinary differential equation 


— 2 


de® d ! d® 
Ea [Teer ee | 


with the limiting conditions 


6©—0O for €=- 00; 


Q@—1 for §—0. 
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Following /12/, we now consider the case when a(#) goes through a maxi- 
mum between §6=—0 and 6=6,. This situation is equivalent to saying that a 
function f (8), defined as 


f (0) = 1+ 200 + pe", 
goes through a minimum between 6=—Oand @=—1. It is easy to show that 
this condition is determined by the inequalities 
0<—F<hy (10-4-52) 
a< (0. (10-4-53) 
It follows from (10-4-52) and (10-4-53) that 
p> 0. (10-4-54) 


From the physical pointof view, any maximum of a(6) in the range of 
variation of the potential must remain finite. This means that the cor- 
responding minimum of f (8) mustbe positive, which is equivalent to the con- 
dition 

0<F <i. (10-4-55) 


10 20 JO 40 


FIGURE 10-4, The dimensionless potential ® asa func- 
tion of &, for a(@)=— =i 7 (the number on the curve 
is equal to 1/(1—a)*, and represents the ratio between 


aat @=@,and a, at@=—0) 


Relations (10-4-52) through (10-4-55) express the conditions under which 
the coefficient a goes through a maximum. 
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For convenience let us denote a=—Y, so that the above inequalities 
may be written as 7 


O<y/P<l and O<y*/B<cl. 


The final solution of the problem thus becomes 
80 = (8 — 7%)” tan[F(w,e)— tan-'A] + y, 0<O8<8,; (10-4-56) 


89 — (8 — 7°)” tan[tan-"m — F (u,8) — F (ume) +1, 0,<O<1,_ (10-4-57) 
where 
p@, = (B — y*)'” tan [F (1,2) — tan-*k] +. 


In addition, 


t=(a—mo pe) e+ —at—elny)"), —kiz<z3 (10-4-58) 


t=[aoatia|” eed at ain ay}, eS im, (10-4-59) 


wee tan ~'z,=—F(1, s)— tan~'; 
tan ~'z=F(u, e)— tan-“*k, —Roz<z, 
and 
tan~'z=tan"'m—F(u, 2)+F (um 2), 2,<z<m. 


The auxiliary variables in these equations are defined as 


1 ee ee en t 
aoa PCIE m=——a(I—+): (10-4-60) 


where y=—a and § are constants appearing in the expressions for the poten- 
tial conductivity (diffusivity). In addition, e and uw, are related to k and m 
as follows: 


6 In tm + (m?+-1) uw =1 (10-4-61) 
and 
tan ~'k-+ tan-'*m=2F (1, e) —F(um, 28), (10-4-62) 
where 


F(u, e)= j (1 —u? —elnu,)~"" da,. 
Q 


In evaluating (10-4-56) and (10-4-57) with respect to u, it should be noted 
that in (10-4-56) uw ranges from 0 to 1, whereas in (10-4-57) un<u<l, 

As an example, let us consider a diffusion process, We assume that in 
the expression for the diffusion coefficient a=—y=—1.646 and B= 2.877. 
Figure 10-5 shows the graphical anamorphosis of the potential diffusivity 
(diffusion coefficient) am(@)/amo as a function of the dimensionless potential 
@n(in this case, the concentration), For @=1, we have @m/am = 1.710. 

The ratio Q@n/am is a maximum, equal to 17.20, for @=0.572; the quantities 
k and m, calculated using equation (10-4-60), are 4.025 and 3.010 respectively. 
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Values of e calculated using (10-4-61) and (10-4-62) for various values of 
umare plotted in Figure 10-6. The point at which the e(u,) curves intersect 
gives the solution of these equations: e= 0.2036 and u,,= 0.3475. The final 
result, the relation between 9,,and £ calculated according to equations 
(10-4-56) through (10-4-59), is given in Figure 10-7. 


GQ a4 G2 aF 24 AF 26 


FIGURE 10-5, Diffusion coefficient as a function FIGURE 10-6. Graph for the de- 
. a, termination of the common solu- 
of concentration for a, = ——————— . ; 
| + 220, + BO, tions of equations (10-4-61) and 
(with a= —- 1.646 and B= 2.877) (10-4-62) 


FIGURE 10-7, Distribution of concentration, for the diffusion 
coefficient represented in Figure 10-5 


We will conclude this section with a problem which is of particular 
interest for the study and calculation of heat transfer in metals. 


4, Transfer phenomena in a medium witha 
moving phase-transition boundary, Coefficients 4 and c 
linear functions of the potentials 


The propagation velocity of a crystallization front in a metal bar or of 


the thawing front in frozen soil is usually calculated assuming constant 
values of all the thermophysical characteristics of the material. The 
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accuracy of the results so obtained can be estimated only on the basis of 
more general solutions. Such a solution, for the case of linear dependence 
of the coefficients on the potential, has been obtained by Lyubov /27/. His 
method for finding the solution by means of series is a quite simple one and 
can be used to solve both similar transfer problems involving moving bound- 
aries and also problems with more general boundary conditions or a more 
complicated dependence of the coefficients on the potential. 

It will be assumed that the zone of the material which has undergone 
phase transition is not heated, and that the temperature of the material is 
a function only of the position of the phase-transition surface and of time. 
In this case the equation representing the variation of transfer potential in 
the zone which has undergone phase transition (for example, in the solidified 
crust of a metal) has the form 


1 (C+ v0) Se [ (20+ #8) (10-4-63) 


O(x, 0)=O6pn forx >0; 6(0, <=) =6,; (10-4-64) 


where 6>nis the temperature corresponding to the phase transition (in par- 
ticular, for the solidification of a bar this is the crystallization tempera- 
ture of the metal), and 4, is the temperature at the surface of the material. 

At the phase-transition front x=y/(s), where y(t) is the coordinate of the 
phase-transition front, so that 


O[y (t), 4] = 8), (10-4-65) 
The condition for thermal balance determines the law of variation of the 


phase-transition front: 
oF Ne SPO) 
on x=ylt) 


PY Ox (10-4-66) 


where e is the phase-transition heat. 
If we denote 


= +. — Oynt 8 ep 
A=4,+% h i = c,--v Pe. Ae 


2 7 
___*(ph— 4) _ _Y@ph-9%) sp 
; x* 8° 3 2c * (Bp 84)’ 
o= aha (1 tte), 
ph %e . 


then equation (10-4-63) and conditions (10-4-64) through (10-4-66) may be 
rewritten as follows: 


— 


(14,8) 5 =a gy [(1+-,8) 3 |: 


d a 
80, s)=—1; O[y(z), s]=1; #4 (1+a)(%) 


x=y(t) 


The substitutions 


i= and y(t)=BYV 2ar 
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enable us to transform the last equation into the ordinary differential 
equation 


d de® 
ag | (1 -+4,8) | +E +4,0) Fe =0 (10-4-67) 
with the conditions 
6(0)=—1; 8(p)=1; (10-4-68) 
Be fe oS iy Ah 10-4-69 
P j ca ( 


If we set a,=a,=—0in (10-4-67) and (10-4-69), then we obtain the problem 
with constant coefficients, in which these coefficients may be assumed to 
equal the arithmetic means of their values for Ooh and 8. ‘The solution of 
the equation is then 
eg en = 
ert (B/V 2) 


For @,=a,=0, condition (10-4-69) leads to the equation 
ert F///2) exp | — cia @li=Fe (10-4-70) 


determining the value of 8. 
The solution of equation (10-4-67) is sought in the form of the series 


[> °] 
= dr@ (5 — §)* =42 
TOD } (ee = en, (10-4-71) 
n=0 
Values of £2 7 ° for §— Band for n>1 may be found by successive differentiations 
of equation (10-4-67), whereas for n=1 they are found from condition 
(10-4-69): d® 8 
(ey ta? 


(ae) _,-— Paes itarar? 


d*® 1 + a af (L + 4s) 
(ae) = Pa +P pate + 


2 


4a, + 3a,0 ——@G@, . 3a; : . 
tape PF apa? | 
d*e — Q2 3 (1 + a,)? 7 6a, + 42,0, — 2c, 3 i: 4 (1 ++ a,)? 
(a),_,=? Kees, i+ (1 + a,)* } B era eas 


= 25a, + 18a,0,— 7a) . 15a). 
ap Lt aa) tag Fayty — 4s) pe 4 _ 0 (258) + 18525 — 7a) 4 ih: 


(1 -+ a, (i + 2,)° 
etc. 
According to the first condition of (10-4-68), 
n(d@) Bm ve 
= 0 (Ger), “at” (10-4 -72) 


. $ r@ 
By substituting into (10-4-72) the expressions obtained for (ae is 
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we obtain, after certain transformations, the following series in B: 


2 “ af ita, of (1 +4,)* 
= ita)=p +B [eet taageg f] + [ieee 
Ba, 12, — a 8 1+ 
+R +s" +P +e [oteet 


5a? 
+ a4)(31a, + 22a,a, — 9a,) @, (19a, ++ 15a,0 — 42s); -4- 
+ re eet Seep Sal et papi [+--+ (10-4-73) 


It can be shown that for a,;=a,=0 series (10-4-73) is transformed into 
the series which can be derived from (10-4-69) /27/. If Bis known, it is 
possible to use (10-4-71) to find values of 6(£) for various & and then to de- 
termine, from the corresponding graph, the time variation of the tempera- 
ture at different coordinate points. The velocity of propagation of the phase- 
transition front is 


dy = pV o 


ds V2 


Another method for solving nonlinear heat-conduction and mass-conduc- 
tion equations has recently become widely used. This is the so-called in- 
tegral method, which is similar to the Karman-Polhausen method used in 
boundary-layer theory. Some variants of this method are considered by 
Goodman /28/, Bakaleev /29/, and others. 
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Chapter XI 


HEAT AND MASS TRANSFER IN A 
LAYERED MEDIUM 


11-1. The System of Heat-Transfer and Mass-Transfer 
Equations for a Layered Medium 


The transfer of heat and matter often takes place in complex coupled 
systems, and the thermal and mass coefficients of each system may obey 
different laws and may be discontinuous at the contact boundaries. Such 
problems are often encountered during the study of heat and mass transfer 
under various conditions, such as transfer in shielding devices, the trans- 
fer which accompanies variation in the chemical state or the state of aggre- 
gation, and also during calculations of transfer in electrical insulation, dur- 
ing the application of various methods of determining the transfer coeffici- 
ents, etc. 

With the passing of time, a surface delimiting two systems may remain 
unchanged or else may move into the interior of one of the systems. The 
latter problem (the so-called Stefan problem) is of great practical impor- 
tance in metallurgy (ingot crystallization), in construction heat-engineering 
and agrophysics (the freezing of soil and walls), etc. 

The problem of maintaining normal working conditions for men and 
equipment in modern flying devices is a typical example of the problems 
considered in this section. To obtain such conditions, the shielding struc- 
tures in the working section of the device are made multilayered. Each 
layer is constructed of a material which has properties qualitatively dif- 
ferent from the others and which has its own specific function. For ex- 
ample, the surface layers may be made of materials possessing a high 
phase-transition heat, while layers situated further from the surface may 
be of materials with a low thermal conductivity. As aresult, in spite of 
the large thermal fluxes which may be set up by friction between the device 
and its surroundings, these thermal fluxes do not penetrate to the working 
sections. 

For a composite multilayered medium the system of differential heat- 
transfer and mass-transfer equations can be written as 


at 08 

ConX on 7 = div (4g,yt,) + Ow RYor ma} (11-1-1) 
8 

CmrYon > = div [Aman + Amardavtals (11-1-2) 


where the subscript & denotes the number of the given layer in the multi- 
layered medium (k=1, 2, 3,..., #). 

The solution of system of equations (11-1-1) and (11-1-2) is determined 
according to certain conditions, which for the one-dimensional problem 
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have the following general form: 
for <=0, t=f,(x) and 6=f, (+). (11-1-3) 


At the boundaries between the layers (that is, at x=/,, where k=], 2,..., 
n—l1) the heat-transfer and mass-transfer potentials and the heat and mass 
fluxes [in adjoining layers] are equal (Figure 11-1): 


tp tris 6, = 62413 (11-1-4) 


Otr 
don tn + (1 — ey) Pai mn (*) = Agings) et : I mn (*) = Imin+r)(*)- (11-1-5) 


At the external surfaces (x=0 and x=1,=/1), where heat and mass exchange 
with the surroundings takes place (see Figure 11-1), the boundary conditions 
may be written as 


— hy, POD 4 5, (t) + (1 — 81) Padme (2) = 05 (11-1-6) 
dang OOD he hogy EOD bong (2) = 0; (11-1-7) 
gy Eo) 4. fgg (2) — (1 — 8) Peds (2) = 05 (11-1-8) 
jem AL 06,, a *) + dmndn ot, Has) *) Fn) 1 jy (2) ==, (11-1-9) 


where j,(t)and j,(r)are respectively the heat and mass fluxes from the sur- 
face of the multilayered body. A zero subscript denotes the external sur- 
face at the left (x=0), while the subscript / denotes the internal surface at 
the right (x=1). 

Heat exchange between the surfaces and the surroundings takes place by 
convection and by radiation, so that the heat fluxes jgo(t) and jg:(v) are func- 
tions of time. If the contribution of the radiation energy is small, then the 
heat fluxes can be expressed as 


Jao (*) = 4g (bsg — Bc); 
ja (s)= a”, (O'o —tis); 


where ?’, and t”, are the temperatures of the surroundings, and a’, and a”, 
are the overall coefficients of heat exchange between the surroundings and 
the surfaces of the body (Figure 11-1), 

In the moist-state range of the external surfaces (6,>100°M), the mass 
(moisture) fluxes j,,(t)and j,.(%) are constant provided the parameters of the 
Surroundings are constant. In the hygroscopic range (6,< 100°M), the mass 
fluxes are 


imo (%)=@'m(8,—6'o) and fry (t) =a" (8, — 86). (11-1-10) 


The solution of system of equations (11-1-1) and (11-1-2) with limiting 
conditions (11-1-3) through (11-1-9) is quite difficult. However, several 
simplifications can be introduced, since the heat and mass exchange at 
the external surfaces of the body takes place within a limited range of the 
regime parameters of the surroundings. 

If the external surfaces of the body consist of materials which have 
low potential conductivities [diffusivities] a,, then the mass-exchange 
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number Bi, =F can be taken as infinity (actually, Bi, >100). The mass- 


transfer potential § at the surface of the body will then equal that of 
the surroundings (that is, 6(0,+)==@. and 
6(2, +) = 98",). 

A second simplification can be intro- 
duced into the differential mass-transfer 
equation. If the dimensionless parameter 
describing the relative rate of propagation 
of the field of mass-transfer potential is 
much lower than unity (Lu<1), then the 
field of the potential § lags behind the tem- 
perature field considerably. Therefore, 
for constant regime parameters in the sur- 
roundings, unsteady heat transfer takes 
place almost with a constant mass content 
of the body. When the field of the poten- 
tial 6 begins to develop, a steady-state 
temperature distribution is established, 
and the differential mass-transfer equa- 
tion can be solved for this steady-state 
condition (dt/or=0). This simplification 
can be made, for example, for many 
building materials. For example, for wood 
Lu is approximately from 0.007 to 0.040 
and for a diatomic brick material it is 
heat and mass transfer in a multilay- from 0.01 to 0.07. However, for moist 

ered medium quartz sand the parameter Lu is approxi- 
mately unity, so that in sand an unsteady 
field of the mass-transfer potential 6 is 
accompanied by an unsteady temperature field. 

With the above simplifications, the system of differential heat-transfer 

and mass-transfer equations can be written as 


FIGURE 1il-1. The calculation of 


div (tanta) + enPaancmn =O: (11-1-11) 
8 ; ‘ 
Conor Ge = GV (AmnVOn) + div (AmaSnVtn)- (11-1-12) 


For the zonal method of calculation, the coefficientS Agk, Amz, and Amada, Can 
be assumed to be independent of the spatial coordinates. Thus, (11-1-11) 
and (11-1-12) combine into the single equation 

where by=nppdp4ma/4gn- IN most cases the coefficient 6, is considerably 
less than unity, so that it may be neglected. Consequently, we obtain the 
familiar equation describing uncoupled mass transfer. 

System (11-1-1) and (11-1-2) can be simplified in another way when 
Lu>1. A quasisteady distribution of the mass-transfer potential (06,/d* 
constant) is established very rapidly in the material, and the problem 
reduces to the solution of a system of uncoupled heat-transfer equations 
with source terms. 
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Thus, in both of the limiting cases we end up with a system of differ- 


ential equations describing uncoupled transfer: 


Ore — any Ont Wr (Xs Ys 257) (R= 1,2, 005 n), (11-1-13) 


and the solution of such a system constitutes the subject of the present sec- 
tion. Here, for generality, the potential 9 may refer to either the tempera- 


ture or the mass-transfer potential. 


11-2, A System Consisting of Two Bodies 


Let us now solve system (11-1-13) for various two-layered one-dimen- 


sional bodies. 
a) Solution for two semi-infinite bodies, with 6, at 0<x<eo and with 6, 


at —oo<x <0 
We have here the system of equations 


Oa, (11-2-1) 
oa, oe (11-2-2) 


with the following limiting conditions: 


6, (x, 0) =f, (x) (x = 0); 6, (x, 0) =f, (x) (x <0); (11-2-3) 
6, (+0, +) = 6, (— 0, +); a, POs) g, Mars) | (11-2-4) 


Following Tsoi /1/, let us assume that 6, and 6, are functions to which 


Fourier transformations with respect to the variable x areapplicable. The 


uantit 
q y 06, (0, +) 08, (0, x) 
2, Eo aa, MeO) — 7), 


representing an unknown function describing the mass flux occurring at the 
boundary between the two media, will be determined in the following. If 
we apply to equation (11-2-1) the infinite Fourier cosine transformation 


{9, (&, =)}o = y = fo (x, t) cos xk dx, 


then, taking into account (11-2-3), we obtain 


d {0,36 ae, 
Veta, (0,0. — + VW ice) 


Next, by using transformed initial conditions (11-2-3) to solve this equation 
and then applying an inverse cosine transformation, we find that 


0,(x,7)= _ fh. (a) {exe| — att + exp [= aes |}e2— 


=. V3\yes ex[ ~ agama] 2 (11-2-5) 
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To determine the function §,(x,+) we first transform the domain 
24 (—co<.x<0) into the domain OQ’ (0<z< oo) by means of the substitution 
x=—z, The solution for 6,(—z,t)can be obtained using the same opera- 
tions which were used to obtain (11-2-5), so that we have 


20) ag fae feet] tno[ Het ae 


+i y 2 (1, ex [ ex P| tae |" (11-2-6) 


To determine j(t)we use the first of the coupling conditions (11-2-4). 
We have 


; j (<*) de* = ie _9. 
\y== 2* = F(z), (11-2-7) 


0 
a? 


_ fe 
vat Valve Fale exp ( 


— (1, (— a) exp (—aéx) i : 
0 


Equation (11-2-7) is an Abel integral equation with respect to the function 
i(s); its solution is 


where 


% 
‘ 1 ed F («* 
A era ra ae ds". (11-2-8) 
0 
(xtaPy}. 
Let us note that the presence of the kernel exp fae | in formulas 


(11-2-5) and (11-2-6) makes it possible to speak of the convergence of the 

improper integrals for a wide range of functions /[,(x) and f,(x), that is, for 

a wide range of initial conditions. The latter fact is very significant during 

a zonal calculation of the system of heat-transfer and mass-transfer equa- 

tions. In particular, it can be shown that the following equalities hold true: 
06 i (*) 08, —_j(*) 


lim =; and lim —?—4—., 
x40 49% 1 x»0— 9% A, 


Let us consider a particular case of the problem at hand, namely the 
case when 
f,(x)=6) =const and f,(x)==6) =const. (11-2-9) 


For constant initial potential distributions, equations (11-2-5) and (11-2-6) 
represent ''generalized solutions" of the system (11-2-1) and (11-2-2), since 
it is obvious that Fourier transformations are inapplicable tothese functions. 
After some simple transformations, we obtain 


(8° — O) Ara Ve 
AL Var taVa, 


The substitution of the value of the constant F(t) into equation (11-2-8) 


F(z) = = const. 
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gives ae ee 
boars +e," Vt ‘ 

. A 
where for problems of uncoupled transfer we define =e as the 


coefficient of penetration or activity (either thermal or mass). 
Subject to conditions (11-2-9), solutions (11-2-5) and (11-2-6) become 


+ x? 
)— 9 ex | —qanaey | 
is a eee my, |e een ad 2S (11-2-10) 
0, — 85 mM1-+ K,) V v¥(< — t*) 

: 

6, (x. 7) — 09 K, exp | — we Ts 

ez) oa] Va eaadin 
0 

where Kat V& af Bite aH = is a dimensionless parameter characteriz - 


ing the activity of the first medium with respect to the second. We may al- 


K 
TK , where K, is a parameter characterizing the relative con- 


ductivity of the medium (K,=3) and K,is a parameter characterizing the 
2 


so write K,= 


inertial properties of the first medium with respect to the second (Ka= al 


In solutions (11-2-10) and (11-2-11) the integrals are time integrals. In 
some applications, however, it is desirable to integrate with respect to the 
spatial coordinate, Then, equations (11-2-10) and (11-2-11) have the form 


6° + KO oT 
oo + op K,(oo—8° 
6, (x, +) = ro eas oe ert ( Wa \ (x< 0). (11-2-13) 


If we set 6) =0, then we obtain the solution given in /2/. The more general 
system of equations 


On — a, 2 4 w, (x, 2); (11-2-14) 
00, 0 
Oo a,5o + w, (x, *) (11-2-15) 


can be solved similarly or else by means of Green's function. For limiting 
conditions (11-2-3) and (11-2-4) the solution may be written as 


(2 9 aye | hte){—hesp| ~ Tages | Seb a rea aa |} aa + 


tipore J fa(a)exp [ —-ESEVAS" | da 


[> a) t 
W(t) f _ (xa? (x —a)? 
ay 2V na, \as j Yuet hexp| 4a,(t —t *) |tex[ aa ==\\ we 
0 


0 % 
I W» (a, *) (x —aVK,)? 
Bee eg le ef a eV al es a: 
(14+K,) Ya, J . Fs xP | 4a,(t — r*) |e; (11-2-16) 
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a 2 Wee fr (9) {hexp | sa me |+exp[—- “ta, a fas 


toate inen| [ ~e= 4 VK | da + 
bt alan | ef eh te [Sta] to0[ Eat 
+ TER! ofa. exp| — — CaAVRS | des, (11-2-17) 
where 
— 
h= aR 


If in equations (11-2-16) and (11-2-17)weset w,(x, 1) =0, for (k=1, 2), then we 
obtain solutions (11-2-5) and (11-2-6), provided the expression for F(t) is 
taken into account. 

If the contact between the media is not perfect, then boundary conditions 
(11-2-4) are somewhat different, namely 


6, (0, ) — 6, (0,«) =x, (*) and a, -PeO 3) g, rts) — y, (9). 
The solution of this problem has the form 
8, (x, %) = 60 + 6 ; 
6, (2c, s) == Of) + 6 ; 


where g{" and 60”) are determined respectively by equations (11-2-16) and 
(11-2- 17), and cwhere 6 and 6%) are determined by the expressions 


salah a Ser ( exp(—at) x, (+ — tear ) a+ 


+e va “Sd, exp(— a) x, (+ — rad da; 


mt [expen (sate) dat 


ae 


if/Ay B 
+B fa [enor fe 
—p/ Vs 
From the above solutions it is possible to obtain several particular 
solutions. 


b) Solution for a system consisting of a finite body 
and a semi-infinite body, with 6, at O<x</ 
and with 6, at/<x«<oo 


The solution for a layered system consisting of a finite body and a semi- 


infinite body can be obtained using various integral transformations, but 
most often Laplace integral transformations are used. The detailed solution 
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of a simple problem by means of this method will now be given; for other 


problems only a summary of the final results will be given. 


Let us consider system of equations (11-2-1) and (11-2-2), subject to 


the following limiting conditions: 


6, (x, 0) = 6, (x, 0) = 0; 
6, (1, +) = 6, (, *); 


08, (1, +) 00, (1.%) . 
a, Ox Ay ox ° 
6, (0, t) = 65 = const; 

6, (co, t) = 0. 


(11-2-18) 
(11-2-19) 
(11-2-20) 


(11-2-21) 
(11-2-22) 


The solutions of equations (11-2-1) and (11-2-2), in terms of the transforms of the functions 6(x, *), 


with conditions (11-2-18) and (11-2-22), are 


{9:}, = Aexp (2 x) + Bexp (-f = x) ? 
{9}, =C exp (-Y x): 


(11-2-23) 


(11-2-24) 


Constants A, B, and C can be found from boundary conditions (11-2-19) through (11-2-21), which for the 


transforms can be written as 


{8,(L, sh, = {8a(t. s)}rs Ky {Osh sr = (8'a(4, s)}z3 


6, 
{8,(0, s)}},=—- 


When the values of the constants are inserted, solutions (11-2-23) and (11-2-24) become 


{94 (x, al he a 
aaa Cen ares 
(as eieeey ep 2 xp (Vg 1)—ex (- Vz ‘ 
alls M \ a farene h exp( — Ve ‘) 
xt oo(—WE))} ool -V Ee} 


1—K, 
Since |A| =| 7 RR +K <1, therefore on the basis of the expansion 
8 


l 
Tox = ltetaxtt... (AID), 


moe ey ty 
VE). VE) ase E 


2? hn-1 exp [ -(en nV = |. 


it is possible to use the transformation 


P 


(11-2-25) 


(11-2-26) 


(11-2-27) 


Moreover, since K,>0and|[h|< 1, the infinite sum converges rapidly, Thus, taking into account (11-2-27), 
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we may rewite solutions (11-2-25) and (11-2-26) as 


ie s)}r ee (-Vz x)~ 
+h aes [ten 2 Jen [on +n Z]} 


Y) trtex{— [eaten V3] 2}. 


Finally, in terms of the inverse transforms, we obtain 


2 
UJ 


8 


LF (x, 6, (x, t) 


nee —X 2a+X 1, _9. 
oa Te = erfe —h y [erte = OyF. eer ee | (11-2-28) 
0. (x, 1) 2K, = 5 X —1+(2n —I) KZ 1/2 
ee y h™- erfc | (11-2-29) 


where ne 
X=x/l; Fo, == oe ; Foo=-. 


Let us now give several solutions for other limiting conditions, 
I. When conditions (11-2-18) and (11-2-22) are 


0, («, 0) = 69 = const; 6, (x, 0) = 6° = const; (11-2-30) 
8, (C0, 2) = 0° = const; a(n, (11-2-31) 


then the solution of system of equations (11-2-1) and (11-2-2) with conditions (11-2-30) and (11-2-31) and 
(11-2-19) through (11-2-21) is 


6,(x, t)—0? ee. ~ aw ert ta —erte EX 
—=_—spy SCN peepee aaa! n ——— 
8, — 0° 2VFo, y [ erte 2QVFo,  2YFo, aE | 


A= 


0 0 © 
ee end y An-?  exte Sass ~erte ME |: 
1+ K, 6, — 6? 2YFo, 2YFo, , 
aS 
O.(x, 7)—0) X —14(2n—1) Kz 
nwt 
Bo — 8 “Fx ye een ayYFa 
n=1 
K, 6) — 65 X—!1 
TTHK, 0-0 °° OV Fo, 
x 2K, ~ eee onK>"h 
(1 + K,)* (80 — 8}) yy 2 Fo, 
II, When condition (11-2-21) is | 
6,(0, t)== 6% (5 =const), (1 1-2-32) 


then the solution of system (11-2-1) and (11-2-2) with conditions (11~2-18) through (11-2-20), (11-2-22), 
and (11-2-32) is /3/ 
2(a—1I +X _ 


0, (x, cated eric —-_— a a +y As 4 etfe ——_— oY Fo, 


2— X 2n — X 
a| oe PRY) ete OV Fo, |} 
a= 


905 


: {| __1=x 
Os (x, s)= Abe {1 — A) erte| a OV Fo |+ 


+(1—h) y h*- 22 erfc [ aE -s7 |}. 
n=2 


where 


[+e] foe) 
Perfoz=— { ierfctdE and ferfez= i) erfc Edé. 
2 z 


Ill, When condition (11-2-21) is 


6, (0, t) = 9,, sin or, 


then the solution /4/ can be written as 


ig ar [oxe(—V/ Pax) ae (Pare. PH a) 
—hexp |-Y + pa, (2—x)| sin | Pd, Fo, + ye Pa, (@2—x)|— 
— h {exp [-Y +Paa—»| sin ( pa,Fo, + vee Pd, x) + 
+ exp [-Y +Pa,e—| sin | Pa,Fo, _y +a, e—x]}]+ 


—h as) d Pd* _ 
1—h cos 2 Y Pd*/ (Pd*)? + Pd? 


a 
d* a, 
eo i{ exp (—Pd* Fo,)sin (x VY Pd* — arc tan 
0 


co 
—h \ exp (—Pd* Fo,) sin (- X Y Pd* arc tan 
0 


Sl SN ep |-¥+ Pd, ae Pd,(X —1 | sin | Pd, Fo,— 
-yt pa,—-V/ + Pd, (X — »|—s exp [—3 + Pa,— V > Pd; (4 — »|x 
X sin [ Pa, Fo, + ¥+ pa,—Y > Pay (X— Nee 


oo 


++ (1 — A) Pd, a exp (— Pd* Fo,) sin Gs —1) VPd* K'? + arctan tan Pa | x 
0 ® 


sin 2 Pd* d Pd* : 
cos 2 Y Pd* —h } (Pd*)? + Pd? 


d Pd* 
* pay + Pa 
(Pd*)? + Pd; 


1 : 
M =1—2k exp (-2f + Pa,) cos 2 V+ Pd, + A* exp (—4 Vs Pd, ); 


s 
Pd, = _ 3; and Pat = —— [2 is the Predvoditelev number, 
1 


where 


c) Solution for a system of two finite bodies 


A number of solutions obtained using Laplace integral transformations 
will be given. 

I, Two infinite plates, Let us consider the transfer of heat or matter in 
a double-layered wall of thickness /, The first layer has a thickness 
1, (0<x<l,), while the second has a thickness I, (l.qxel). The following 
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limiting conditions are assumed: 


0,(x, 0)==6, (x, 0) ==6,—const; (11-2-33) 
0,(4, =) = 0, (l, +); a, Sees) Salers) ; (11-2-34) 
6,(0, =)==0.—const; 6, (/, s) = 6, const. (11-2-35) 


The solution of system of equations (11-2-1) and (11-2-2), subject to 
conditions (11-2-33) through (11-2-35), can be written as 


xl, 


K i y 
G(x, 7)—0, be ( we l/2 pe 
ey) } abe K, COS ty, ~ ‘sin K! Paki 
— sin pp =—** cos teak) exp(—v? Fo,); (11-2-36) 


a oa = sonet ~Yinr Ksin kien * exp(—Kipt Foy), (11-2-37) 


n=l 
where 
Yn == (K+ Ki? K,) sin pa sin KY? Kytn — (1 + K,K'7K}) 608 tty COSK 7K pn 

Here y, are the roots of the equation 

tan p+X, tan(K!"Kipn)=0 (11-2-38) 
or of the two equations 

sinp=0 and sin K.?K,».=0; (11-2-38') 
and also 

Po= 7 and K,=1,/l,. 


Solutions (11-2-36) and (11-2-37) correspond to the case when K'"K, is not 
a proper fraction. If KK, is a proper fraction, which we will write as the 
ratio 


Kx, — + 
then K!? Kita py = 108 and =e. In this case it is necessary to add to 


solutions (11-2-26) and (11-2-37), respectively, the following quantities: 


— aR ya sin exp (—m'b*s"Fo,) 
=! 


bn. 
—- UR i yi soot cos mbr sin @"* pax exp (— b"m's *K,KFo,). 


m=) 
In the steady state (Fo,=oo), the distribution of the dimensionless potential 
is given by a linear law. The dimensionless potential 10s) Oe at the left 
on™ Ve 


surface (x0) is equal to unity, while that at the opposite surface (x=/,+1,) 
is equal to zero. At the contact surface (x=—1J,), the dimensionless poten- 


K,K 
tial is GEE If the conductivities 4 are equal (K,=1), then for /,=/, (Ki=1) 


the dimensionless potential is 7/,. 


907 


Solution (11-2-36) and (11-2-37) is convenient for calculations when Fo; 
is relatively large, in which case all the series terms except the first can 
be neglected. For low values of Fo, the transfer phenomena in this system 
are analogous to those in a double-layered system in which the thickness of 
the second layer is, infinite (l,.= 00), 

Il. Two spherical bodies (sphere within a sphere). For this problem 
system of equations (11-2-1) and (11-2-2) may be written as 


otras *)] Lge ee.) (s>0; 0O<r<R,); (1 1-2-39) 
2 rts fe «)} = Q2 (ales «)) (< >0; R,.<r<R,). (11-2-40) 


The solution of system of equations (11-2-39) and (11-2-40) will now be 
given, for the following limiting conditions: 


0,(r, O)=4,; 4,(r, 0) —9; 
0, (Ry, 2) = 0, (Ry, 1); 2, Re) a, Rn); 


§,(R,, t)=0. 
The solutions are 
8, (r, i R 
p= re Fay Sin Sin K1(K — 1) bn Rt exp (—v) Fo) (11-2-41) 


n=l 


83(r, t)__ m2. Ss Ki? (Kp—r/Ri) bn ‘ ; 
ap? P(e) ne r/R, exp(—p_ KaK,Fo,), (11-2-42) 


where 


Y (tn) = K,n sin? Ki? (Kp — 1) in + KL? (Kp — 1) in Sift” tn 


1 —K7?K, ® 4 1/2 
KPan sin’ p, sin" K (Kp — 1) pn. 


The roots #, obey the equation 
[Ki"p cot K!?(K, —1)u-+ 1+-K, [» cot p— 1] =0 (11-2-43) 
or else the two equations 
sinp==0 and sinK!?(K,—1)p=0, (11-2-43') 


It should be kept in mind that solutions (11-2-41) and (11-2-42) refer to the 
case when K/”(K,—1) is not equal to the ratio of two integers. If K" (K, — 1) 
is equal to the ratio §/6 of two integers, then 4. =ne and p =e. In this 
case it is necessary to add to the first solution (11-2-41) the quantity 


2 in bemr/Ry 
— apt Yy (— DON AR exp (— mibrtFo), 


mal 


and to add to the second solution (11-2-42) the quantity 


sin mBr sin mix (Kp —r/R,) r/R, ) 2 
+zaR tH +5) ae mK ijr]R,  °XP(— Kak, m'b*n'F oy), 
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where 


it. po at, 
Fo,= R? i) For= 22 9 R R, e 


I. Two cylindrical bodies (cylinder within a shell), Let us consider 
an infinite cylinder surrounded by a thin shell. The shell will be considered, 


to a first approximation, to be a plane. The problem is formulated as 
follows: 


a, (Mt + 8) 0; Ogre Ri 


S=a,5t (s>0; R<rcR)s 


,(r, 0)—=6,(r, 0) — 4, —const; 


6,(Ri, t)=6,(R,, *); a, Are) a, Maud) ; 


0,0, 2) <oo; —2, Re) 4 918, —6,(R,, 2)]=0. (11-2-44) 


The solution has the form/5/: 


a J) An-Je(ear/R,) exp (—w, Fo); (11-2-45) 


n=! 


0, aha =—1— JV) An ie (Hn) C08 [¥nK 2” (r/R, — 1)] — 


a=!) 
— KJ, (un) sin [42K (r/R, — 1)]} exp (— B, Fo), (11-2-46) 


where 


QBIK, (K1?(Kp— 1) ta + Bi tanKy? (Kp — 1) Hal 2 2,2 
Ae pals tealsta KE — New f | Ae Ke Rea 


+ 0 ee cn. 2K Ka? (Kae—!) peg ; 
+Bi*)cotK, (Kp 1) a on OKTE(K p= In + Ka(Kp— 1)", + 
+ [Ka (Kp— 1), +-2K,K.? (Kp — 1) Bi-+K’ Bit] tanK!?(K,—1) a+ 


EK Ka (Ky — 18, +242 KI? (Kg — 1) Bi —2K1? (Kyl) a Bi— } 


When we take the limit as Bi-+oo, the second condition of (11-2-44) 
becomes 


0,(Ry, t) =o. 


Thus, equation (11-2-45) remains the same, while equation (11-2-46) 
becomes 


15 ae} 2sin[Kg" (Ky —1/Ri) wl xP (— tp Fo) 
bo — 8 fm «6 Ki—-1 pipe lain 2K? 
where 2sin k'/2 (K —i}p, 
A, = a8 


K?—! 


Prd, 7 K sin Ki(Kp — 1!) a— as sin 2K? (Kp — Pat | 
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I 
b= KP (Ke— V+ ZC? 
and p, are the roots of the equation 
Jy (4) — KJ, (w)tank,? (K,—1)p=0. 


More general solutions for a system consisting of two finite bodies can 
be obtained by means of integral transformations using Green's function. 


FIGURE 11-2, Symmetric transfer in a three- 
layered wall 


The study of heat and mass transfer in layered media also includes 
problems in which unsteady potential fields are encountered not only in 
the body but in the infinite surroundings as well. The methods for solving 
such problems do not differ in principle from those of the previously con- 
sidered problems. Several solutions are given in /2/ and in /6/ through /9/. 


11-3, A System Consisting of Three Bodies 


At the present time there exist a number of solutions describing transfer 
phenomena in a layered system consisting of three bodies. We will give 
here only two of the most typical solutions, since these have practical in- 
terest. 

1, A symmetrical system of bodies, consisting of three infinite plates. 
It is assumed thatthe middle plate, of thickness 2R, contacts in its planes 
the other two plates, each of which has a thickness /. The properties of 
the outer plates are identical but differ from those of the middle plate 
(Figure 11-2). 

The limiting conditions of the problem (in accordance with Figure 11-2) 
may be written as 

6,(x, 0)—= 6, (x, 0) = 6, const; 


6, (45 7) = 6, (1, *); 4, Ake) 2, Maly ®) ; P10.) 0; 


06, (f, 
2, 2G 9) 4 a (0, (1, t) — O¢] =0. (11-3-1) 
The solution, which was obtained by Smirnov /10/, i 


6, — 9, (x, +) 
',— e 


6a 
2 
= 1 =), aba £8 (ak, x/t,) exp (— pe. K°K,'Fo,); 


naz! 


oO 
0,—Os(x, t) 2 x 
i — oe ='— Dink [costtn 


=! sin aK | exp(—p-. K~'K’Fo,), 


— { = 
7 C08 aK, "Ki — 


— K, sin p, <— 
where 


Yn [(1-E KUKT'? + AEE!) sin hg ton pr (1 + KKK") 008 Hn | 


X 608 pak KT? i eR KK lk = 


wt Fay 


and p», are the roots of the characteristic equation 


K, & (1+ Ki) tan(eKiK,'”) = 1 — = (1+ X,)tanp— K, tanatan(pkik,”); 

with 

Bi= Ki= 4h Fo,= 7 ; Ka= a. 
If Bixoo, the second condition of (11-3-1) becomes 

6,(l, t)==6, const. 

In this case the general form of the solution is the same, but 

Yn = (1 + K,KiK>") sit ty C08 tn KK, + 

+K, (1K, 'KiK,'”) cos tip sit on KT”, 
and p, are the roots of the equation 

K,tanptan(yK,K_'”) = 1. 


Il. The general case of a ternary system with a source. Let us con- 
sider the system of equations 


oy%y Bt a, Sw (x, 0) (80; OSH) (11-3-2) 
Cte 2 = 2, St em, (x, t) (7 >0; <x); (11-3-3) 
oy, =a, tw, (x, 2) (80; <<) (11-3-4) 
with the limiting conditions 
0,(x, 0) =6,(x, 0) 6, (x, 0) =f (x); (11-3-5) 
6,(0, =) =, («); 6, (l, t)=9, (*); (11-3-6) 
6,(l,, t)=96,(1,, 2); a, Alu s) 4, Sele) — 9, (z); (11-3-7) 


6, (/4, t) = 9, (0, %); 2, Seles) 2, Mn) — 9, (2), (11-3-8) 


To solve differential equations (11-3-2) through (11-3-4), we apply the 
following finite integral transformations with Green functions /11/: 


0g = 10: (Hm Do= =| 0,(%) 2) G, (Wns x) dx} (11-3-9) 
B= {92 (Hn to=( 0,(X, %) Gy (tn, X) ax; .(11-3-10) 
30 193 (ns Mom [40 %)G, (pn, x) dx, (11-3-11) 


where the Green functions G,(k=1, 2, 3), taking into account conditions 
(11-3-5) through (11-3-8), are 
Gx (ns) = P (tn) sin (Sx ); 
= in| “= (t, — N Pn (l,—x)I; 
Gs (uns *)=M (yn) sin [2 (L, —)] + Gn) €08 | (Le — *)]3 


Weue G, (ns «)=sin |" (!— x). 


P (nn) ={M (bn) sin [ (1, — 4) | +N on) B® (ls — 4) |} —e y 


M (tn) $e + zt 08 [1 —1,)]5 


N (tmn)=sin [22 (t ~ 14) ]; 
and , are the roots of the characteristic equation 
—3zh. qcot[ (f, —4) |cot| (I—1)|= 
=z gicot (Ht) {eot[ &,—1) ]+#- Ecot[ 0-4) |} (11-3-12) 


The inversion formulas for transformations (11-3-9) through (11-3-11) 
are 


On (x, =e Sets (05 (Hn No|Gn(tn» x) (A= 1, 2, 3), (11-3-13) 


a=l j=l 
the summation being performed over all the positive roots », which satisfy 


equation (11-3-12). The values of & are given by the expression 


{ 
2_w 
t= — a te 
C53 >> Ps (en) 
j=! 


where 
$1 (Yn) = P* (Hn) [zt sin(2 & a -)]5 


Ps (Hn) = [MP (Hn) + N* (n)] ESE M (thn) N (thn) 2 sin [ote (4-1) | 
+72 (IN? ices (Hn)] sin [25 (t, — 14) |; 


?, (tn=" — i sin [2 —1,)]. 


If we multiply equations (11-3-2), (11-3-3), and (11-3-4) respectively 
by Green functions G,, G,, and G,, and then integrate these equations over 
the intervals for these functions, then we obtain 


do 
CY; ot ws 19)9 = [2 1 on G an = (2,0,67,)0 . {w,}q3 (1 1-3- 14) 
este a tei o n= (4% G,}” — (4,0.6 12 + {04}q; (11-3-15) 
dé 
CY, s+ C41 ,8,9 = [2 3 oe G Ae — [4,6 + {@,}o, (11-3-16) 


where 


{0p (thn Jo= | wa(X, 2)G,dx (k—=1, 2, 3). 
Xs 


For k=1, we have y,=—Oand y,=J/,; for k=2, we have y,=/,and x,=—4,; 
for kR=3, we have y,=—4, and xy,=J. 

If we define 6,=90,,+6,,+6,,, then we may add equations (11-3-14) through 
(11-3-16) to obtain 


1 0, 
ao >) {who+ [a aoe Gus 


r|eent 
+[ 2,2 G,— 14, a, ye ot Paha AG ents + 
+14,8,0, —4,0,0%}e-n— [ 2,6, 1. _+ 
FBC emo t [Az | — AC leor (11-3-17) 


Then, taking into account conditions (11-3-6) through (11-3-8), we can show 
that 


[4 4G — A526, | 1 Pon) sin (Ss) #, (2); 
[ 2,3 G 14, 2G, |, TN (thn) Pa (4); 
[219.0 exo = AP (thn) F- a (2)s 
20,0 Jer = — 4, 2 9,(2), 


whereas the other quantities in brackets are equal to zero. Therefore, 


equation (11-3-17) may be written as 


8, 


Ze + Ho = YY {wrdo+ P (rn) sin (32 La} (8) + 


“as, (2). (11-3-18) 


Ay % 
EN (tn) Pa(2)-+ P (ttn) “3 $3 (4) + 
The right side of equation (11-3-18) may be denoted by Q(t), so that 


2+ 18g = Ql). (11-3-19) 


The solution of this equation is 
0, = exp (—p. *) {A+ [ Q(s*) exp (u s*)de*\. 
0 


The integration constant is determined from initial conditions (11-3-5) as 


i, l, i 
A={0 (4m Ng erts (FIG + errs { F(x) Gadx tot, { f (x)Gdx. 
0 ls 


1 


The final solution of the problem is found by applying inversion formula 
(11-3-13) to 6,, that is, by finding 


0,(x, t)= > £0,G,.- 


n=] 


The above system of equations has been used to describe an unsteady 
temperature field in a colloidal body. During the heating (baking) of dough, 
an upper and lower crust are formed, as well as crumbs; thus, the dough 


FIGURE 11-3, Temperature field in a material during baking, 

calculated using a hydrointegrator (solid curves) and using the 

experimental data recorded by a potentiometer, The curves 

and points 1 through 7 correspond to times t= 3, 6, 9, 12, 

15, 18, and 21 minutes after the beginning of baking; x is 
in millimeters 


acquires a layered structure. Junction conditions (11-3-7) and (11-3-8) 
also take into account the fact that the heat flux supplied from the crust is 
not completely transferred to the crumbs, because of the partial heat loss 


due to evaporation (g:and q2). In addition, the sources w, in equations 
(11-3-2) through (11-3-4), which are functions of the spatial coordinates 

and of time, may be interpreted as follows: w,and w; are sources related 
to vapor transfer from the evaporation zone through the crust, while wy, is 

a heat source related to the transfer of liquid from the evaporation zone to 
the center of the crumbs, due to the temperature gradient (thermal moisture 
conduction). The solution, obtained using a hydrointegrator, shows good 
agreement with experimental results /12/ (see Figure 11-3). 

In conclusion, let us note that interesting solutions for a ternary system 
with a transient source have been derived by Shteinberg /13/, and that solu- 
tions for the unsteady temperature fields in two bodies separated by a gap 
have been given by Mikulin /4/. Finally, several solutions for unsteady 
transfer in layered media, for the case of variable coefficients, have been 
given by Chudnovskii and his co-workers /15, 16/. 


11-4, Multilayered Systems 


The analytical determination of an unsteady field of transfer potential 
in a multilayered system is very difficult mathematically, so that very 
few solutions have been obtained so far. The most general results have 
been obtained by means of transformations with Green functions, the form 
of which is, as usual, determined in accordance with the boundary condi- 
tions. In principle, methods for applying Green functions to a layered 
system do not differ from those used to determine the potential fields in 
two-layer and three-layer systems (see, for example § 11-3). However, 
the amount of work involved in the necessary transformations increases 
sharply with the number of layers comprising the body. 

Let us consider here a very general solution proposed by Kulik and 
Shapovalov /17/. This solution also serves as an illustration of how the 
Dirac function may be applied to the solution of differential mass-conduction 
and heat-conduction equations. A solution which is very similar but which 
does not introduce the Dirac function can be found in /18/. 

Consider the system of equations 


) o*8 
Oh — a, A Lay (X, 2) (R= 1, 2,2. 2). (11-4-1) 


Let us assume that the source term w, can be represented as the product 
of two factors, one of which is a function of the spatial coordinates alone 
while the other is a function of the time alone: 


Wy (xX, %) == P(x) Q: (7). 
The boundary conditions at the free surfaces may be written in general 
form. By means of an appropriate choice of the coefficients it is possible 
to obtain boundary conditions of the first, second, or third kinds, includ- 
ing conditions of the third kind with a variable potential in the surroundings 
and with an arbitrarily varying heat or mass flux: 
for x=1,, we havea, 248, 6, —0c,(t)]-+%,/,(s)=0; (11-4-2) 


Ox 


for x=l,=1, we havea,s*+-B, (On — Ges (t)] + %/,(2)=0. — (11-4-3) 


O15 


The initial conditions have the following general form: 
O(x, 0) =f (x). 


In addition, we assume the following contact conditions between the indi- 


(11-4-4) 


vidual layers: 
On (las %) = Ons (las 73 


06, (fn, *) O9n+1 (a, %) = me -4- 
a 3p Ae ae (kR=1, 2,..., 2 1). (11-4-5) 


Let us convert the nonhomogeneous limiting conditions (11-4-2) and (11-4-3) into homogeneous condi- 
tions, To do this, we introduce the new variable 


(x, t) = O(x, t) —$(x, t) (11-4-6) 
where the function $(%, *) satisfies the conditions 
$ (x, t) an hy (X, «) 
$1 (0, +) = Oo, (+); 
O43 (ty *) Lyng x<ly3 tO; LDR <A) (11-4-7) 
Ma al (ts 
bn (ln. t) = Gata(lar t) 
he Od» Es: Vere: Marlee *). (11-4-8) 
n fn 
p, wae 9 ( ee siz (t)s 


Gn (ln Ee cs (t). 


When system of equations (11-4-7) and (11-4-8) is solved, we obtain the following expression for the 
function $(x, *): 


dn (X, ) = a a A(x)(2¥ — 3b) x? 4 a og — 21 2) — AE) ot + Ans (11-4-9) 


where 


6B 
== 
iy, (20, - a7 Bl n)(Ar — Ay- ») bo 


—_— 


AnAn-1 Ra 
k=2 


a . Lye -177 Stn —AR- 
B = Boa (t) — Ge, (x) + 2 je-y eae” ome 


k=2 
rala(t) | oy tay Anny —Da) 
+g] SES) Beefs 
k==2 
A, (t) = 86, (*}, 


“a Hetits 1 caw As -1) $6.4 (2) 4 


jAyes 


ron: Ey. AGE 1— 21) (Ay = Aje 1) Zaha (t) vy (Aj—3 = Aj) 
a Qn hd AjsAyua +7 or, > coe AAgey 


Now, taking (11-4-7) through (11-4-9) into account, we find that system of equations (11-4-1) and condi- 
tions (11-4-2) through (11-4-4) have the form: 

Op Pun Hr Mn (es 5) ) 07h, (x, 7 11-4-10 

spay PA) L Py (x) Qn (9) 


on =n Gxt ox? 


o16 


u(x, 0)= f(x) — (x, OF (11-4-11) 


ou, (ly *% 
a, ee pale Y= 0% 


: Mn line D4 tn (le «) = 0; 
(11-4-12) 


Up as (Lraoa, %) == Ba (Lap 
, Otn-s(In-y» *) —, Ota(la-1 *) 
hea gg ie 


A Laplace transformation may now be applied to equation (11-4-10), Taking into account initial 
condition (11-4-11), we find that this equation, in terms of transforms, is 


su, — [f(x)— $(x, 0)) = a(x) al 
CL able. ath (x, 
=) [ ate) SE pin) a0] exp(— st) dt. (11- 4-13) 


After a term-by-term inversion of equation (11-4-1i3), we obtain the differential equation 


ot. *) a(x) t) oo ea t) any ee Dy 


ox? 
+ P(x) Q(t) + 8 (+) [f (x) — $(x, 0) (11-4-14) 


where @() is the Dirac delta function, a quantity whose Laplace transform is unity: 
oo 
(2 (t) exp(— st) dt = 1. 
0 


The Dirac 6 function 6(t—v’) is zero at all points lying outside a quite small region (with coordinates —e 
and +e) surrounding the point t’, Within this region, however, the function is so large that its integral 
over the region is unity: 


t’ +e 
) 8(c—*)de—=1, but 8(c—<*)=0 for «#4 


t/—2 
The initial conditions for equation (11-4-14) are 
u(x, 0) =0. (11-4-15) 


Since equation (11-4-14) with initial condition (11-4-15) and equation (11-4-10) with initial condition 
(11-4-11) are represented by the same equations in terms of their Laplace transforms, therefore from the 
uniqueness conditions for the inverse transform and for the transform (with an accuracy up to the zero function) 
the solutions for u(x, t)of equations (11-4-14) and (11-4-10) are the same, Thus, we obtain nonhomogeneous 
differential transfer equations with homogeneous limiting conditions, In the case of condition (11-4-15), 
equation (11-4-14) has the following simple physical interpretation; the presence of the term 8(t)[f (x) —1(x, 0)] 
indicates that the initial potential distribution (11-4-11) can be replaced by the result of the action which 
instantaneous point sources have at the initial moment, 

Using operator notation, we may write equation (11-4-14) as 


L(y =F a(x) EE) wm Fx, ); (11-4-16) 


where 
04 (x, %) 


F (x, <=) = a(X)— p52 FP (x) Q(t) + 2 (2) [Ff (4) —$ (4, 0}. 


Let us seek the solution by defining a Green function which corresponds to the problem at hand. This function 


517 


can be found by means of the Dirac function, First, letusrepresent F(x, +), taking into account the range 
of variation of the variables, in terms of a seepage [diffusion] integral: 


tly 


F(x, +) = J Nae a8) 8(x— x*, c— 2%) dxtde®, 


Now, by multiplying both sides of equation (11-4-16) by the operator L~', we obtain the solution of the 
problem in the form 


u(x, t)=L-'[F (x, +)j 
or ; 


u(x, t)= ‘ {F (x*, t*) G(x, x*, 2, 0%) dxtde*, (11-4-17) 
0 by 
where G(x, x*, t, <*) is a two-dimensional Green function defined by the symbolic formula 


G(x, x*, t, t*) = L-'8(x—x*, t—1"), 


where the operator L~! acts only on the variables without asterisks, 
A 8function which is a function of time may be represented by the integra] 


1 +o 
& (0 — 0%) = on {exp {in(« — v*)] dy, (11-4-18) 


while a 8 function which is a function of the spatial coordinate may be represented by the series of eigen- 
functions 


8 (x —x*) = VCs (x) (11-4-19) 
i 


corresponding to the Sturm-Liouville boundary problem, 


d* x 
ar Sen) Dion. s(x) =0, (11-4-20) 


with the following homogeneous boundary conditions: 


d x 
G, S15) tae, 3(X)=0 (for x =l,); 
dyn, 3 (* 
ay A) on, s(x) a2 0 (for x =1,); 
ee ee ere ee i aay 26 (11-4-21) 
pr—1, 5 (*) = Gr, 3 (%) (for « = l,_,); 
X der—1, 5 (X) =x} dyn, s(x) 
mtd dx iC dy 


Thus, taking (11-4-18) through (11-4-21) into account, we obtain 


1 Oo 
G(x, at. 5, = Cy oe J exp(—ine*) L-*[9y (x) exp (iy2)] dn, 
] —0o 


Let us next calculate the integrand function. In view of (11-4-20), it is easy to show that 
L[pse'"| = 93 (x) (n+ Py). 


If we multiply both sides of this equation by the operator L~!, then we obtain 


gy (zeit 


= int) __ 
plese = ig Py 
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Now, after integration, we find the following expression for the Green function: 
G(x, x*, +, <*) = vis exp[— P(t — =*)] 9, (2) (11-4-22) 
/ 


We must still determine the coefficients C,;. These can be determined from the condition that the eigen- 
functions @,(x) must be orthogonal, The system of functions s(x) defined by equations (11-4-20) and 
(11-4-21) is complete but not orthogonal, Thus, let us construct a new system of orthogonal functions in 
the interval (4, J»), where the new functions differ from @,(x) by the factor my(x), We then find from 
(11-4-19) that 


Sime), 


comet 
Se (x) m? (x)dx 
Consequently, the solution of the problem at hand has the form 


O(x, t) = u(x, +(x, t), 


where u(x, t)is defined by equations (11-4-17) and (11-4-22), while (x, *) 
is defined by (11-4-9). 


919 


APPENDIX I 
A SUMMARY OF VECTOR AND TENSOR NOTATION 


During an analytical investigation of transfer phenomena, the gradients and divergences of tensor quanti- 
ties of various ranks are often encountered, Thus, it will be useful to list the basic relationships for these 
quantities, 


VECTORS 
For a vector A with components A;, A,, and A, we may write 
> — — — 
A = 1,A. + 1,Ay -+- 1,Az:, (1) 


> = > ‘ . 
where 1,, 1,, and 1, are mutually orthogonal] vectors of unit length lying along the Cartesian coordinate 
axes (unit vectors). 


—_ > 
The scalar product of two vectors A and B is a scalar quantity, written as 


A-B = A,B, -{- A,B, + A,B. (2) 


The vector product of two vectors is a vector quantity, written as 


I i, 1 
AXB = A, Ay A, ra (A,B. ae A,B,) + rif (A.B =. AxB,) +4, (A.B, — A,B;). (3) 
B, B, B, 


—_ 


> — 
The vector product of three vectors A, B, and C is 
— — 


wl 


[AX ic (4) 


TENSORS 


— 


> 
A tensor # has the following nine components: 


Pee Tey Toe 
Tyz Tyy Tys|- (5) 
— Tax Tey rs: 
The transposed tensor KH is obtained from the tensor GH by interchanging the rows with the columns, so that 
we have Tex Tyx Trx 
Tey Tyy Teo|- (6) 
Tae Tys Tee 


DY ADS 
—_> — 
The dyad AB of two vectors has the nine components 
A,B, A,B, AzB, 


A,Bz AyBy AyBs\. 


(7) 
A,Bz A,By AsB, 
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This quantity should not be confused with the scalar product 


A: B= A,B; + A,B, - A,B;. 


The product of a vector € times a dyad “AB is 


ad 


= (A B-C)= A(B-C) (8) 
(¢.A B)=(C-A)B. (9) 


PRODUCTS OF TENSORS 


All quantities (scalar, vector, or tensor) can be regarded as tensors of various ranks, A scalar is a zero- 
ad 


—> 
rank tensor, a vector is a first-rank tensor, and the quantity # is a second-rank tensor. This may be de- 
noted arbitrarily as follows: 


aa, (10) 


indicating that a is independent of the spatial coordinates (is a scalar quantity); 


W -ai=x, y 2) oF W >a, Wy, Ws; (1)) 
= 
Hi > Tinlik =x, y, 2), (12) 


or see formula (5). 
The exterior or ordered product of two tensors of ranks mand n is a tensor of rankm-+n, For example, 


->— — —_ 
the dyad AB is the exterior product of the two first-rank tensors A and B and is a tensor of the second 
rank: 


AB (A B)a = AiBy. (13) 


The exterior product of a first-rank tensor (a vector) times a second-rank tensor is a tensor of the third rank: 


(AGL) > (AW)int = AiTar (ly ke b=, yy 2 (14) 
= ee 
(Gi A) > (HW A)int = TinAr (15) 


The interior or contracted product of two tensors is indicated by the following examples: 


A B= A,B, + A,B, +AB= Yi AB (i= x, y, 2); (16) 
Ba BH), = BT; + ByTyi + BT i = VET as (17) 
k 
EB (HB, =7,.B,+7;:,B, +7::38.= Si7 in Bai (18) 
R 
-G) (GH = St2T arn t+ SigT yn + StsT ar = YSuTu. (19) 
t 


Similarly, the scalar product of two second-rank tensors can be written as 


P:H = V Salat =H: ff. (20) 


Let us denote a unit tensor with components 8,, (where 84, == Lifi=ek, and 84, =O if éf-2&) by 17. 
Thus, 


_, {100 

— 

1-=|01 0]. (21) 
001 


021 


The gradient of a scalar quantity @ is a vector, since the product ¥@ of a first-rank tensor times a zero-rank 
tensor is a first-rank tensor (a vector): 


> 09 , > dy , >a 
eH lege tly op +1,5¢ =grad 9 (34) 
—> 
The divergence of a vector is the scalar product of two vectors Vand A: 
we 0. 0 0 


rad ~—> md . . 
The vector product yXA, known as rot A orcurl A, is the vector quantity 


> > = 
ls y I: 
= ~ 10 0 @|_7 (04: _ dA, 
curl A= yXA= Ox Oy Oz = 1, ( oy Oz 
A, Ay As 
+ /dAz 0A:\ ,* (0A, OAz\_ >. 
ly a ae) z (ar oy \atet + lyn 158. (36) 


The divergence of the product (pA) of a scalar times a vector may be written as 
= —> —> —> —> —> 
div pA = y-gA = 97-A + Aye = 9p div A+ A grad ». (37) 


The following operations are also often encountered: 


— —> on — 
curl (pA)= yX<gA = evxXA+ VexXA =¢ curlA + (grad 9)XA; (38) 
o? o*y , 0% 
div (grad d=vveHggr tae tae TV (39) 


where ¥* is the Laplace operator. 
The total or substantial derivative of a scalar is 


ae OP + grad p= twp, (40) 
—> 
where w-vy is a scalar quantity, since it is a scalar product of the two vectors Ww and V¢: 


~ rs) 0 rs) 
W-V9 = We set, ay tw: = (41) 


The gradient of a vector w is 
~ » > ow 
grad w= yw > (VWhia = 3p - 
(A i=x,y% 2; §& =x; Sy, & =z) (42) 


° « . ° . —? 
An example of such a gradient is found in the total derivative of the vector w: 


> > bad rd 
dw ow, > + OW? ow. > 


e nd -—- ry 
where the quantity (w-y)w is equal to 


7] 0 0 
Wy ox Wx + Oy oy = + Uz Wz; 


0 0 () 
We Og Vy tb Wy Gy Oy bw: Gr wy} (44) 


bie bred Cog diay ows. 
Ox Y oy * Oz 


The divergence of a second-rank tensor is 
= — > 
=e = OT ai, 
div H. = VF > (9-H = Y) GEE b=, y. 2) 
k 
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The interior product of this unit tensor and a vector is 


1,-A= leds +14,A, +1,A,— A. (22) 


By analogy with (20), the interior product of the tensor GU and the unit tensor ! r is 


— =» 


Hy = VT = Tae + Ty + Tee (23) 
i 


a quantity called the trace of the tensor, 
The product of two unit tensors is 


iW 
abt 


=p 
~y 


=WieHlti +1 a3. 


SYMMETRIC AND ANTISYMMETRIC TENSORS 


A tensor is symmetric if 


= 2 
and it is antisymmetric if 
os = 
Th* =— UN, (25) 


—p> 
A transposed tensor may be written as Win = Mai, while for a dyad we have 


AB=AB._ (26) 
A similar relationship exists for the interior product: 
> = > = 
> — > — 
SR = I -F- (27) 


—_ —> —> 


— = — 
A tensor # can be represented as the sum of a symmetric tensor JS plus an antisymmetric tensor #7Z*: 


3 6S => 

TH = HS + H*, (28) 
where 3 — = 

HS = > (Th + Th, (29) 

SS 

t+ = (Hi — Hs (30) 
Similarly, for the dyad "AB = D we have 

= {| —+-—~» -»— 

Ds= > (AB+ BA), (31) 

eee rey Ea (32) 

=-7 (ABBA), 


DIFFERENTIATION OPERATIONS 


The generalized differentiation operation is denoted by the symbol ¥ (nabla), known as the Hamiltonian 
operator, This quantity is a vector (first-rank tensor) and is equal to 
FO OD 
Ve le gg tly gy tle gy marae. (33) 
_— 


* (The transpose of the dyad AB is actually AB=BA .} 
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The gradient of a vector, as well as that of any tensor, can be represented as the sum of a symmetric tensor 
plus an antisymmetric tensor; 


yw= (yw)s + (yw); (44)' 
—_ J ow Ow; 7 
wit (OE +) “9 
ad 1 OW, _ OW 
(VW) ip ae i (Se oes ). (46) 


_ — 
For a three-dimensional space, the tensor (yw) is related to curl w as follows: 


> 1 > l > 
(yw)? =-5-curl w = —> (VyXw) (47) 
— cag - 
The scalar product of the unit tensor 1; times the tensor yw is equal to the divergence of the vector w: 
i; : yw =y-w = divw. (48) 


INTEGRATION OPERATIONS 


~> ° 
If 1, is the unit vector in the direction of the normal nto a surface F, then we may write 


{4-4} = [A-1) ar, (49) 
F 


where the integration is performed over the surface F, 
A similar relation is obtained in the case of integration along a curve !, namely 


\a-a = Jai dl, (50) 
where 1; is a unit vector tangential to the curve, The Gauss-Ostrogradskii theorem states that 


{ A-i,) aF = f(y-A}ao, (51) 
F ts) 


where in the first integral integration is over the closed surface F, while in the second integral it is over 
the volume gv enclosed by this surface, Stokes’ theorem states that 


feat) dl = | (VXA) Ind F. 


The symbol ! indicates integration over the closed curve / enclosing the surface F. 
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APPENDIX II 


Dimensionless Numbers” Introduced in the Text 


Symbol Definition Detnee Name 
on page 
wl , 
Pe ae 94 Peclet number 
Nu 5s 94 Nusselt number 
Bi bal 95 Biot number 
Fo a 96 Fourier number 
Ho ae 99 Homochronicity (Strouhal) 
number 
Fr st 99 Froude number 
Eu oa 99 Euler number 
Re a 99 Reynolds number 
Ga a 100 Galileo number 
Ar ae 100 Archimedes number 
Gr pe at 100 Grashof number 
Le 2 100 Lewis number 
Pr ~ 100 Prandtl number 
Gu i 101 Gukhman number 
So CmQ* 102 Soret number 
Du Q*lepT ¢ 102 Dufour number 
Lu am 103 Coupling (Lukomskii) 
number 


* Also referred to as similarity criteria, generalized variables, and dimensionless parameters. 


5920 


Definition 


Cm, AO 
Cit 


bat 


Defined 
on page 


103 


103 


103 


103 


103 


104 


104 


104 


104 


106 


106 


180 


182 


192 


192 


336 


343 


445 
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Name 
Kossovich number 
Posnov number 
Fedorov number 
Ramzin number 
Bulygin number 


Kirpichev mass -exchange 
number 


Kirpichev heat-exchange 
number 


Biot mass -exchange number 
Biot heat-exchange number 
Schmidt number 

Stanton (Margulis) number 
Pomerantsev number 
Predvoditelev number 


Parameter for temperature- 
field nonuniformity 


Parameter for mass-transfer 
potential-field nonuniformity 


Miniovich number 
Kondrat'ev number 


Lebedev number 


am 


>» 


a 


DD T % 


Notation Used in the Text 


cosh S = 
sinh ft = 
error function Dp. = 
reference velocity tf = 
characteristic dimension Cm = 
diffusivity Cp = 
potential conductivity (diffu- cg, = 
sivity) for mass transfer on E 
thermal diffusivity 9 a 
transfer coefficient = 
conductivity 
time € = 
acceleration j = 
pressure 2 = 
density F = 
kinematic viscosity = 
a 
Subscripts 
mass transfer ; = 
heat transfer ce = 
seepage eq = 
surroundings 
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bulk expansion coefficient 
temperature 

diffusion coefficient 
source strength 

specific mass 

specific heat 

specific heat 

transfer heat 
mass-transfer potential 


thermal-gradient (Soret) 
coefficient 


phase-transition ratio 
flux 

fixed value of potential 
area (of layer) 


adiabatic index 


specific vaporization heat 


surface 
center 


equilibrium 


% 
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